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Preface

The basic theme of p-adic Hodge theory is to understand the relationship between
various p-adic cohomology theories associated to algebraic varieties over p-adic
fields. In the standard formulation, it is concerned with comparisons between alge-
braic de Rham cohomology, p-adic étale cohomology, and crystalline cohomology.
Each of these cohomology theories carry additional structure: de Rham cohomology
comes equipped with a filtration, étale cohomology with a Galois action, and crys-
talline cohomology with a semi-linear Frobenius operator. Comparisons between
these theories shed light on each of these individual structures, and the package of all
of these cohomology theories and the comparison isomorphisms between them is a
very rich structure associated to algebraic varieties over p-adic fields.

In recent years, there has been a surge of activity in the area related to integral
p-adic Hodge, non-Abelian phenomena, and connections to notions in algebraic
topology. The basic comparison isomorphisms of p-adic Hodge theory are defined
rationally and don’t directly provide information about the integral structures pre-
sent in the cohomology theories, and there have been recent developments in the
area to understand integral and torsion phenomena. Non-abelian phenomena can be
understood on several levels, but the most basic one is the development of theories
with coefficients. The connections with algebraic topology arise from the strong
relationship between crystalline cohomology and topological Hochschild homol-
ogy. This is also closely tied to the theory of the de Rham—Witt complex.

This proceedings volume contains chapters related to the research presented at
the 2017 Simons Symposium on p-adic Hodge theory. This symposium was
focused on recent developments in p-adic Hodge theory, especially those con-
cerning integral questions and their connections to notions in algebraic topology.

The volume begins with the chapter of Morrow on the A ;-cohomology theory
which was introduced in the earlier fundamental paper of Bhatt, Morrow, and
Scholze on integral p-adic Hodge theory. The present chapter contains a detailed
presentation of the Aj,r-cohomology theory, largely self-contained. The author
focuses, in particular, on de Rham—Witt theory and the p-adic analogue of the
Cartier isomorphism.
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The chapter of Colmez and Niziol is concerned with a fundamental computation
of the pro-étale cohomology of the rigid analytic affine space in any dimension.
Contrary to the standard results for étale cohomology of algebraic varieties, these
pro-étale cohomology groups are nonzero and the authors describe them using
differential forms.

The third chapter by Chung, Kim, Kim, Park, and Yoo is concerned with a certain
invariant attached to representations of the fundamental group of the ring of
S-integers Op[1/S] of a number field F, for some finite set of primes S. The authors
describe a theory of the “arithmetic Chern-Simons action”, inspired by the topo-
logical theory. The main result is a formula relating an invariant of a torsor over
Or[1/S] to locally defined data. The authors also give several interesting applica-
tions of this formula.

Throughout the subject of p-adic Hodge theory various large rings play a central
role. The chapter of Kedlaya discusses various key basic algebraic properties of the ring
Ajnr, which is the ring of Witt vectors of a perfect valuation ring in characteristic p.
This ring is, in particular, fundamental for the Aj,r-cohomology developed by Bhatt,
Morrow, and Scholze, and in integral p-adic Hodge theory. This ring is quite
different from the ones occurring in classical algebraic geometry: for example, it is
not Noetherian. Nevertheless, the author discusses several favorable properties,
e.g., those related to vector bundles.

A fundamental result in complex Hodge theory is the Simpson correspondence
relating local systems and Higgs bundles. An analogue of this theory was developed
in characteristic p by Ogus and Vologodsky. The chapter of Gros is concerned with
the problem of lifting this characteristic p correspondence to a mixed characteristic
correspondence via a g-deformation.

The final chapter of Tsuji concerns the study of integral p-adic Hodge theory with
coefficients. Early in the development of p-adic Hodge theory, Faltings constructed a
theory of coefficients for integral p-adic Hodge theory. The present chapter refines this
theory and generalizes the work of Bhatt, Morrow, and Scholze to this context. The
chapter contains a detailed exposition of the many technical aspects of the theory and
contains many improvements in this regard to the existing literature as well.

Ann Arbor, MI, USA Bhargav Bhatt
Berkeley, CA, USA Martin Olsson
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Notes on the Aj,r-Cohomology of Integral )
p-Adic Hodge Theory

updates

Matthew Morrow

Abstract We present a detailed overview of the construction of the A;,¢-cohomology
theory from the preprint Integral p-adic Hodge theory, joint with Bhatt and Scholze.
We focus particularly on the p-adic analogue of the Cartier isomorphism via relative
de Rham—Witt complexes.

Keywords p-adic Hodge theory * Prismatic cohomology * Perfectoid -
de Rham—Witt complex

Extended abstract

These are expanded notes of a mini-course, given at 1’Institut de Mathématiques de
Jussieu—Paris Rive Gauche, 15 Jan.—1 Feb. 2016, detailing some of the main results
of the article

[5] B. Bhatt, M. Morrow, P. Scholze, Integral p-adic Hodge theory, Publ. Math.
Inst. Hautes Etudes Sci. 128 (2018), 219-397.

More precisely, the goal of these notes is to give a detailed, and largely self-contained,
presentation of the construction of the Aj,r-cohomology theory from [5], focussing
on the p-adic analogue of the Cartier isomorphism via relative de Rham—Witt com-
plexes. By restricting attention to this particular aspect of [5], we hope to have made
the construction more accessible. However, the reader should only read these notes
in conjunction with [5] itself and is strongly advised also to consult the surveys [2,
26] by the other authors, which cover complementary aspects of the theory. In par-
ticular, in these notes we do not discuss g-de Rham complexes, cotangent complex
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2 M. Morrow

calculations, Breuil-Kisin(—Fargues) modules, or the crystalline and de Rham com-
parison theorems of [5, Sect. 12—-14], as these topics are not strictly required for the
construction of the Aj,r-cohomology theory.1 Moreover, we refer to [5] for several
self-contained proofs to avoid verbatim repetition.

Section 1 is an introduction which begins by recalling some classical problems and
results of p-adic Hodge theory before stating the main theorem of the course, namely
the existence of a new cohomology theory for p-adic schemes which integrally
interpolates étale, crystalline and de Rham cohomologies.

Section 2 introduces the décalage functor, which modifies a given complex by a
small amount of torsion. This functor is absolutely essential to our constructions, as
it kills the “junk torsion” which so often appears in p-adic Hodge theory and thus
allows us to establish results integrally. An example of this annihilation of torsion,
in the context of Faltings’ almost purity theorem, is given in Sect.2.2.

Section 3 develops the necessary elementary theory of perfectoid rings, empha-
sising the importance of certain maps 6,, 6, which generalise Fontaine’s usual map
0 of p-adic Hodge theory and are central to the later constructions.

Section4 is a minimal summary of Scholze’s theory of pro-étale cohomology for
rigid analytic varieties. In particular, in Sect.4.3 we explain the usual technique by
which the pro-étale manifestation of the almost purity theorem allows the pro-étale
cohomology of “small” rigid affinoids to be (almost) calculated in terms of group
cohomology related to perfectoid rings.

Section 5 revisits the main theorem and defines the new cohomology theory as
the hypercohomology of a certain complex A£2x. In Theorem 4 we state a p-adic
Cartier isomorphism, which identifies the cohomology sheaves of the base change
of A2y along 6, with Langer—Zink’s relative de Rham—Witt complex of the p-adic
scheme X. We then deduce all main properties of the new cohomology theory from
this p-adic Cartier isomorphism.

Section 6 reviews Langer—Zink’s theory of the relative de Rham—Witt complex,
which may be seen as the initial object in the category of Witt complexes, i.e.,
families of differential graded algebras over the Witt vectors which are equipped
with compatible Restriction, Frobenius, and Verschiebung maps. In Sect.6.2 we
present one of our main constructions, namely building Witt complexes from the
data of a commutative algebra (in a derived sense), equipped with a Frobenius, over
the infinitesimal period ring A;n¢. In Sect. 6.3 we apply this construction to the group
cohomology of a Laurent polynomial algebra and prove that the result is precisely the
relative de Rham—Witt complex itself; this is the local calculation which underlies
the p-adic Cartier isomorphism.

Finally, Sect. 7 sketches the proof of the p-adic Cartier isomorphism by reducing
to the final calculation of the previous paragraph. This reduction is based on various
technical lemmas that the décalage functor behaves well under base change and

I'To be precise, there is one step in the construction, namely the equality (dimy) in the proof of
Theorem 7, where we will have to assume that the p-adic scheme X is defined over a discretely
valued field; this assumption can be overcome using the crystalline comparison theorems of [5].
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taking cohomology, and that it transforms certain almost quasi-isomorphisms into
quasi-isomorphisms.

The appendices provide an introduction to Fontaine’s infinitesimal period ring A;,¢
and state a couple of lemmas about Koszul complexes which are used repeatedly in
calculations.

1 Introduction

1.1 Mpysterious Functor and Crystalline Comparison

Here in Sect. 1.1 we consider the following common situation:

e K acomplete discrete valuation field of mixed characteristic; ring of integers Ok ;
perfect residue field k.
e X a proper, smooth scheme over O.

For ¢ # p, proper base change in étale cohomology gives a canonical isomor-
phism . A
H (Xg, Ze) = Hy (X, Ze)

which is compatible with Galois actions.? Grothendieck’s question of the mysterious
functor is often now interpreted as asking what happens in the case £ = p. More pre-
cisely, how are H. (Xy) := H/ (X, Z,) and Hy (X0) 1= Hipy (i) W (k)) related?
In other words, how does p-adic cohomology of X degenerate from the generic to
the special fibre?

Grothendieck’s question is answered after inverting p by the Crystalline Com-
parison Theorem (Fontaine—Messing [15], Bloch—Kato [7], Faltings [12], Tsuji [28]

Niziot [23], ...), stating that there are natural isomorphisms
Hcirys (}:k) ®W(k) IEBcrys = Hét(:{f) ®Z,, IB3crys

which are compatible with Galois and Frobenius actions (and filtrations after base
changing to Bygr ), where Be.ys and Bqr are Fontaine’s period rings (which we empha-
sise contain 1/ p; they will not appear again in these notes, so we do not define them).
Hence general theory of period rings implies that

Hcfrys(xk) I:%] = (Hét(%f) ®Z,, Bcrys)GK

2To be precise, the isomorphism depends only on a choice of specialisation of geometric points
of Spec Ok A consequence of the compatibility with Galois actions is that the action of Gg on
Hef[(ff, Zy¢) is unramified.
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(i.e., the crystalline Dieudonné module of Hét(%f)[%], by definition) with ¢ on
the left induced by 1 ®  on the right. In summary, (H; (Xf)[%], G k) determines
(HC’;ys (X0 [%], ). Similarly, in the other direction, (H; (.’{7)[%], G k) is determined
by (Hzys (0151, ¢, Hodge fil.).

But what if we do not invert p? There are various partial results in the literature,
including [8, 13], and a simplifying summary would be to claim that “everything
seems to work integrally if ie < p — 1”,® where e is the absolute ramification degree
of K. With no assumptions on ramification degree, dimension, value of p, etc., we
prove in [5] results of the following form:

(i) The torsion in H. ét(?{f) is “less than” that of Hciws(%k). To be precise,

length;, H. (Xg)/p" <lengthy,, Hcilys(%k)/p’

for all » > 1, as one would expect for a degenerating family of cohomologies.
In particular, if Hcirys(%k) is torsion-free then so is H (Xg).

i) If Hc*rys(%k) is torsion-free for x = i,i + 1, then (Hé[ (X%), Gk) determines
(i (X0). 9.

It really is possible that additional torsion appears when degenerating the p-adic
cohomology from the generic fibre to the special fibre, as the following example
indicates (which is labeled a theorem as there seems to be no case of an X as above
for which H ét (Xg) ®z, W(k) and Hcirys(%) were previously known to have non-
isomorphic torsion submodules):

Theorem 0 There exists a smooth projective relative surface X over Z, such that

H é"t(fff) is torsion-free for all i > 0 but such that chrys(.'fk) contains non-trivial

2-torsion.*

Proof We do not reproduce the construction here; see [5, Proposition 2.2].

1.2 Statement of Main Theorem and Outline of Notes

The following notation will be used repeatedly in these notes:

e C is a complete, non-archimedean, algebraically closed field of mixed character-
istic?; ring of integers O; residue field k.

30ur results can presumably make this more precise.

“4In[5, Theorem 2.10] we also give an example for which H 621 X ors = Z/ pzZ and chrys (Xi)tors =
k®k.

SMore general, most of the theory which we will present works for any perfectoid field of mixed
characteristic which contains all p-power roots of unity.
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o« O = Llny O/ pO is the tilt (using Scholze’s language [24]—or R » in Fontaine’s

original notation [14]) of O; so O” is a perfect ring of characteristic p which is
the ring of integers of C := Frac ©@°, which is a complete, non-archimedean,
algebraically closed field with residue field k.

o Ay := W(O") is the first period ring of Fontaine®; it is equipped with the usual
Witt vector Frobenius ¢. There are three key specialisation maps:

W(C")

étalej\
de Rham crystalline

Ajne W (k)

Fontaine’s map 6

where Fontaine’s map 6 will be discussed in detail, and in greater generality, in
Sect. 3.

The goal of these notes is to provide a relatively detailed overview of the proof of the
following theorem, establishing the existence of a cohomology theory, taking values
in Aj,r-modules, which integrally interpolates the étale, crystalline, and de Rham
cohomologies of a smooth p-adic scheme:

Theorem 1 For any proper, smooth (possibly p-adic formal) scheme X over O,
there is a perfect complex RI'y(X) of Ains-modules, functorial in X and equipped
with a p-semi-linear endomorphism @, with the following specialisations (which are
compatible with Frobenius actions where they exist):

(i) Etale: RTW(X) @ W(C) = RIw(X, Zy) ®5 W(C), where X = Xc is
the generic fibre of X (viewed as a rigid analytic variety over C in the case that
X is a formal scheme)
(ii) Crystalline: RI'y(X) ®HA§M W(k) = RIwys(Xy/ W (k)).
(iii) de Rham: RT4(X) ®) O =~ RIuwr(X/0).

The individual cohomology groups
Hi(X) := H'(RTL(X))

have the following properties:

(iv) H A(.’{) is a finitely presented A c-module;

(v) HA(%)[%] is finite free over Ainf[%];

(vi) H A (%) is equipped with a Frobenius-semi-linear endomorphism ¢ which
becomes an isomorphism after inverting any generator £ € Ay of Ker 6, i.e.,

p: Hy(OIH = Hi®DI55);

6 A brief introduction to ©” and Aj,+ may be found at the beginning of Appendix 1.
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(vii) Etale: H{(X) ®n,, W(C") = H. (X, Z,) ®z, W(C), whence

(Hi(X) ®a,, W(C))?=' = H (X, Z)).
(viii) Crystalline: there is a short exact sequence

0 — HL(X) @aye W) — Hi(Xk/ W (k) —> Tors™ (HI! (%), W(k)) — 0,

crys
where the Tory term is killed by a power of p.
(ix) de Rham: there is a short exact sequence

0 — Hi(X) ®a,, O — Hip(X/0) — HF'(X)[¢] — 0,

inf
where the third term is again killed by a power of p.

(x) If Hcirys(%k/W(k)) or HéR(.’{/O) is torsion-free, then HA(.’{) is a finite free
Ajpe-module.

Corollary 1 Let X be as in the previous theorem, fix i >0, and assume
HC"W,S(%/< / W(kA)) is torsion-free. Then H 6,ft(X , L) is also torsion-free. If we assume
further that H' X1 (X, ) W (k)) is torsion-free, then

crys

H(X) ®a, W) = Hly (Xi/W ()  and  Hy(X) ®u,, O = Hp(X/O).

Proof We first mention that the “whence” assertion of part (vii) of the previous
theorem is the following general, well-known assertion: if M is a finitely generated
Zp-module and F is any field of characteristic p, then (M ®z, W(F Ne=l =M
(where ¢ really means 1 ® ).

Now assume Hcirys(%k / W (k)) is torsion-free. Then part (x) of the previous theo-
rem implies that H A (%) is finite free; so from part (vii) we see that H ét (X, Z,) cannot
have torsion. If we also assume Hc’ﬁyfsl (X /W(k)) is torsion-free, then H ‘f;l(.’{) is
again finite free by (x), and so no torsion terms appear in the short exact sequences
in parts (viii) and (ix) of the previous theorem.

Having stated the main theorem, we now give a very brief outline of the ideas
which will be used to construct the A;,¢-cohomology theory.

(1) We will define RIy(X) to be the Zariski hypercohomology of the following
complex of sheaves of Aj,r-modules on the formal scheme X:

ARy = Ln, (RV@,X))

where:

o Ayt x is a certain period sheaf of A;,;-modules on the pro-étale site X ¢ of
the rigid analytic variety X (note that even if X is an honest scheme over O,
we must view its generic fibre as a rigid analytic variety);
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(ii)

(iii)

(iv)

o U Xpost —> Xzar is the projection map to the Zariski site of X;

e the hat indicates the derived p-adic completion of Rv, (Aiy x) (see also the
end of item (iv));

e Lnisthe décalage functor which modifies a given complex by a small amount
of torsion (in this case with respect to a prescribed element p € Ajyr).

Parts (ii) and (iii) of Theorem 1 are proved simultaneously by relating A2y to
Langer—Zink’s relative de Rham—Witt complex W, £25 »; indeed, this equals
2% )0 if r =1 (which computes de Rham cohomology of X) and satisfies
W, 2% 0 ®w,0) W, (k) = WrQa‘ek Jk (where W, 'Qa.ek Jk is the classical de Rham—
Witt complex of Bloch-Deligne—Illusie computing crystalline cohomology of
Xk).

If Spf R is an affine open of X (so R is a p-adically complete, formally smooth
(-algebra’) which is small, i.e., formally étale over O(Tlﬂ, R Tdil) (:=the
p-adic completion of (’)[TljEl s TdjEl 1), then we will use the almost purity the-
orem to explicitly calculate R, (Spf R, A§2%) in terms of group cohomology
and Koszul complexes. These calculations can be rephrased using “g-de Rham
complexes” over Aj,¢ (=deformations of the de Rham complex), but we do not
do so in these notes.

Some remarks on the history and development of the results:

e Early motivation for the existence of R4 (X) (e.g., as discussed by Scholze
at Harris’ 2014 MSRI birthday conference) came from topological cyclic
homology. These notes say nothing about that point of view, which may now
be found in [6].

e Atthe time of writing the announcement of our results [4], we only knew that
the definition of R4 (X) in part (i) of the remark almost (in the precise sense
of Faltings’ almost mathematics) had the desired properties of Theorem 1,
so it was necessary to modify the definition slightly; this modification is no
longer necessary.

e Further simplifications of some of the proofs were explained in [2], some of
which are also taken into account in these notes.

e The definition of A% continues to make sense for any p-adic formal O-
scheme X, not necessarily smooth, and in particular the comparison isomor-
phisms of Theorem 1 have been extended to case of semi-stable reduction
by Cesnavitus and Koshikawa [9].

e In late 2018 the authors of [5] realised that the period sheaf Ajnr x on Xpros
might not be derived p-adically complete, though this had been implicitly
used in the construction. This is easily fixed, without changing any of the

"Throughout these notes we follow the convention that formally smooth/étale includes the condition
of being topologically finitely presented, i.e., a quotient of O(Ty, ..., Tyy) by a finitely generated
ideal. Under this convention formal smoothness implies flatness. In fact, according to a result of
Elkik [11, Theorem7] (see Rmgq. 2 on p. 587 for elimination of the Noetherian hypothesis), a p-
adically complete O-algebra is formally smooth if and only if it is the p-adic completion of a smooth
O-algebra.
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ensuing arguments, either by replacing A, x by its derived p-adic com-
pletion (which is then a complex of sheaves) or else by derived p-adically
completing all occurrences of Rv, (A, x) and R s (—, Aint,x) in the the-
ory. In the published version of [5] the former approach is adopted, but in
these notes we will follow the latter route which has the conceptual advan-
tage that Aj,¢ y remains an honest sheaf of rings. Unfortunately this leads to
a notation inconsistency: the Ay x of these notes is HO(—) of the complex
of sheaves Aiys x of [5].

e Most recently, a site theoretic definition of the A;,¢-cohomology is now avail-
able through the prismatic theory of Bhatt—Scholze [3].

2 The décalage Functor Ln: Modifying Torsion

For aring A and non-zero divisor f € A, we define the décalage functor which was
introduced first by Berthelot—Ogus [1, Chap. 8] following a suggestion of Deligne.
It will play a fundamental role in our constructions.

Definition 1 Suppose that C is a cochain complex of f-torsion-free A-modules.
Then we denote by 1,C the subcomplex of C [%] defined as

(n;C) :={x € fiC" :dx e fH'C'™h)

i.e., nyC is the largest subcomplex of C [%] which in degree i is contained in f!C'
foralli € Z.

It is easy to compute the cohomology of n,C:

Lemma 1 The map on cocycles Z'C — Z'(n;C) given by m — f'm induces a
natural isomorphism

H'(C)/H'(O)[f]1 = H'(1;C).

Proof 1t is easy to see that the map induces H'(C) — H i(77fC ), and the kernel
corresponds to those x € C’ such that dx = 0 and fx € d(C'™"),ie., H (C)[f].

Corollary 2 IfC S Clisa quasi-isomorphism of complexes of f-torsion-free A-
modules, then the induced map nyC — nyC' is also a quasi-isomorphism.

Proof Immediate from the previous lemma.

We may now derive 7)¢. There is a well-defined endofunctor L7, of the derived
category D(A) defined as follows: if D € D(A) then pick a quasi-isomorphism
C = D where C is a cochain complex of f-torsion-free A-modules (e.g., pick a
projective resolution, at least if D is bounded above) and set
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LnsD :=n;C.

This is well-defined by the previous corollary and standard formalism of derived
categories.

Warning: L7, does not preserve distinguished triangles! For example, if A =Z then
Lny(Z/pZ) = 0 but an(Z/pZZ) = Z/pZ.

The general theory of the functor L7, will be spread out through the notes (see
especially Remarks 7 and 9); now we proceed to two important examples.

2.1 Example 1: Crystalline Cohomology

The following proposition is the origin of the décalage functor, in which A = W (k)
and f = p; it is closely related to the Cartier isomorphism for the de Rham—Witt
complex.

Proposition 1 Let k be a perfect field of characteristic p and R a smooth k-algebra.
Then

(i) (lllusie 1979) The absolute Frobenius ¢ : W‘Q;e/k — W'Q[.mc is injective and
has image 1, W §2 ., thus inducing a Frobenius-semi-linear isomorphism

D WRp e = npWR2% -
(ii) (Berthelot—Ogus 1978) There exists a Frobenius-semi-linear quasi-isomorphism
@ : Rl uys(R/ W (K)) = Ln,RIeys(R/ W (K)).

Proof Obviously (i)=(ii), but (ii) was proved earlier and is the historical origin of
Ln: see [1, Theorem 8.20] (with the zero gauge). Berthelot—Ogus applied it to study
the relation between the Newton and Hodge polygons associated to a proper, smooth
variety over k.

(1) is a consequence of the following standard de Rham—Witt identities:

e  has image in 7, W2} . since ¢ = p'F on WQ;e/k and dyp = pd.

e (pisinjective since FV = VF = p.

o theimage of pis exactly 7, W2}, sinced ' (pW 2§71) = F(W 2% ,) [18, Equa-
tion1.3.21.1.5].
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2.2 “Example 2”’: An Integral Form of Faltings’ Almost
Purity Theorem

We now present an integral form of (the main consequence of) Faltings’ almost
purity theorem; we do not need this precise result, but we will make use of Lemma 2
and the “goodness” of the group cohomology established in the course of the proof
of Theorem 2. Moreover, readers familiar with Faltings’ approach to p-adic Hodge
theory may find this result motivating. To recall Faltings’ almost purity theorem we
consider the following situation:

e C is a complete, non-archimedean, algebraically closed field of mixed character-
istic; ring of integers O.

e Risa p-adically complete, formally smooth O-algebra, which we further assume
is connected and small, i.e., formally étale over O(Zil) = O(Tlil, A Ta,jEl ). As
usual in Faltings’ theory, we associate to this the following two rings:

o Ry := R®p+1,O(T*"/7™ )—this is acted on by I' := Z,(1)? via R-algebra
automorphisms in the usual way: given y € I' = Homzp((Qp/Zp)d, fp~) and
ki, ... kq € Z[ L], the action is - TR TN =k, .. k)T TS

e R := the p-adic completion of the normalisation of R in the maximal (ind)étale
extension of R [é]—this is acted on by A := Gal(R [%]) via R-algebra automor-
phisms, and its restriction to R, gives the I"-action there.

Faltings’ almost purity theorem states R is an “almost étale” Ro.-algebra, and the
main consequence of this is that the resulting map on continuous group cohomology

RTcon(I", Rog) —> RIon(A, R)

is an almost quasi-isomorphism (i.e., all cohomology groups of the cone are killed
by the maximal ideal m C ). This is his key to calculating étale cohomology in
terms of de Rham cohomology; indeed, R ¢y (A, R)isa priori hard to calculate and
encodes Galois/étale cohomology, while R I (I, Rx) is easy to calculate using
Koszul complexes (as we will see in the proof of Theorem 2) and differential forms.

The following is our integral form of this result, in which we apply L7 with respect
to any element f e m C O:

Theorem 2 Under the above set-up, the induced map
L1y RTeon(I", Roo) —> L1 Reont(A, R)

is a quasi-isomorphism (not just an almost quasi-isomorphism!) for any non-zero
fem.

Remark1 (i) The proof of Theorem 2 requires knowing nothing new about
RI o (A, R): a key remarkable property of Ly is that it can transform almost
quasi-isomorphisms into actual quasi-isomorphisms, having only imposed
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hypotheses on the domain, not the codomain, of the morphism; this will be
explained in the next lemma.

(i) The theorem implies that the kernel and cokernel of H! (I, R) — H!
(A, F) are killed by f; since f is any element of m, the kernel and cokernel are
killed by m. Thus Theorem 2 is a family of on-the-nose integral results which
recovers Faltings’ almost quasi-isomorphism R I'uon (I, Rog) = RTeoni(A, R).

Lemma 2 Let 9 C A be an ideal of a ring and f € 9 a non-zero-divisor. Say that
an A-module M is “good” if and only if both M and M /f M contain no non-zero
elements killed by 9. Then the following statements hold:

(i) If M — N is a homomorphism of A-modules with kernel and cokernel killed
by M, and M is good, then M/M|[ f]1 — N/N[f]is an isomorphism.

(ii) If C — D is a morphism of complexes of A-modules whose cone is killed by
M, and all cohomology groups of C are good, then LnyC — Ln¢D is a quasi-
isomorphism.

Proof Clearly (ii) is a consequence of (i) and Lemma 1. So we must prove (i).

Since the kernel of M is killed by 9%, but M contains no non-zero elements killed
by 9, we see that M — N is injective, and we will henceforth identify M with
a submodule of N. Then M[f]= M N N[f] and so M/M[f] — N/N[f]is also
injective.

Since the quotient N /M is killed by 901, there is a chain of inclusions M f N C
fM C fN € M.But M/fM contains no non-zero elements killed by 9, so f M =
f N, and this completes the proof: any n € N satisfies fn = fm for some m € M,
whence n = m mod N[ f].

Proof (Proof of Theorem 2). To prove Theorem 2 we use Faltings’ almost purity
theorem and Lemma 2 (in the context A = O, f € 9t = m): so it is enough to
show that H! (I, Rx) is “good” for all i > 0. This is a standard type of explicit
calculation of H!  (I', Rx) in terms of Koszul complexes. For the sake of the reader
unfamiliar with this type of calculation, the special case that R = O(T*!) is presented
in a footnote®; here in the main text we will prove the general case. Both there and

8In this footnote we carry out the calculation of the proof of Theorem 2 when R = O(T*y, in
which case Roo = O(TEV/P™). To reiterate, we must show that H! .(I', Ryo) is good for all i > 0.
First note that Ry, admits a I"-equivariant decomposition into O-submodules

_ M k
Reo = @ksz[ﬂOT
(where the hat denotes p-adic completion of the sum), with the generator v € I" acting on the rank-

k-1
one free O-module OT* as multiplication by Ck. Thus RIcon(Zp, oTk ~ [0 <—> O] (since
the group cohomology of an infinite cyclic group with generator vy is computed by the invariants
and coinvariants of -y, and similarly in the case of continuous group cohomology), and so

—

RTeom(Zp. Ro) = @MH[O Lo
V4



12 M. Morrow

here we pick a compatible sequence (,, (p2, ..., € O of p-power roots of unity to
get a generator v € Z,(1) and an identification I" = Z%; as a convenient abuse of

notation, we write (¥ := C;/ whenk =a/p’/ € Z[%].
First note that O(T*!/7”) admits a I"-equivariant decomposition into O(T*!)-

modules: A
O(Zil/poo) — O<Zi1> ® O<Zi1>non-mt’

where

L —

O<Zﬂ:1>non—int = @ O(Zil)lel e Tdkd

not all zero

(where the hat denotes p-adic completion of the sum), with the generators vy, .. .,
~4 € I' acting on the rank-one free O-module Ole‘ e T; “ respectively as multipli-
cation by ¢%, ..., (k.

Base changing to R we obtain a similar I"-equivariant decomposition of R, into
R-modules

o —

_ non-int non-int ,__ ki ka
Roo = R @ RO™M,  Rrovint.— P RT{ ... T),
not all zero

and 50 R eont(Z%, Roo) =~ RIcont(Z%, R) ® RIcont(Z4, RI™M), where

-

R Feon (Z3, RIS™M) ~ P RO RT...T

not all zero

(where the hat now denotes the derived p-adic completion of the sum of complexes).
Now we must calculate H/  (Z,, ?) for ? = R or RT) ... T;".
In the first case, the action of Z‘l’, on R istrivial and so a standard group cohomology

fact says that H! (Z¢, R) = /\’R R?. In the second case, another standard group

(where the hat now denotes the derived p-adic completion of the sum of complexes), which has
cohomology groups

How(Zp Re) =), 0®0.  Hi(Zp. R) =P, 00 G 0/t -no

keZ[%]\Z

(once some care is taken regarding the p-adic completions: see footnote 9).

We claim that both cohomology groups are good. Since O has no non-zero elements killed
by m, it remains only to prove that the same is true of ©/a®, where a = f or ¢*¥ — 1 for some
ke Z[l] \ Z. But this is an easy argument with valuations: if x € O is almost a multiple of a, then
vp(x) +¢€ = vp(a) forall € > 0, whence v, (x) > v, (a) and so x is actually a multiple of a.
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cohomology fact says that R ot (Z2, Rle‘ ... T; ) can be calculated by the Koszul

complex Kz(¢k — 1, ..., ¢% — 1); then Lemma 23 reveals (crucially using that not
all k; are zero) that

. d—1
H! (Z¢ RTY ... Ty = R/(¢,r — HRGA

where r := —min;<;<4 v,(k;) > 1 is the smallest integer such that (, — 1|§k" -1
foralli =1,...,d.
Assembling® these calculations yields isomorphisms

i
. d—1
HiW(I' R) = \ R @ ) R/(Cyrimicicampiy — DR,

R

not all zero

which we claim is good for each i > 0. That is, we must show that R, R/f R, and
R/((, — )R, for r > 1, contain no non-zero elements killed by m. This is trivial
for R itself since it is a torsion-free (J-algebra, so it remains to show, for each
non-zero a € m, that R/aR contains no non-zero elements killed by m; but R is a
topologically free O-module [5, Lemma 8.10] and so R/aR is a free O /aO-module,
thereby reducing the problem to the analogous assertion for O /aO, which was proved
in the final paragraph of footnote 8.

9This step requires some care about p-adic completions: the following straightforward result is
sufficient. Suppose (C)), is a family of complexes satisfying the following for all i € Z: the group
H'(C)) is p-adically complete and separated for all A, with a bound on its p-power-torsion which

is independent of A\. Then H! (é; NSV @ WH i(Cy), where the left hat is the derived p-adic
completion of the sum of complexes, and the right hat is the usual p-adic completion of the sum of

cohomology groups. Proof. Set Cgisc := @), C and C = Ed; (derived p-adic completion); then
the usual short exact sequences associated to a derived p-adic completion are

0

|

lim! H' (Caise)[p"]

|

0 —— Exllzp (Qp/Zp, H' (Caise)) H'(C) Homz, (Q,/Zy, H' (Caise)) — 0

v

H (Caie) = @, HI (Cy)

|

0

Our assumption that ), H i(Cy) has bounded p-power-torsion implies that the right and top terms
vanish.
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3 Algebraic Preliminaries on Perfectoid Rings

Fix a prime number p, and let A be a commutative ring which is m-adically complete
(and separated) for some element m € A dividing p. Denoting by ¢ : A/pA —
A/ pA the absolute Frobenius, we have:

o the tilt A’ := 1(1r_n*j A/pA of A, which is a perfect IF ,-algebra, on which we also

denote the absolute Frobenius by (. We sometimes write elements of A” as x =
(x0, X1, ...), where x; € A/pA and x/ = x;_; for all i > 1, and unless indicated
otherwise the “projection A”> — A/pA” refers to the map x — xo.

e the associated “infinitesimal period ring” W(A") of Fontaine, which is denoted
by Ainr(A) in [5]. Note that, since A” is a perfect ring, W(A") behaves just like
the ring of Witt vectors of a perfect field of characteristic p: in particular p is
a non-zero divisor of W(A"), each element has a unique expansion of the form
[x]+ plyl + p?lz] +-- -, and W(A®)/p" = W,(A") for any r > 1.

The goal of this section is to study these constructions in more detail, in particular
to introduce ring homomorphisms

0,.0, : W(A") — W,(A)

which play a fundamental role in the paper, and to define perfectoid rings.

3.1 The Maps 6,, 5,

The following lemma is helpful in understanding A” and will be used several times;
we omit the proof since it is relatively well-known and based on standard p-adic or
m-adic approximations:

Lemma 3 The canonical maps

lim A — A" =limA/pA — limA/7A
<— <— <—

xX=>xP © ©
are isomorphisms of monoids (resp. rings).

Before stating the main lemma which permits us to define the maps 6,, we recall
that if B is any ring, then the associated rings of Witt vectors W, (B) are equipped
with three operators:

R, F: W, (B)—> We(B) V:W.(B)—> Wiy (B),

where R, F are ring homomorphisms, and V is merely additive. Therefore we can
take the limit over r in two ways (of which the second is probably more familiar):
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l(in W.(B) or W(B)= l(ln W, (B).

r wrt F r wrt R

Lemma 4 Let A be as above, i.e., a ring which is w-adically complete with respect
to some element w € A dividing p. Then the following three ring homomorphisms
are isomorphisms:

WA =lim W, (A") <——1Lim W, (A"
<—r wit R (@) <—rwit F

(ii)l

lim W,(A) — > lim W, (A/mA)
<—r wrt F (iii) <—r wrt F

where

(i) o™ is induced by the homomorphisms " : W,(A”) — W, (A") forr > 1;
(ii) the right vertical arrow is induced by the projection A — A/pA — A/TA;
(iii) the bottom horizontal arrow is induced by the projection A — A/TA.

There is therefore an induced isomorphism
W(A") — lim W, (A)
r wrt F
making the diagram commute.

Proof We refer the reader to [5, Lemma 3.2] for the elementary proofs of the iso-
morphisms.

Qeﬁnition 2 Continue to let A be as in the previous lemma, and r > 1. Define
6, : W(A*) — W,(A) to be the composition

b, : W(A) = lim W,(A) — W,(4),

rwrt F

where the first map is the isomorphism of the previous lemma, and the second map
is the canonical projection. Also define

0, =06, 00 : W(A") — W,(A).

‘We stress t~hat the Frobenius maps F : W, (A) — W, (A) need not be surjective,
and thus 6,, 6, need not be surjective; indeed, such surjectivity will be part of the
definition of a perfectoid ring (see Lemma 7).

To explicitly describe the maps 6, and 5,, we follow the usual convention of
exploiting the isomorphism of monoids of Lemma 3 to denote an element x € A”

- _ : — (@ (D : .
eltheraSX—(xo,M,---)El(lglwA/PAorx—(x X, €lim A
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Lemma 5 For any x € A” we have 0,([x]) = [x©] € W.(A) and @([x]) =[x™]
forr > 1.

Proof The formula for 5, follows from a straightforward chase through the above
isomorphisms, and the corresponding formula for 6, is an immediate consequence.

In particular, Lemma 5 implies that 6 := 6§, : W(A®) — A is the usual map of
p-adic Hodge theory as defined by Fontaine [14, Sect. 1.2], and also shows that the
diagram

W(A") — ~ W.(A)

L

W, (A?) —— W, (A/pA)

commutes, where the left arrow is the canonical restriction map and the bottom arrow
is induced by the projection A” — A/pA. _

The following records the compatibility of the maps 6, and 6, with the usual oper-
ators on the Witt groups; though it is probably the first set of diagrams which initially
appears more natural, it is the second set which we we will use when constructing
Witt complexes:

Lemma 6 Continue to let A be as in the previous two lemmas. Then the following
diagrams commute:

b 9r+l b 6r+l b 6r+l
W(A”) —= W, (4)  W(A) —— W,.1(4) W(A”) —— W,11(A)

W(A") —> W,(A)  W(A") — = W,(4) W(A") ——= W,(A)

where the third diagram requires an element \,; € W(A®) satisfying 0,1 (\r41) =
V(1) in W,11(A). Equivalently, the following diagrams commute:

WA L W (A WA~ Wi (A) WA Wy (A)
wl lR idJ« lF xw‘me Tv
WA —" e w4 WA e WA W(A") —" = W, (A)

Proof See [5, Lemma 3.4] for the short verification.
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3.2 Perfectoid Rings

The next goal is to define what it means for A to be perfectoid, which requires
discussing surjectivity and injectivity of the Frobenius on A/pA. We do this in
greater generality than we require, but this greater generality reveals the intimate
relation to the map 6 and its generalisations 6,, 6,.

Lemma 7 Let A be a ring which is w-adically complete with respect to some element
m € A such that w? divides p. Then the following are equivalent:

(i) Every element of A/mwpA is a p™-power.

(ii) Every element of A/ pA is a p™-power.

(iii) Every element of A/7P A is a p™-power.

(iv) The Witt vector Frobenius F : W,1(A) — W, (A) is surjective for all r > 1.
(v) 6. : W(A") — W,(A) is surjective for all r > 1.

(vi) 0: W(A") — A is surjective.

Moreover, if these equivalent conditions hold then there exist u,v € A* such that
um and vp admit systems of p-power roots in A.

Proof The implications (i)=(ii)=(iii) are trivial since 71pA C pA C 7P A. (V)=
(vi) is also trivial since 6 = 6.

(iii)=(1): a simple inductive argument allows us to write any given elementx € A
as an infinite sumx = ) oo x/ 7" forsome x; € A;butthenx = (3~ x;7')” mod
pTA.

(iv)=-(ii): Clear from the fact that the Frobenius F : W>(A) — W;(A) = A is
explicitly given by (ag, 1) — af + paj.

(iv)=(v): The hypothesis states that the transition maps in the inverse system
1(i£1r it F W, (A) are surjective, which implies that each map 6, is surjective, and
hence that each map 6, is surjective.

(vi)=>(ii): Clear since any element of A in the image of 6 is a p""-power mod p.

It remains to show that (ii)=>(iv), but we will first prove the “moreover” assertion
using only (i) (which we have shown is equivalent to (ii)). Applying Lemma 3 to both
A and A/mpA implies that the canonical map l(in p A — hm ,A/mpAisan
isomorphism. Applying (i) repeatedly, there therefore exists w € hm o A such that
w® =7 mod mpA (resp. = p mod wpA). Writing @ =7 + 7rpx (resp. w© =
p + mpx) for some x € A, the proof of the “moreover” assertion is completed by
noting that 1 + px € A* (resp. 1 + mx € AX).

(i1)=(iv): By the “moreover” assertion, there exist 7’ € A and v € A satisfying
7'P = vp. Note that A is 7’-adically complete, and so we may apply the implication
(i1))=(i) for the element 7’ to deduce that every element of A/7'pA is a p‘h-power;
it follows that every element of A/Ip is a p"-power, where I is the ideal {a € A :
a? € pA}. Now apply implication “(xiv)’ =(ii)” of Davis—Kedlaya [10].

Lemma 8 Let A be aring which is w-adically complete with respect to some element
T € A such that ©?7 divides p, and assume that the equivalent conditions of the
previous lemma are true.
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(i) IfKer 0 is a principal ideal of W (A), then

(a) ®:A/mA — A/mPA, a — a’, is an isomorphism;

(b) any generator of Ker 8 is a non-zero-divisor'®;

(c) an element £ € Ker 0 is a generator if and only if it is “distinguished”,
i.e., its Witt vector expansion & = (&, &1, . . .) has the property that &1 is a
unit of A®.

(d) any element £ € Ker 0 satisfying 0,(€) = V(1) € W,.(A) for some r > 1
is distinguished (and such an element exists for any givenr > 1).

(ii) Conversely, if  is a non-zero-divisor and @ : A/mA — A/nP A is an isomor-
phism (which is automatic if A is integrally closed in A[%]), then Ker 6 is a
principal ideal.

Proof Rather than copying the proof here, we refer the reader to Lemma 3.10 and
Remark 3.11 of [5]. The only assertion which is not proved there is the parenthetical
assertion in (ii), for which we just note that if A is integrally closed in A[}T], then @ is
automatically injective: indeed, if a” divides 77, then (a/7)” € A andsoa/7 € A.

We can now define a perfectoid ring!!:

Definition 3 A ring A is perfectoid if and only if the following three conditions
hold:

e A is m-adically complete for some element m € A such that 77 divides p;

e the Frobenius map ¢ : A/pA — A/pA is surjective (equivalently, § : W(A") —
A is surjective);

e the kernel of # : W(A”) — A is principal.

Remark 2 The first condition of the definition could be replaced by the seemingly
stronger, but actually equivalent and perhaps more natural, condition that “A is p-
adically complete and there exists aunitu € A* such that pu is a p™-power.” Indeed,
this follows from the final assertion of Lemma 7.

We return to the maps 6,, describing their kernels in the case of a perfectoid ring:

Lemma 9 Suppose that A is a perfectoid ring, and let £ € W(A) be any element
generating Ker 6 (this exists by Lemma 7). Then Ker 0, is generated by the non-
zero-divisor

101p all our cases of interest the ring A will be an integral domain, in which case it may be psycho-
logically comforting to note that A” and W (A) are also integral domains. Proof. The ring W (A®) is
p-adically separated, satisfies W(A”)/p = A”, and p is a non-zero-divisor in it (these properties all
follow simply from A” being perfect). So, once we show that A” is an integral domain, it will easily
follow that W(A) is also an integral domain. But the fact that A’ is an integral domain follows
at once from the same property of A using the isomorphism of monoids l(ir_anvp A S A® which
already appeared in Lemma 4. o

perhaps “integral perfectoid ring” would be better terminology to avoid conflict with the more
common notion of perfectoid algebras in which p is invertible.
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& =807 ...o7"D©)

for any r > 1, and so Ker 0, is generated by the non-zero-divisor

& = (&) =) ... ).

Proof 1t is enough to prove the claim about &,, since the claim about E, then follows
by applying ¢". The proof is by induction on r > 1, using the diagrams of Lemma
6 for the inductive step; we refer to [5, Lemma 3.12] for the details.

We finish this introduction to perfectoid rings with some examples:

Example 1 (Perfect rings of characteristic p) Suppose that A is a ring of character-
istic p. Then A is perfectoid if and only if it is perfect. Indeed, if A is perfect, then it
is 0-adically complete, the Frobenius is surjective, and the kernel of 6 : W(A) — A
is generated by p. Conversely, if A is perfectoid, then Lemma 8(i)(c) implies that
the distinguished element p € Ker(f : W(A”) — A) must be a generator, whence
W(A")/p = A;but W(A")/p = A” is perfect.

In particular, in this case A’ = A and the maps 0, : W(A") — W,(A) are the
canonical Witt vector restriction maps.

Example 2 If C is a complete, non-archimedean algebraic closed field of residue
characteristic p > 0, then its ring of integers O is a perfectoid ring. Indeed, if C has
equal characteristic p then O is perfect and we may appeal to the previous lemma.
If C has mixed characteristic (our main case of interest), then O is p'/?-adically
complete, integrally closed in (’)[#] = C, and every element of O/pQ is a p®-
power since C is algebraically closed, so we may appeal to Lemma 8(ii); in this
situation the ring W (O") will always be denoted by Ajy;.

Example 3 Let A be a perfectoid ring which is m-adically complete with respect to
some non-zero-divisor m € A such that 77 divides p. Here we offer some construc-
tions of new perfectoid rings from A:

(i) Therings A(T/””, ..., T}/"")and A(Tﬁ‘i{’“, . Tdi;/ P, which are by def-
inition the 7-adic completions of A[Tll/p el le/p ] and A[T]il/p e,
Tdil/ r w] respectively, are also perfectoid.

(i) Any m-adically complete, formally étale A-algebra is also perfectoid.

Proof Since the m-adic completeness of the given ring is tautological in each case,
we only need tocheckthat @ : B/mrB — B/n”B,b + b? is anisomorphism in each
case. This is clear for B = A(Zil/”x) and A(Z'/pm), and it hold for and A-algebra
B as in (ii) since the square

B/W—W>B/7r

]

A/ﬂ'T>A/7r



20 M. Morrow

is a pushout diagram (the base change of the Frobenius along an étale morphism in
characteristic p is again the Frobenius).

3.3 Main Example: Perfectoid Rings Containing Enough
Roots of Unity

Here in Sect.3.3 we fix a perfectoid ring A which has no p-torsion and which
contains a compatible system ¢, (,2, ... of primitive p-power roots of unity (to
be precise, since A is not necessarily an integral domain, this means that (,- is a
root of the p'™ cyclotomic polynomial), which we fix. The simplest example is
O itself, but we also need the theory for perfectoid algebras containing O such as
O(T,il/px, Tdil/pm).

In particular we define particular elements ¢, &, (, . . ., which will be used repeat-
edly in our main constructions, and so we highlight (or rather box) the primary
definitions and relations. Firstly, set

ei=(,(p (pyo) €A, pi=lel—1e WA,

and

=14+ [eVP1+ VPP + - 4+ [P e w(A).

Lemma 10 £ is a generator of Ker 0 satisfying 6,(§) = V(1) forall r > 1.

Proof By Lemma 8(i)(d) it is sufficient to show that 8,(£) = V(1) for all r > 1.
The ghost map gh : W, (A) — A’ is injective since A is p-torsion-free, and so it is
sufficient to prove that gh(6,(£)) = gh(V (1)). But it follows easily from Lemma 5
that the composition gh of), : W(A”) — A’ is given by (0, ¢, ..., 0¢ "), and so
in particular that

gh(0,(©) = (0, 0p(&), ..., 0" (©)).

Since 6#(§) =0 and gh(V (1)) = (0, p, p, p, ...), it remains only to check that
0o (€) = p forall i > 1, which is straightforward:

00 () =01+ " T+ P+ +[e” P =141+ +1=p.

It now follows from Lemma 9 that Ker 6, is generated by

pr—1
& =807 OO = Y IEVT,
i=0

and that Ker 9~, is generated by
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~

& =0 () =0 ...¢" &) |

Proposition 2 11 is a non-zero divisor of W (A") which satisfies

p=607" (W, W =5m 0w =[] — 1€ W, (A)

forallr > 1.

Proof The final identity is immediate from Lemma 5. It is clear that . = £~ (p),
whence the identity p = &, (1) follows by a trivial induction on r, and the central
identity then follows by applying . To prove that y is a non-zero-divisor, it suffices
to show that 6, (1) = [(,r] — 1 is a non-zero-divisor of W, (A) for all r > 1 (since
W(A") = 1<ir_nr it F W, (A)). Since A is p-torsion-free the ghost map is injective and
so we may check this by proving that

gh([Cp'] -1 = (Cp’ -1, Cp”‘ —-1,... Cp -1

is a non-zero-divisor of A”; i.e., we must show that {,» — 1 is a non-zero-divisor in
Aforallr > 1. But (,r — 1 divides p, and A is assumed to be p-torsion-free.

Remark 3 The reader may wish to note that the Teichmiiller lifts [(,], [(p2], ...
are not primitive p-power roots unity in W, (A) in any reasonable sense. Indeed, it
follows from its ghost components gh([(,]) = ({,, 1, 1, ..., 1) that [(,] is not a root
of XP~' 4 ... 4+ X+ 1whenr > 1.

However, the element [(,-] — 1 € W, (A) will play a distinguished role in our
constructions and so we point out that it is a non-zero-divisor whose powers define
the p-adic topology. Indeed, it follows from the ghost component calculation of the
previous proposition that [(,-] — 1 is a root of the polynomial

(X+D" =D/X=X"""4pX(-)+p.,

whence p divides ([(,-] — 1)? ~!, and [(,-] — 1 divides p". A particularly important
consequence of this is that Ln¢,j—1 commutes with derived p-adic completion, by
[5, Lemma 6.20].

4 The Pro-étale Site and Its Sheaves

In this section we review aspects of pro-étale cohomology following [25, Sects. 3—4],
working under the following set-up:

e C is a complete, non-archimedean, algebraically closed field of mixed character-
istic; ring of integers O with maximal ideal m; residue field k.
e X is a quasi-separated rigid analytic variety over C.
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In particular, we will introduce various pro-étale sheaves on X which will play an
essential role in our constructions, and explain how to calculate their cohomology
via affinoid perfectoids and almost purity theorems.

4.1 The Pro-étale Site X proét

We will take for granted that the reader is either familiar with, or can reasonably
imagine, étale morphisms and coverings of rigid analytic varieties, and we let X
denote the associated étale site of X. To define coverings in X¢ (and soon in X prog) it
is useful to view X as an adic space,'? and we therefore denote by | X | the underlying
topological space of its associated adic space X*: for example, if T is an affinoid
C-algebra, then | Sp T'| denotes the topological space of (equivalences classes of)
all continuous valuations on 7', not merely those factoring through a maximal ideal
(which correspond to the closed points of the adic space).

We now define (a countable version of) Scholze’s pro-étale site X ¢ in several
steps:

e An object of X4 is simply a formal inverse system U = * 1(11_11 ”i U; in X of the
form

Us
i/ﬁn. ét. surj.
U,
i/ fin. ét. surj.
U,

i,ét.

X

In other words, U{ is the data of a tower of finite étale covers of U;, which is étale
over X. The underlying topological space of I is by definition |U/]| := l(ir_ni |U;|.

12There is an equivalence of categories between quasi-separated rigid analytic varieties over C and
those adic spaces over Spa(C, O) whose structure map is quasi-separated and locally of finite-type
[16, Proposition 4.5]. A collection of étale maps {f) : Uy — U} in X is a cover if and only if it
is jointly “strongly surjective”, which is equivalent to being jointly surjective at the level of adic
points [17, Sect.2.1].



Notes on the Aj,s-Cohomology of Integral p-Adic Hodge Theory 23

e Up to isomorphism,'® a morphism f : 4/ — V in Xpro¢t 18 simply a compatible
family of morphisms between the towers

U, —" vy,
L
Uy ——V,

oo

u—" s

N

e A morphism f as immediately above is called pro-étale if and only if it satisfies
the following additional condition: the induced finite étale map

Uit1 — Ui xy, Vg

is surjective for each i > 1. It can be shown that this implies that the induced
continuous map of topological spaces | f| : [[{| — |V| is an open mapping [25,
Lemma 3.10(iv)].

Then a collection of morphisms { f) : Uy — U} in X0z is defined to be a cover if
and only if each morphism f) is pro-étale and the collection {| f)| : [U\| — |U|}
is a pointwise covering of the topological space |{/|. For the proof that this indeed
defines a Grothendieck topology we refer the reader to [25, Lemma 3.10].

This completes the definition of the pro-étale site X proe.*

3This means that we are permitted to replace the towers “lim”. U; and “lim”, V; by “obvi-
ously isomorphic” towers, e.g., by inserting or removing some(gages of the tower. To be precise,
first let pro- X¢ denote the usual category of countable inverse systems in X: its objects are
inverse systems “lim ”. U; in X, and its morphisms are defined by Hom(“lim > U;, “lim ™ V;) :=
<« i <« i <« j

lim lim Homy, (U;, V;). Then call an object U of pro- X¢ pro-étale if and only if it is isomorphic
in pro Xel to an inverse system l(gl U; whose transition maps are finite étale surjective; and
call a morphism f : U — V pro-étale 1f and only if there exist isomorphisms U = “Lln U; and
v= “1<£n” Vi in pro- X such that “lim”. U; and “lim ”. V; have finite étale surjective transition
maps and such that the resulting morphism * hm ~U; — “lim”_ V; has the shape described in the
main text. Then the category Xpo¢ is more correctly defined as the full subcategory of pro- Xg
consisting of pro-étale objects, and covers are defined as in the main text using the more correct
definition of a pro-étale morphism.

14The topos of abelian sheaves on Xprogt 18 “algebraic” in the sense of [27, Definition V1.2.3]; see
[25, Proposition 3.12] for this and further properties of the site. In particular, it then follows from
[27 Corollary VL.5.3] that if U € X0 is such that [U/] is quasi-compact and quasi-separated, then

pmel (U, —) commutes with filtered inductive colimits of sheaves.
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There is an obvious projection functor of sites
v Xproét — X4

obtained by pulling back any U € X to the constanttower--- - U - U — U —
X in Xproe; this satisfies the unsurprising'® property that if 7 is a sheaf on X¢, and
U= L&nl Ui € Xproa, then

V' FU) = lig F(U)

1

and more generally ' )
H' o U, *F) = lim Hi, (U, F)

foralli > 0[25, Lemma 3.16]. For this reason the most interesting sheaves on X ro¢
are not obtained via pullback from Xg, although our first examples of sheaves on
Xprost are of this form.

The integral and rational structure sheaves O;ét and Oy, on X¢ are defined by

O, (SpT):=T° CT =: Ox,(SpT)

where Sp T € X¢ is any rigid affinoid, and 7° denotes the subring of power bounded
elements inside 7. The integral structure sheaf was not substantially studied in
the classical theory.'® Pulling back then defines the integral and rational structure
sheaves (9; and Oy on Xprog

Oy :=v"0x, C Ox :=v"0x,,
which are our first examples of sheaves on X po¢.

We now describe the finer, local nature of the pro-étale site by introducing affinoid
perfectoids and stating the fundamental role which they play in the theory.

Definition 4 An object i/ = “lim ”l, Ui in X o4 is called affinoid perfectoid if and

only if it satisfies the following two conditions:

e U; is a rigid affinoid, i.e., U; = Sp T; for some affinoid C-algebra T;, for each
i>1;

e and the p-adic completion of the ring OF () = li_r)ni T? is a perfectoid ring.!’

I5Nonetheless, a condition is required: we must assume that the topological space || is quasi-
compact and quasi-separated; this is satisfied in particular when U/ is a tower of rigid affinoids.
16Unlike the rational structure sheaf, the integral structure sheaf can have non-zero higher coho-
mology on rigid affinoids.

17We emphasise that, in our current set-up, this perfectoid ring will always be the type considered
in Sect.3.3: indeed, it is p-torsion-free since each 7; is p-torsion-free, and it contains a compatible
sequence of primitive p-power roots of unity since it contains O.
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The following key result makes precise the idea that X looks locally perfectoid in
the pro-étale topology, and that affinoid perfectoids are small enough for their coho-
mology to almost vanish, thereby allowing them to be used for almost calculations
2 la Cech, as we will see further in Sect. 4.3.

Proposition 3 (Scholze)

(1) The affinoid perfectoid objects of Xpros: form a basis for the site.
(ii) If U € Xprog is affinoid perfectoid, then H;‘mé[(u , (’); /p) is almost zero (i.e.,
killed by m) for % > 0.

Proof These are consequences of the tilting formalism and almost purity theorems
developed in [24]. See Corollary 4.7 and Lemma 4.10 of [25].

To complement the previous local result we recall also the key global result about
pro-étale cohomology, which we will need:

Theorem 3 (Scholze) If the rigid analytic variety X is moreover proper and smooth
over C, then the canonical map of O/ pO-modules

H{ (X, Z/pZ) ®z/pz, O pO —> H} o (X, 0%/ p)

is an almost isomorphism (i.e., the kernel and cokernel are killed by m) for alli > 0.

Proof See [25, Sect.5].

4.2 More Sheaves on X proét

As indicated by Proposition 3(ii) and Theorem 3, the pro-étale sheaf OF/p on X
enjoys some special properties, and this richness passes to the completed integral
structure sheaf R

Oy = 1im Oy/p",
which is probably the most important sheaf on X . We stress that it is not known
whether (9; (U) coincides with the p-adic completion of O}' (U) for arbitrary objects

U € Xprogr-
Further sheaves of interest on X, are collected in the following definition:

Definition 5 The tilted integral structure sheaf '8 is

o0y = lim Oy /p,
©»

18Usually denoted by (/’)\;, to evoke the idea of it being the completed integral structure sheaf on
the tilt X° of X.
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where the limit is taken over iterations of the Frobenius map ¢ on the sheaf of I -
algebras (9;/ p. We will also need Witt vector forms'® of the completed and tilted
integral structure sheaves

W.(O0F) and  W.(O}).
and the infinitesimal period sheaf
Aint.x = W(OY).

By repeating Lemma 4 in terms of presheaves on X,0¢ and then sheafifying, we
obtain a canonical isomorphism of pro-étale sheaves

At x —> lim W, (OF).
rowrt F

As in the affine case in Sect.3.1 we then denote the resulting projection maps and
their Frobenius twists by

0, Air.x —> W (OF) and 0, =0, 0 ¢ : Aiwr.x —> W, (OF).

To reduce further analysis of all these sheaves to the affine case of Sect. 3, we combine
the fact that X is locally perfectoid in the pro-étale topology (Proposition 3(i)) with
the fact that the sections of these sheaves on affinoid perfectoids are “as expected”:

Lemma 11 (Scholze) Let U = “lim” U; be an affinoid perfectoid in X g, with
< I
associated perfectoid ring A := O% U) - Then
OfU) = A, W, 05U =W,(A), O U) = A",
WOV U) = Wo(A”), A x U) = W(A).

On the other hand, for x > 0 the pro-étale cohomology groups

H: o U.0F), Hio U W (0F), HioU. 03,
H oo U, Wo(OR), Hyos U, Aing x)

¢

are almost zero, i.e., killed respectively by m, W,(m), m°, W, (m"), [m® 1.20

9If R is a sheaf of rings on a site 7, then W,.(R) and W(R) are the sheaves of rings
obtained by applying the Witt vector construction section-wise, i.e., W, (R)(U) := W,.(R(U))
and W(R)(U) := W(R(U)) forallU € T.

20Now seems to be an appropriate moment for mentioning some formalism of almost mathemat-
ics over Witt rings. By a “setting for almost mathematics” we mean a pair (V, I), where V is a
ring and 7 = I?> C V is an ideal which is an increasing union of principal ideals | J A0V gen-
erated by non-zero-divisors ty. Elementary manipulations of Witt vectors [5, Lemma 10.1 and
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Proof See Lemmas 4.10, 5.11 and Theorem 6.5 of [25] for the description of the
sections. The almost vanishings follow by taking suitable limits of Proposition 3(ii).

Corollary 3 The maps of pro-étale sheaves 0,, 5, D Ajpr x — VZ, (@}) are surjec-
tive, with kernels generated respectively by the elements ., &, € Ay = W(OP)
defined in Sect. 3.3; moreover; these elements (as well as p € Ay, also defined in
Sect. 3.3) are non-zero-divisors of the sheaf of rings Ains x.

Proof All assertions are local, so by Proposition 3(i) it is sufficient to prove the
analogous affine assertions after taking sections in any affinoid perfectoidUf € Xpro¢;
but using the descriptions of the sections given by the previous lemma, these affine
assertions were covered in Sects.3.2-3.3.

4.3 Calculating Pro-étale Cohomology

This section is devoted to an explanation of how Proposition 3(ii) is used in practice
to (almost) calculate the pro-étale cohomology of our sheaves of interest; this is of
course the pro-étale analogue of Faltings’ purity theorem and techniques which we
saw in Sect.2.2. We assume in this section that our rigid analytic variety X is the
generic fibre X¢ of a smooth p-adic formal scheme X over O; this will be the set-up
of our main results later.

Relatively elementary arguments show that X admits a basis of affine opens
{Spf R} where each R is a p-adically complete, formally smooth O-algebra which
is moreover small, i.e., formally étale over O(Tlil, Tdil). Fix such an open
Spf R C X (as well as a formally étale map O(T*') — R, sometimes called a “fram-
ing”); the associated generic fibre is the rigid affinoid space U := Sp R[i] cX,
which is equipped with an étale morphism to Sp C(T*'). We will explain how to
almost calculate the pro-étale cohomology groups H;‘m «(Sp R[%], ?7) where ? is any
of the sheaves from Lemma 11.

Foreachi > 1, let _

R; :=R o+ O(Zil/‘#)

Corollary 10.2] then show that each Teichmiiller lift [#y] € W, (V) is a non-zero-divisor and that
W, (I) :== Ker (W, (V) — W,(V/I)) equals the increasing union | J,[#A\]W,(V), which moreover
coincides with its square; in conclusion, the pair (W, (V), W,.(I)) is also a setting for almost math-
ematics. We apply this above, and elsewhere, in the cases (V, I) = (O, m) and (O°, mP).

Upon taking the limit as r — oo, the inclusion W (/) := Ker(W(V) - W(V/I)) D [I] :=
UL [EAIW (V) is strict; the pair (W (V), [I]) is a setting for almost mathematics, but (W (V), W (1))
typically is not. So, strictly, speaking, the almost language should be avoided for the ideal W (m”),
though we will sometimes abuse this. However, if V is a perfect ring of characteristic p (e.g.,
V = ©"), then [I] and W (I) coincide after p-adic completion (and derived p-adic completion) by
the argument of the proof of Lemma 22; so a map between p-adically complete W (V)-modules
(resp. derived p-adically complete complexes of W (V)-modules) has kernel and cokernel (resp. all
cohomology groups of the cone) killed by W (1) if and only if they are killed by [/].
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be the finite étale R-algebra obtained by adjoining p’-roots of T, ..., T,. Then
Sp Ri+1[%] — Sp R,-[%] is a finite étale cover of rigid affinoids for each i > 0,
whence it easily follows that

TS B ” . l
U= 1(&1 Sp R; [p] — U
13
is a cover in Xprog-
In fact, Sp Ri[%] — U is a finite Galois cover with Galois group /f;,-, where
lel/l’i . ded/l’i R

C=(ir--sCa) eu‘li)i acts on R; in the usual way via -

o T1'“/ P ...TJ"’/ P"and so for each s > 1 there is an associated Cartan—
Leray?' spectral sequence

He (1, Hy oo (Ui, O/ p)) = Hotb (U, 0%/ p"),

proét

or writing in a more derived fashion

RFgrp(,U/pu RFproet(Utv OJr/P )) _> RFproet(U O /p )

Taking the colimit over i yields an analogous quasi-isomorphism (and spectral
sequence) for the “Z ,,(l)d—Galois cover” U — U-:

RTup(Zy(D)?, RTpoc U, OF/P*)) = RIpoce(U, O/ pY).

However, U is affinoid perfectoid: indeed, since the power bounded elements
in the affinoid C-algebra R[[%] are exactly R;, we must show that (li_n)ll_ Ri)Ap =
R®o @11)(’)(2*1/ P¥) =: Ry is a perfectoid ring; but R, is a p-adically complete,
formally étale O(T*!/P™)-algebra, whence it is perfectoid by Example 3. There-
fore the pro-étale cohomology pmel(u OF/p*) almost vanishes for x > 0 (by
Proposition 3(ii)) and almost equals R./p° Ry for % =0 (by Lemma 11, using
that O} /p* = (75} /p*); so the edge map associated to the previous line is an almost
quasi-isomorphism

al. qu.-iso.

RIyp(Zy(D)?, R /P Ros)  —>  RIpoat(U, O%/p*)

(i.e., all cohomology groups of the cone are killed by m), where we mention explicitly
that Z, (1) is acting on R as in Sect. 2.2. Finally, taking the derived inverse limit**

210ften called Hochschild—Serre in this setting. Here ngp and RIgy refer to group cohomology
for a topological group acting on discrete modules.

22This process of taking the inverse limit deserves further explanation. By definition, when G
is a topological group and M is a complete topological G-module whose topology is defined
by a system {N} of open sub-G-submodules, we define its continuous group cohomology as
RIeont(G, M) := Rlimy RIgp(G, M/N)and HZ, | (G, M) := H*(RI¢on (G, M)); of course, we



Notes on the Aj,s-Cohomology of Integral p-Adic Hodge Theory 29

over s yields an almost quasi-isomorphism

al. qu.-iso.

RTeon(Zy(1)%, Roo) R Lot (U, OF).

Arguing by induction and taking inverse limits, these almost descriptions may be
extended to the other sheaves in Lemma 11, giving in particular almost (wrt. W, (m)
and W (m”) respectively) quasi-isomorphisms

al. qu.-iso.

RTeont(Zy ()%, W (Rao)) 5™ R o (U, W (OF))

and

al. qu.-iso.

RIeon(Zp(D*, W(RY)) = RTpoet(U, Aint x),

where the hat indicates derived p-adic completion. These “Cartan—Leray almost
quasi-isomorphisms” are crucial to all our calculations of pro-étale cohomology.

5 The Main Construction and Theorems

In this section we present the main construction and define the new cohomology
theory introduced in [5], before proving that its main properties, as stated in Theorem
1, can be reduced to a certain p-adic analogue of the Cartier isomorphism. We work
in the set-up of Sect. 1.2 throughout:

e C is a complete, non-archimedean, algebraically closed field of mixed character-
istic; ring of integers O with maximal ideal m; residue field k.

may always restrict the limit to any preferred system of open neighbourhoods of 0 by sub-G-
modules. In particular, RI"COm(Z,,(l)d, Rs) = Rlimg RFgrp(Z,,(l)d, Roo/P* Rso)-

To take the inverse limit of the right, we show that the canonical map R0 (U, @;) —
Rlimg R prog (U, O} /p°®) is a quasi-isomorphism. Since the codomain may be rewritten as
R yroe (U, Rlimg O} /p®) by general formalism of derived functors, it is enough to show that
the canonical map 5} — Rlimy O}/ps is a quasi-isomorphism (note that the topos of pro-étale
sheaves does not satisfy the necessary Grothendieck axioms to automatically imply that higher
derived inverse limits vanish in the case of surjective transition maps!), for which it is enough to
show that R Ijroe (V, 6;) — Rlimg RI o (Vs (’)}' /p*) is a quasi-isomorphism for every affinoid
perfectoid V € X¢; this is what we shall now do. Firstly, it is easily seen to be an almost quasi-
isomorphism by Lemma 11, and so in particular the cone is derived p-adically complete; since the
codomain is derived p-adically complete, therefore the domain is also; but the codomain is precisely
the derived p-adic completion of the domain, and hence the map is a quasi-isomorphism.

Unfortunately the same argument does not work for the sheaf Ajyf x, which seemingly fails to
be derived p-adically complete on X ,o4; in particular, the canonical map R 1o (U, Ainf, x) —
Rlimg RT 06 (U, Aing, x / p*) is only a quasi-isomorphism after replacing the domain by its derived
p-adic completion.
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e We pick a compatible sequence (j, (2, ... € O of p-power roots of unity, and
define 1, &, &, €, & € Ajpr = W(OP) as in Sect. 3.3.

e X isasmooth p-adic formal scheme over O, which we do not yet assume is proper;
its generic fibre, as a rigid analytic variety over C, is denoted by X = X¢.

o U Xprost —> Xzar 18 the projection map of sites obtained by pulling back any
Zariski open in Xz, to the constant tower in Xo¢ consisting of its generic fibre.
That is, v is the composition of maps of sites X s — Xg — X¢ — Xzar, where
the first projection map is what was previously denoted by v in Sect.4.1.%3

The following is the fundamental new object at the heart of our cohomology theory:

Definition 6 Applying v : X6 — Xzar to the period sheaf Aiyr, x gives a “nearby
cycles period sheaf” Ry, Aiys x, which is a complex of sheaves of Aj,r-modules on
Xzar; we p-adically complete this in the derived sense and then apply L7, to obtain
a complex of sheaves of Ajr-modules on Xz,;:

AQy = LU/L(RZIAEJ().

We will soon equip A£2x with a Frobenius-semi-linear endomorphism .

Remark 4 The previous definition used the décalage functor for a complex of
sheaves, whereas we only defined it in Definition 1 for complexes of modules; here
we explain the necessary minor modifications.

Let 7 be a site, A a ring, and f € A a non-zero-divisor. Call a complex C of
sheaves of A-modules strongly K -flat if and only if

e C' is a sheaf of flat A-modules for all i € Z,

e and the direct sum totalisation of the bicomplex C ® 4 D is acyclic for every acyclic
complex D of sheaves of A-modules.?*

For any such C we define a new complex of sheaves 1y C by
T>3Uwr (nC)(U):={x e fiC'(U) :dx € fTC(U)).

Any complex D of sheaves of A-modules may be resolved by a strongly K-flat
complex C = D(e. g., see the proof of The Stacks Project, Tag 077]), and we define
LnsD = nyC.Thisis a well-defined endofunctor of the derived category of sheaves
of A-modules on 7 . For further details, we refer the reader to [5, Sect. 6], the majority
of which is established in the generality of ringed topoi.

Warning: The décalage functor does not commute with global sections: there is
a natural “global-to-local” morphism

LnsRI(T,C) — R (T, Ln;C),

23We hope that this rechristening of v does not lead to confusion, but we are following the (incom-
patible) notations of [25] and [5].

24This is not automatic from the first condition since C may be unbounded, and is a standard
condition to impose when requiring flatness conditions on unbounded complexes of sheaves.
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but this is not in general a quasi-isomorphism.>

Remark 5§ Before saying anything precise, we offer some vague descriptions of how
A 2% looks and how it can be studied. Ignoring the décalage functor for the moment,

Rm,x is obtained by sheafifying X O Spf R > R} (Sp R[%], Apr x), as
Spf R runs over affine opens of X. We may suppose here that R is small and
so put ourselves in the situation of Sect.4.3: R is a small, formally smooth O-
algebra corresponding to an affine open Spf R C X, with associated pro-étale cover
U= “1(i£1”i Sp R,-[%] — Sp R[%], where U is affinoid perfectoid with associated
perfectoid ring R,. As we saw in Sect.4.3 there is an associated Cartan—Leray
almost (wrt. W(m")) quasi-isomorphism

R Feon Zp (1D, W(RL) —> RTjuosc(Sp R[] At ).
Recalling from Sect.2.2 that the décalage functor sometimes transforms almost
quasi-isomorphisms into actual quasi-isomorphisms, A£2x can therefore be anal-
ysed locally through the complexes

L1y RTeon(Z, (D, W(R)),

as Spf R various over small affine opens of X.%° These complexes will turn out to be
relatively explicit and related to de Rham—Witt complexes, Koszul complexes, and
g-de Rham complexes.

Remark 6 (de Rham—Witt complexes) Before continuing any further with Sect. 5 the
reader should probably first read Sect. 6.1, where the relative de Rham—Witt complex
W, 25 o on X is defined; it provides an explicit complex computing both de Rham
and crystalline cohomology.

In the subsequent Sect. 6.2, which the reader can ignore for the moment, we will
explain methods of constructing “Witt complexes” over perfectoid rings. In partic-
ular, given a commutative algebra object D € D(Aj,) equipped with a Frobenius-
semi-linear automorphism ¢p and satisfying certain hypotheses, we will equip the
cohomology groups

For example, given a proper smooth variety Y over k, Proposition 1 provides a quasi-
isomorphism W2y /k = Ln, W2y /k of sheaves; if the global-to-local comparison morphism
were an isomorphism, we would deduce that R 1y (Y/ W (k)) =S Ly RIys(Y/ W (k)), whence
Hiy Y/ W (K)) 5 Hcirys(Y/ W(k))/Hérys(Y/W(k))[p] foralli > Oby Lemma 1. But the p-power
torsion in H..(Y/W(k)) is bounded since it is a finitely generated W (k)-module, so the previ-

crys
ous isomorphism would in fact force Hérys(Y/ W (k)) to be p-torsion-free for all i > 0; but this is

well-known to be false, e.g., when Y is an Enriques surface in characteristic two and i = 2 or 3 [18,
Proposition I1.7.3.5].

20The astute reader may notice that in this argument we have just implicitly identified

L1 (R Fproct (Sp R[%], Ainf,x)) and RIza(Spf R, AQx), contrary to the warning of Remark 4;
this is precisely the type of technical obstacle which will need to be overcome in Sect.7.1.
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W} (D) := H*((Ln,D) /&), where (Ln,D)/& = (Ln,D) &} 5 W.(O),

with the structure of a Witt complex for O — R (where R is an O-algebra depend-
ing on D); the differential d : W? (D) — W;“(D) will be given by the Bockstein
Bocky .

&

To explain the main theorems we recall from Sect. 3.1 that there are two ways of
specialising from Ay to W, (O)

inf

A
/ 5’:6’°W_r

Wr(O) = Aing/E Aint W, (O) = Aint /& Ain,

so we use these to form corresponding specialisations of the complex of sheaves of
Ajpr-modules A2y

AQx

AQx /& =A2x ®f 4 Wi (O) AQx 8L o W,(0)=ARx /& =W, 2x/0

The next theorem is the main new. calculation at the heart of our results (and is the
reason for the chosen notation W,.£2 ¢, on the right of the previous line), from which
we will deduce all further results, in which W, 25 /0 is the relative de Rham—Witt
complex of X over O:

Theorem 4 (“p-adic Cartier isomgrphism”27) There are natural®® isomorphisms of
Zariski sheaves of W,.(O) = Aine /& Aine-modules

C;r . W"QIX/O i) HZ(Wr.Qx/o)

foralli >0, r > 1, which satisfy the following compatibilities:

(i) the restriction map R : W,H.Qg6 0™ W,.Q;6 o IS compatible with the map

W,p1 936/0 — V/V:_.éx/o induced by the inverse Frobenius on Ay x.

2Mn the case r = 1, the accepted terminology is now “Hodge—Tate comparison”.

28 As written, this isomorphism is natural but not canonical: it depends on the chosen sequence of
p-power roots of unity. To make it independent of any choices, the right side should be replaced by
H! (WZX/O) ®w, o) (Ker 5,/(Ker 5,4)2)‘8”' . Here Ker 5,/(Ker 5,)2 = Z,Ainf/ZfAinf is a certain
canonical rank-one free W, (O)-module, and so we are replacing the right side by a type of Tate twist
H (Vm x/0){i}. This dependence arrises as follows: changing the chosen sequence of p-power
roots of unity changes p up to a unit in Ajy¢: this does not affect L7, (which depends only on the
ideal generated by ), but does affect the forthcoming isomorphism in Remark 7(a) (see footnote
29).
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(ii) the de Rham-Witt differential d : W, Qée/o — W, S?;;}Q is compatible with the
Bockstein homomorphism Bockg : H W, 2%,0) — Hit (W, £2x,0).

Proof (Idea of forthcoming proof) Using the construction of Sect. 6.2 (summarised
in the previous remark), we will equip the sections H‘(;V:S/Zx ,0)(Spf R) with the
structure of a Witt complex for O — R, naturally as Spf R varies over all small affine
opens of X, in Sect.7.2. This will give rise to universal (hence natural) morphisms
of Witt complexes W, 2y 0= H'(VT/:(/? x,0)(Spf R) which satisfy (i) and (ii) and
which will be explicitly checked to be isomorphisms (after p-adically completing
W, £2% o) by reducing, via the type of argument sketched in Remark 5, to group
cohomology calculations given in Sect.6.3.

Theorem 5 (Relative de Rham-Witt comparison) There are natural quasi-
isomorphisms in the derived category of Zariski sheaves of W,(O) = Aie /& Ajng-
modules

Wrg_.x/o = AQ%/&M

forallr =1, suchthat the restrictionmap R : Wy 11825 0 — W,Q%/O is compatible
with the canonical quotient map Aiyg /& +1Aing — Aing /& Ains-

In a moment we will equip A§2x with a Frobenius and check that Theorem 4
implies Theorem 5, from which we will then deduce Theorem 1; first we require
some additional properties of the décalage functor:

Remark 7 (Elementary properties of the décalage functor, I) Let A be a ring and
f € A anon-zero-divisor.

(a) (Bockstein construction) One of the most important properties of the décalage
functor is its relation to the Bockstein boundary map. Let C be a complex of
f-torsion-free A-modules. From the definition of 7,C it is easy to see that if
fix € (nyC)' isaarbitrary element, then x mod fC' is acocycle of the complex
C/fC (sinced(fx)isdivisibleby fi*!),andsodefinesaclassx € H' (C/fC);
this defines a map of A-modules

0 C)' —> H'(C/fO),  flx+>X.

Next, the Bockstein Bock s : H*(C/fC) — H**'(C/fC) gives the cohomol-
ogy groups H*(C/fC) the structure of a complex of A/f A-modules, and we
leave it to the reader as an important exercise to check that the map

nyC — [H*(C/fC), Bocky],
given in degree i by the previous line, is actually one of complexes, i.e., that

the differential on 7 C is compatible with Bock . Even more, the reader should
check that the induced map
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(b)

(©)

(d
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nsC)®4 A/fA —> [H*(C/fC), Bocky]

is a quasi-isomorphism. (The proof may be found as [5, Proposition 6.12].)
More generally, if D is an arbitrary complex of A-modules, then this can be
rewritten as a natural®® quasi-isomorphism

(LnyD) ®f A/fA = [H*(D & A/fA), Bock,]

of complexes of A/f A-modules.>
(Multiplicativity) If g € A is another non-zero-divisor, and C is a complex of
fg-torsion-free A-modules, then

Mg C =1pC S C [ﬁ] :

Noting that 1 preserves the property the g-torsion-freeness, there is no difficulty
deriving to obtain a natural equivalence of endofunctors of D(A)

Lng o Lny > L.

(Coconnective complexes) Let Dj%?f(A) be the full subcategory of D(A) con-
sisting of those complexes D which have H'(D) = 0 for i < 0 and H°(D) is
f-torsion-free. Any such D admits a quasi-isomorphic replacement C — D,
where C is a cochain complex of f-torsion-free A-modules supported in posi-
tive degree (e.g., if D is bounded then pick a projective resolution P — D and
set C := 72°P). Then

LnsD =n;C C C > D,
whence L7y restricts to an endofunctor of D??f(A), and on this subcategory
there is a natural transformation j : Lny — id. In fact, all our applications of
the décalage functor take place in this subcategory.
(Functorial bound on torsion) We maintain the hypotheses of (c). Then the mor-
phism j : LnyD — D induces an isomorphism on H 0: indeed,

H°(Ln; D) = Ker((n;C)° L ;0" = Ker(C? 4 Yy = HY(D).

More generally, for any i > 0, the map j : H'(LnyD) — H'(D) has kernel
H'(Ln;D)[f'] and image f'H'(D): indeed, the composition

29Continuing the theme of the previous footnote, the left side depends only on the ideal f A while
the right side currently depends on the chosen generator f'; to make the construction and morphism
independent of this choice, each cohomology group on the right should be replaced by the twist
H*(D®% A/fA) ®ajra (fFA/f*1A).

30Curiously, this shows that the complex (L7 D) ®% A/f A, which apriori lives only in the derived
category of A/f A-modules, has a natural representative by an actual complex.
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H'(D)/H'(D)Lf1 > H'(Ln;D) > H'(D),

where the first isomorphism is Lemma 1, is easily seen to be multiplication by

£, whence the assertion follows.

It may be useful to note that this f-power-torsion difference between D and its

décalage Ln ¢ D can be functorially captured in the derived category, at least after

truncation. More precisely, multiplication by f* definesamap 7='C — 7=/7+C,

Which induces a natural transformation of functors “f”: 7=/ — 7=/Ln; on
ftf (A) such that the compositions

wpin . j . . j o wpin .
7= = 'Ly > 7=, 5Ly > 75— 7Ly

are both multiplication by f.
(e) (a)—(d) have obvious modifications for complexes of sheaves of A-modules on

a site.

As promised, we will now equip A£2y with a Frobenius:
Lemma 12 The complex of sheaves of Ai-modules A2x is equipped with a
Frobenius-semi-linear endomorphism @ which becomes an isomorphism after invert-
ing &, i.e.,
2 AQx ®A " Ay [ ] — A2y ®A " Ay I:é:l

(recall that E: p(&)).

Proof The Frobenius automorphism ¢ on the period sheaf A, x induces a Frobenius

automorphism ¢ on the completion of its derived image C := Rv, Ay x, which by
functoriality then induces a quasi-isomorphism of complexes of Zariski sheaves

¢ : Ln,C = LnyC.
We follow this map by
L1y C = LngLn,C — Ln,C

to ultimately define the desired Frobenius ¢ : L7, C — Ln,C, where it remains
to explain the previous line. The equality is a consequence of Remark 7(b) of the
previous remark since ¢(p) = §u; the arrow is a consequence of Remark 7(c) since
HO (Ln,C) has no f torsion.?! Since the arrow becomes a quasi-isomorphism after
inverting &, we see that the final Frobenius ¢ : L7, C — L, C becomes a quasi-
isomorphism after inverting &.

3 IProof HO(C ) = VxAinf,x has no p-torsion since Ajyf,x has no p-torsion by Corollary 3; thus

HO (Ln,C) S HO (C) by Remark 7(d). But since HO(C) has no p-torsion, it also has no () = £u-
torsion, thus has no 5 torsion.
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Proof (Proof that Theorem 4 implies Theorem 5) As in the proof of the previous
lemma we write C := Rv, Ay x, which we equipped with a Frobenius-semi-linear
automorphism . Thus we have

1

c=

Wi 2%0 = [H°(me/o), Bockg ] by Theorem 4
= [H*((L1,C) /&), Bockz | rewriting for clarify
~ (L"E,. Ln}lC)/Z, by the Bockstein — Ly relation, i.e., Remark 7(a)
= (L ,O)/% by Remark 7(b)
¢ B
— (L. C)/& functoriality and ™" (&, 11) = p,

which proves Theorem 5.
Now we deduce the beginning of Theorem 1 from Theorem 5:

Theorem 6 If X is moreover proper over O, then RI'y(X) := RI 7, (X, AQx) isa
perfect complex of Ay s-modules with the following specialisations, in which (i) and
(ii) are compatible with the Frobenius actions:

(i) Etale specialization: RTy(X) ®, W(C’) = RIw(X, Z,) @5 W(C).

(ii) Crystalline specialization: RIy(X) ®kmf W (k) > RIys(Xx/ W(k)).
(iii) de Rham specialization: Ry (X) ®£I&m,9 O >~ RIR(X/0).

Proof We prove the specialisations in reverse order. Firstly, since Ry (¥X) is derived
¢-adically complete,®” general formalism implies that Ry (X) is a perfect com-
plex of Ajr-modules if and only if Ry (X) ®E&mf Ajn /€ Anr is a perfect complex of
Ajne/EAjnr = O-modules. But Theorem 5 in the case r = 1 implies that

RIA(X) ®F,, Aint/EAint ~ Rz (X, 2% )0) = RIw(X/0),

32«Proof”. If f, g are non-zero-divisors of a ring A, and D is complex of A-modules which is
derived g-adically complete, then we claim that L7 ¢ D is still derived g-adically complete: indeed,
this follows from the fact that a complex is derived g-adically complete if and only if all of its
cohomology groups are derived g-adically complete, that H i (LnyD)=H {(D)/H! (D)[ f] for all
i € Z by Lemma 1, and that kernels and cokernels of maps between derived g-adically complete
modules are again derived g-adically complete. For a reference on such matters, see The Stacks
Project, Tag 091N.

It is tempting to claim that the previous paragraph remains valid for the complex of sheaves
Rm x (which is indeed derived £-adically complete, since Ry, and derived p-adic completion
preserve the derived £-adic completeness of the pro-étale sheaf Ajn¢ x), which would complete the
proof since Rz, (X, —) also preserves derived £-adic completeness, but unfortunately the previous
paragraph does not remain valid for complexes of sheaves on a “non-replete” site (e.g., the Zariski
site). In fact, it seems that the derived &-adic completeness of Ry (X) is not purely formal, and
requires the technical lemmas established in Sect.7.1; therefore we have postponed a proof of the
completeness to Corollary 4.
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which is indeed a perfect complex.>?

It follows that R, (X) ®H&mf W (k) is a perfect complex of W (k)-modules; since
W (k) is p-adically complete, any perfect complex over it is derived p-adically com-
plete and so

RIW(X) ®j,, W(k) = Rlim, (R4 (X) @5, W, (k)
= Rlim, (RIL (%) ®, W, (O) &Y, (o) W, (k)
= RIm, (R Iz (X, W, 2% 10 @Y, 0) Wr(K)))

where the final line uses Theorem 5. But the canonical base change map W, 2%, ®H‘;V, ©)

W, (k) > W, 2%, /k is a quasi-isomorphism for each » > 1 by Remark 8(vii), and so
we deduce that

RIL(X) ®y,, W(k) = Rlim, RIzar(Xk, Wr 2%, /1) = R aays(Xi/ W (K)).

It remains to prove the étale specialisation; we prove the stronger (since x becomes
invertible in W (C")) result that R I’y (X) ®E.&mf Ainf[ﬁ] ~ RI4(X,Z,) ®]£Z‘p Ainf[;ll]'
Since L7, only effects complexes up to p'-torsion in degree i (to be precise, use

i

the morphisms “x'” on the truncations of A§2x — Rv, Ay x, as in Remark 7), the

kernel and cokernel of H é (%) —> Héar (%, Rz/*/Aﬁ, X) are killed by p'. The key to
the étale specialisation is now the fact that the canonical map

RI&(X, Zp) ®7 At —> RIprost (X, Ainf x)

(where the hat continues to denote derived p-adic completion) has cone killed by
W (m®) 3 y; this is deduced from Theorem 3 by taking a suitable limit (see [25,
Proof of Theorem 8.4]); inverting 1+ completes the proof.

We remark that there is an alternative proof of the étale specialisation, due to
Bhatt [2, Remark 8.4], which is simpler in that it avoids Theorem 3.

We next discuss the rest of Theorem 1 (continuing the same enumeration):

Theorem 7 Continuing to assume that X is a proper, smooth, p-adic formal scheme
over O, then the individual Ay s-modules H A(%) = Héar(%, AR2x) vanish fori >
2 dim X and enjoy the following properties:

(iv) HA(%) is a finitely presented Ai,s-module;
(v) HA(Z{)[%] is finite free over Ainf[%];

3 Proof. By derived p-adically completeness, it is enough to check that RIyr (X/0O) ®]1(‘9 O/pO =
RIGR(X ®0 O/pO/(O/p0O)) is a perfect complex of O/ pO-modules; this follows from the facts
that ‘Q;E@)OO//:O/(O/[:O) is a perfect complex of Oxg,0/po-modules by smoothness, and that
the structure map X ® o O/ pO — Spec O/ pO is proper, flat, and of finite presentation.
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(vi) HA(%) is equipped with a Frobenius-semi-linear endomorphism o which
becomes an isomorphism after inverting £ (or any other preferred genera-
tor of Ker 0), i.e., ¢ : Hy(X)[g] = Hy(X)[¢]

(vii) Etale: Hy(¥)[ 1] = H.(X, Z)) ®z, Aint[ 5]
(viii) Crystalline: there is a short exact sequence

0— HA(%) Qpjys WK) — Hérys(xk/w(k)) — Torfi"f(HE'l(%), W) — 0
(ix) de Rham: there is a short exact sequence
0 —> Hj(X) ®ay0 O = Hig(X/0) — HT (O)[E] — 0

(x) I]”Hcirys(%k/ W (k)) or HciryS(X/O) is torsion-free, then Hé(%) is a finite free
Ajpe-module.

Proof The étale and de Rham specialisations, i.e., (vii) and (ix), are immediate from
the derived specialisations proved in the previous theorem.

As mentioned at the start of the previous proof, the complex R (X) is derived
&-adically complete; so to prove that its cohomology vanishes in degree > 2 dim X,
it is enough to note that the same is true of R, (X) ®H&mf Ajne /€A >~ RIGR(X/0)
(where we have applied the de Rham comparison of Theorem 6).

(vi) follows from Lemma 12 and, similarly to the étale specialisation in
Theorem 6, one can give more precise bounds by observing that ¢ : A2y — A%
is invertible on any truncation up to an application of the morphism “£”.

We now prove (iv) and (v) by a descending induction on i, noting that they
are trivial when i > 2dim X. By the inductive hypothesis we may suppose that
all cohomology groups of 7>/ RI'y (X) are finitely presented and become free after
inverting p, whence they are perfect Aj,r-modules by Theorem 11(ii). It follows
that the complex of Aj,-modules 7>/ R, (%) is perfect, which combined with the
perfectness of Ry (X) implies that 7=/ RIy (X) is also perfect. Thus its top degree
cohomology group H' (1='RI\ (X)) = H A(%) is the cokernel of a map between
projective Aj¢-modules, and so is finitely presented.

To prove (v) we wish to apply Corollary 6, and must therefore check that
H A(%)[#] is a finite free Ainf[pi]—module of the same rank as the W (k)-module

M ®,, . W(k). Part (vii) implies tlfllat

inf

Hj (%) [plu] = H. (X, Qp) ®q, Ains [L] ;

pu

which is finite free over Aj,r[
Theorem 6 implies that

#], while the derived crystalline specialisation of

HL(X) @, W) [ 1] 5 By G/ Wy [£].
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(There are no higher Tor obstructions since H g(%)[%] is finite free over Ainf[%]

by the inductive hypothesis for x > i.) Therefore we must check that the following

equality of dimensions holds:
dimg, H. (X, Q,) = dim

W(k)[%] Hclrys(xk/W(k)) [%] . (dimg)

This can be proved in varying degrees of generality as follows:

e In the special case that X is obtained by base change from a smooth, proper
scheme over the ring of integers of a discretely valued subfield of C (which is
perhaps the main case of interest for most readers), then the equality (dimz) is
classical (or a consequence of the known Crystalline Comparison Theorem): the
crystalline cohomology (with p inverted) of the special fibre identifies with the
de Rham cohomology of the generic fibre, which has the same dimension as the
Q,-étale cohomology by non-canonically embedding into the complex numbers
and identifying de Rham cohomology with singular cohomology.

e Slightly more generally, if X is obtained by base change from a smooth, proper,
p-adic formal scheme over the ring of integers of a discretely valued subfield of
C, then (dimy) follows from the rational Hodge—Tate decomposition [25, Corol-
lary 1.8] (which is an easy consequence of the results in the remainder of these
notes) and the same identification of crystalline and de Rham cohomology as in
the previous case.

e In the full generality in which we are working (i.e., X is an arbitrary proper, smooth,
p-adic formal scheme over O), then the equality (dimy) follows from our general
Crystalline Comparison Theorem

Hiy (X / W (K) @wty Borys = HYy (X, Zp) @z, Berys

(Proposition 13.9 and Theorem 14.5(i) of [5]), whose proof we do not cover in
these notes.>*

Finally we must prove (viii) and (x): but (viii) follows from the derived form of the
crystalline specialisation in Theorem 6, part (v), and Lemma 22, while (x) follows
by combining (viii) or (ix) with Corollary 5.

This completes the proof of Theorem 6, or rather reduces it to the p-adic Cartier
isomorphism of Theorem 4. The remainder of these notes is devoted to sketching a
proof of this p-adic Cartier isomorphism.

34Ppossibly (dimyx) can be proved in this case by combining spreading-out arguments of Conrad—
Gabber with the relative p-adic Hodge theory of [25, Sect.8], but the author has not seriously
considered the problem.



40 M. Morrow

6 Witt Complexes

This section is devoted to the theory of Witt complexes. We begin by defining Witt
complexes and Langer—Zink’s relative de Rham—Witt complex, and then in Sect. 6.2
present one of our main constructions: namely equipping certain cohomology groups
with the structure of a Witt complex over a perfectoid ring. We apply this construction
in Sect. 6.3 to the group cohomology of a Laurent polynomial algebra and prove that
the result is precisely the relative de Rham—Witt complex itself; this is the key local
result from which the p-adic Cartier isomorphism will then be deduced in Sect. 7.

6.1 Langer-Zink’s Relative de Rham—Witt Complex

We recall the notion of a Witt complex, or F-V-procomplex, from the work of
Langer—Zink [22].

Definition 7 Let A — B be amorphism of Z,)-algebras. An associated relative Wit
complex, or F-V-procomplex, consists of the following data OV?, R, F, V, \,):

(i) a commutative differential graded W, (A)-algebra W2 = ®n20 W for each
integer r > 1;

(ii) morphisms R : W?, | — R,V of differential graded W, (A)-algebras for

r+1
r>1,
(iii) morphisms F : W? | — F, W of graded W, (A)-algebras for r > 1;

(iv) morphisms V : FE WP — W2, of graded W, 1 (A)-modules for r > 1;

(v) morphisms of W, (A)-algebras A\, : W,.(B) — Wro for each r > 1 which com-
mute with R, F, V.

such that the following identities hold:

e R commutes with both F and V;
o FV = p;

o FdV =d,;

e the Teichmiiller identity35: Fd)41([b]) = A\ ([P~ Yd . ([b]) forb € B, r > 1.
Example 4 If k is a perfect field of characteristic p and R is a smooth k-algebra (or, in
fact, any k-algebra, but it is the smooth case that was studied most classically), then
the classical de Rham-Witt complex W,£2% , of Bloch-Deligne-Illusie, together
with its operators R, F, V and the identification A, : W,(R) = W,.Qg /K> is a Witt
complex for k — R.

35The Teichmiiller identity follows from the other axioms if er is p-torsion-free:

PABDP A ([b]) = dA([b17) = dF A ([b]) = FdV F([b])
= FdA([bDV (1) = F(V(1)dA-([b]) = pFdA-([b]).
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There is an obvious definition of morphism between Witt complexes. In particular,
it makes sense to ask for an initial object in the category of all Witt complexes for
A — B:

Theorem 8 (Langer—Zink 2004) There is an initial object (W, .QB/A, R, F,V, )
in the category of Witt complexes for A — B, called the relative de Rham—Witt
complex. (And this agrees with W, 2% . of the previous example when A = k and
B =R).

Remark 8 (i) The reason for the “relative” in the definition is that there has been
considerable work recently, mostly by Hesselholt, on the absolute de Rham—
Witt complex W,$23“= W,.QE/FI”.

(i1) Given a Witt complex for A — B, each W} is in particular a commutative

differential graded W, (A)-algebra whose degree zero summand is a W, (B)-
algebra (via the structure maps \,). There are therefore natural maps of dif-
ferential graded W, (A)-algebras £2, gy, 4y = W forallr > 1 (which are
compatible with the restriction maps on each side).
In the case of the relative de Rham—Witt complex itself, each map £23, 5, /W, (A)
— W, 825, is surjective (indeed, the elementary construction of W, 25 , is
to mod out £23, gy, (4) by the required relations so that the axioms of a
Witt complex are satisfied) and is even an isomorphism when r =1, i.e.,
R84 = W1823)4.

(iii) If B is smooth over A, and p is nilpotent in A, then Langer—Zink construct nat-
ural comparison quasi-isomorphisms RIys(B/W,(A)) = W, $25, e where
the left side is crystalline cohomology with respect to the usual pd-structure on
the ideal VW,_;(A) € W, (A) (note that the quotient W, (A)/V W,_;(A) is A)
defined by the rule 7, (V (@) 1= 2+
classical comparison quasi-isomorphism R s (R/ W, (k)) = W, 25 Ik

(iv) Langer—Zink’s proof of the comparison quasi-isomorphism in (iii) uses an
explicit description of W,£23 /A in the case that B = A[Ty, ..., Ty]; in [5,
Sect. 10.4] we extend their description to B = A[Tlil, e Tdil].

(v) If B — B’ is an étale morphism of A-algebras, then W,(B) — W,(B’) is
known to be étale and it can be shown that W,.QZ,/A ®w, ) W-(B') il
W, 2%, /A [5, Lemma 10.8]. From these and similar base change results one
sees that if Y is any A-scheme, then there is a well-defined Zariski (or even
¢tale) sheaf W, £2y,, on Y whose sections on any Spec B are W, 82 ;.

(vi) If now X is a p-adic formal scheme over A, then there is similarly a well-
defined Zariski (or étale) sheaf W,.§2. , whose sections on any Spf B are the
following (identical®®) p-adically complete W, (B)-modules

™). This is a generalisation of Illusie’s

W50, Wel2h ) WS04y a)

36For the elementary proof that the three completions are the same, see Lemma 10.3 and Corol-
lary 10.10 of [5].
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(vii) (Base change) In [5, Proposition 10.14] we establish the following impor-
tant base change property: if A — A’ is a homomorphism between perfec-
toid rings, and R is a smooth A-algebra, then the canonical base change map
W, 2%, 4 ®w,a) Wr(A") > W, 2% 44 is an isomorphism; moreover, the
W, (A)-modules W, 2% /A and W, (A’) are Tor-independent, whence W, 23 /A

®%, 4y Wr(A) > W, ke ajar-

In conclusion, in the set-up of Sect.5, the relative de Rham—Witt complex
W, 2% e is an explicit complex computing both de Rham and crystalline coho-
mologies.

6.2 Constructing Witt Complexes

From now until the end of Sect. 6 we fix the following:

e A is a perfectoid ring of the type discussed in Sect.3.3, i.e., p-torsion-free and
containing a compatible system (;, (2, ... of primitive p-power roots of unity
(which we fix); let ¢ € A” and p, &, &,, &, € W(AP) be the elements constructed
there.

e D is acoconnective (i.e., H*(D) = 0 for * < 0), commutative algebra object®’ in
D(W (A")) which is equipped with a (p-semi-linear quasi-isomorphism ¢p : D =
D (of algebra objects), and is assumed to satisfy the following hypothesis:

W1) H(D) is p-torsion-free.

Here we will explain how to functorially construct, from the data D, ¢ p, certain Witt
complexes over A: this will lead to universal maps from de Rham—Witt complexes
to cohomology groups of D, which will eventually provide the maps in the p-adic
Cartier isomorphism.

Example 5 The main examples are A = O with the following coconnective, com-
mutative algebra objects over Aj; = W (O"), which will be studied in Sects. 6.3 and
7.2 respectively:

() RIyp(Z4, W(Ab)[Ulil/px, e U:l/pw]), or its derived p-adic completion.
(ii) The derived p-adic completion of R pros (SP R[%], Aine x), where Spf R is a
small affine open of a smooth p-adic formal O-scheme with generic fibre X.

We first explain our preliminary construction of a Witt complex from the data
D, ¢p, which will then be refined. In this construction, indeed throughout the rest of

the section, it is important to recall from Sect. 3 the isomorphisms 8, : W(A) /&, —

37By this we mean that D is a commutative algebra object in the category D (W (A”)) in the most
naive way: the constructions can be upgraded to the level of E;-algebras, but again this is not
necessary for our existing results.
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W, (A), which we often implicitly view as an identification. In particular, for each
r > 1, we may form the coconnective®® derived algebra object

D/& = D &) W (A)/& = D ®Yy 1 5 Wi(A)
over W(A") /E, = W, (A), and take its cohomology
W2 (D)pre := H*(D &y 1) W(A")/E)

to form a graded W, (A)-algebra. Equipping these cohomology groups with the Bock-
stein differential Bockgr WHD)pre — W:”" (D)pre associated to the distinguished
triangle

~ Z ~
D&Y WA /E —> D &k 0 WAN/E — D&Y, WA)/E
makes W} (D) into a differential graded W, (A)-algebra.

Next let
R =W +1(D)pre g W (D)pre

F W r+1 (D)pre — Wr (D)pre
V. W:(D)pre W:+1(D)pre

be the maps on cohomology induced respectively by

#‘D®‘f/]

D®w(Ab W(A )/§r+l — D®W(Ab W(A )/Er
id ®can. prOJ
D ®W(A“) W(A )/€r+l

D &4y W(A")/E

D ®%yuy W(A")/E
id®
' 99 D ®W(A %) W(A )/gr-'rl’

which are compatible with the usual Witt vector maps R, F,V on W,(A) =
W (A") /€, thanks to the second set of diagrams in Lemma 6.
As we will see in the proof of part (ii) of the next result, R’ must be replaced by

= 0,(5)"R = W" | (D)pre = W"(D)pre

if we are to satisfy the axioms of a Witt complex.

Proposition 4 The data W2 (D)pe, R, F, V) satisfies all those axioms appearing
in the definition of a Witt complex (Definition 7) which only refer to R, F, V (i.e.,
which do not involve the additional ring B or the structure maps A, ). More precisely:

38 From assumption (WW1) and the existence of yp, it follows that H 0(D) has no " () = Z, -
torsion, hence no &,-torsion; so D /&, is still coconnective.

39The reader should use the identities of Sect. 3.3 to calculate that 0 &) =
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(i) W2(D)pre is a commutative” differential graded W,(A)-algebra for eachr >
1.
(ii) R’ isa homomorphism of graded rings, and R is a homomorphism of differential
graded rings;
(iii) 'V is additive, commutes with R’ and R, and is F-inverse-semi-linear (i.e.,
V(F(x)y) =xV(y));
(iv) F is a homomorphism of graded rings and commutes with both R" and R;
(v) FdV =d;
(vi) FV is multiplication by p.

Proof Part (i) is a formal consequence of D being a commutative algebra object of
D(W(A)).

(ii): R’ is a homomorphism of graded rings by functoriality; the same is true of R
since it is twisted by increasing powers of an element. Moreover, the commutativity
of

0 ——> W(A) /&t~ WA /&, ——> W(A)/&s — 0

AT

0 —— WA)/E — = WA /§ ——= W(A)/& ——0
and functoriality of the resulting Bocksteins implies that

d
W:l_;,_] (D)pre ——>= W:lj_—1l (D)pre

R'i J{E ©FR

WLI(D)pre 4d> W:H—l (D)pre

commutes; hence the definition of R was exactly designed to arrange that it commute
with d.

(iii): V is clearly additive, and it commutes with R’ since it already did so before
taking cohomology. Secondly, the F'-inverse-semi-linearity of V follows by passing
to cohomology in the following commutative diagram:

40Unfortunately this is not strictly true: if p = 2 then the condition that x2=0forx € Wfdd (D)pre
need not be true; but this will be fixed when we improve the construction.
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~ ~ | ~
D/&+1 Q" D/& 11 — D/&+1
id®¢'+](§)T

D/&1 ®" D/§ F©

can. proj.®idl

mult

D/& @D/, — ™~ DJE,

It now easily follows that V also commutes with R’.

(iv): F is a graded ring homomorphism, and it commutes with R’ by definition,
and then easily also with R.

(v): This follows by tensoring the commutative diagram below with D over
W (A”), and looking at the associated boundary maps on cohomology:

00— W(A")/&§ —— W(A")/E ———= W(A")/§, —=0

i@’“(é) lw'“(f)

0 ——> W(A")/& —— W(A")/EE 11 —= W(A") /&) —>0

can. proj.T T

0 ——= W(A") /& p —= W(A)/E,, ——= W(A")/&y) —=0

(vi): This follows from the fact that 5,(90’*' (&)) = p forall r > 1 (which is true
since 6, (p(&)) = 0,(p(&)) = F(0,4+1(&)) = FV (1) = p, where the third equality
uses the second diagram of Lemma 6).

Unfortunately, there are various heuristic and precise reasons”! that W (D)pre is
“too large” to underlie an interesting Witt complex over A, and so we replace it by

Wrn(D) = ([Cpr] - l)nWrn(D)pre - Wrn(D)pre-

Lemma 13 The W,(A)-submodules W) (D) € W!(D)p define sub differential
graded algebras of VW (D)pe, for each r > 1, which are closed under the maps

4IFor example, suppose that B is an A-algebra and that we are given structure maps ), : W, (B) —
W? (D) under which W2 (D), R, F, V, ) becomes a Witt complex for A — B, thereby resulting
in a universal map of Witt complexes A? : W, Q23 /A W?(D); then from the surjectivity of the

restriction maps for W, 23 /A and the definition of the restriction map R for W} (D)pre, we see that

s ~ = n
A7 € (IO (D)pe £ Wy (D)) € (0" W Dhpre = () (FE7) W2 (D

s>1 s>1 s>1

The far right side contains, and often equals in realistic situations, ([Cpr] — 1) W (D)pre, Which
motivates our replacement.
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R, F,V (and hence Proposition 4 clearly remains valid for the data (W? (D),
R, F,V)).

Proof This is a consequence of the following simple identities, where x €
(D)pre and y € W;l (D)pre:

n
r+1

[¢ri1]—1

R((Gr1 = D = (B2 ) 1G] = DR @) = 161 = DR ')

F(([Gpre1] = D"x) = (F[Cpre1] = D"F(x) = ([¢r] = D" F(x)
V(G 1= D"y) = VF([¢pr1] = D"y) = ([Cpre1] = D"V (y)

Note that the first identity crucially used the definition of the restriction map R as a
multiple of R'.

Next we relate the groups W (D) to the cohomology of the décalage Ln,D of
D. From the earlier assumption (V1) and Remark 7(c) there is a canonical map
Ln,D — D, and by imposing the following two additional assumptions on D we
will show in Lemma 14 that the resulting map on cohomology

H" (L1, D @34y W(A") /&) —> H"(D ®Yy 0y WA /&) = Wi (D)pre

is injective and has image exactly W (D).
From now on we assume that D satisfies the following assumptions (in addition
to W1)):

(W2) The cohomology groups H* (L7, D ®H‘7V(Ab) W(A")/Z,) are p-torsion-free for all r >
0

(W3) The canonical base change map L, D ®Hvi/(Ab) W(A")/Z, N nger (D ®H‘;V(Ab)

W (A")/E,) is a quasi-isomorphism for all 7 > 1.

Remark 9 (Elementary properties of the décalage functor, II—base change) We
explain the base change map of assumption (WW3). If a : R — § is a ring homomor-
phism, f € Ris anon-zero-divisor whose image a( f) € S is still a non-zero-divisor,
and C € D(R), then there is a canonical base change map

(LnyC) ®% S —> Lija(y)(C & S)

in D(S) which the reader will construct without difficulty. This base change map is
not a quasi-isomorphism in general,*? but it is in the following cases:

(i) When R — S is flat. Proof: Easy.

420n the other hand, if C € D(S) then the canonical restriction map L7 (Cla) = Lnar)(O)lp
in D(A), which the reader will also easily construct, is always a quasi-isomorphism.
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(i1)) When S = R/gR for some non-zero-divisor g € R (i.e., f, g is a regular
sequence in R) and the cohomology groups of C ®H1; R/f R areassumedtobe g-
torsion-free.*> Proof: Since the base change map is always a quasi-isomorphism
afterinverting f, itis equivalent to establish the quasi-isomorphism after apply-
ing — ®% ek R/(f, 8), after which the base change map becomes the canonical
map

[H*(C ®% R/fR), Bock ;1 ®%, 1 R/(f, &)
—> [H*(C @ R/SR ®/or R/(f 8)), BocK s mod ¢r]

by Remark 7(a). But our assumption implies that the left tensor product ®H1; /R
is equivalently underived, and that hence it is enough to check that the canonical
map H"(C ®% R/fR) ®r/rr R/(f, g) — H"(C ®% R/(f, g)) is an isomor-
phism for all n € Z; but this is again true because of the g-torsion-freeness
assumption.

In the particular case of (W3), we are base changing along gr WA —
W(A%) /& = W,.(A), noting that 0, (u) = [(,r] — 1 € W,(A) is a non-zero-divisor
by Remark 3. There is no a priori reason to expect hypothesis (JV3) to be satisfied
in practice, but it will be in our cases of interest.**

Lemma 14 The aforementioned map on cohomology
H" (L1, D @3y W(A") /&) —> H"(D &) WAN/E) = Wi (D)pre (1)

is injective with image W' (D) = ([Cpr] — D)"WX(D)pre, for all ¥ = 1 and n > 0.

Proof The canonical map Ln,D — D induces maps on cohomology whose kernels
and cokernels are killed by powers of p, by Remark 7(d); hence the map () of
W, (A)-modules has kernel and cokernel killed by a power of 8, (1) = [(,-] — 1. But
[(pr]1 — 1 divides p" by Remark 3, so from assumption (JV2) we deduce that map
(1) is injective for every » > 1 and n > 0.

Regarding its image, simply note that () factors as

H" (LD @y 4oy WA /&) —> H"(Lagig,r1-1(D @y gy WA /E)) —> WH(D)pre,

where the first map is the base change isomorphism of assumption (JV3), and the
second map has image ([(,r] — 1)" W} (D)pre by Remark 7(d).

We summarise our construction of Witt complexes by stating the following theo-
rem:

43This was erroneously asserted to be true in the official announcement without the g-torsion-
freeness assumption.

“Note in particular that (W3) is satisfied if the cohomology groups of D ®HV“V A% W(A")/p are

p-torsion-free; this follows from Remark 9(ii) since Z, = p" mod uW(Ab).
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Theorem 9 Let A and D, pp be as at the start of Sect. 6.2, and assume that D sat-
isfies assumptions (W1)~(VW3). Suppose moreover that B is an A-algebra equipped

with W, (A)-algebra homomorphisms \, : W,(B) — H(D ®Hvi/(Ab) W (A" /€,) mak-
ing the following diagrams commute for all r > 1:

Ml Al o Ml
Wy41(B) ——H (D/5r+1) Wyp1(B) —— H (D/€r+l) Wyp1(B) ——H (D/§r+1)
Rl i¢01 Fl ican. proj. VT TXJJA(E)
Ar 0 ~ Ar 0 ~ Ar 0 ~
Wr(B) ——> H"(D/&r) Wr(B) ———> H"(D/§r) Wr(B) ——> H"(D/&r)

Then the cohomology groups Wy (D) = H*(Ln,D ®H‘W(A‘,) W(Ab)/g,) may be
equipped with the structure of a Witt complex for A — B, and consequently there

are associated universal maps of Witt complexes
Ar W,.Ql';/A — W (D)
(which are functorial with respect to D, pp and B, A, in the obvious sense).

Proof Combining the hypotheses of the theorem with Lemma 13, we see that VW) (D)
satisfies all axioms for a Witt complex for A — B, except perhaps for the following
two: that x? = 0 for x € W2%(D),. when p = 2; and the Teichmiiller identity. But
these follow from the other axioms since W} (D) is assumed to be p-torsion-free.¥

Remark 10 (p-completions) In our cases of interest the complex D will some-
times be derived p-adically complete, whence the complexes L7, D and L7, ®Hv‘v (A"

W(A") /2, are also derived p-adically complete (by footnote 32); then each coho-
mology group W/ (D) is both p-torsion-free (by assumption (WW2)) and derived
p-adically complete, hence p-adically complete in the underived sense. So, in
this case, the associated universal maps W, 82, ,, — W) (D) of the previous the-

orem factor through the p-adic completion (W, 2}, A)Ap which was discussed in
Remark 8(vi).

6.3 The de Rham-Witt Complex of a Torus as Group
Cohomology

We continue to let A be a fixed perfectoid ring as at the start of Sect. 6.2, and we fix
d > 0 and set

D = D&, i= RIy(Z¢, W(AHU;P™, ... U 7)),

452x2 = 050 x2 = 0, c.f., footnote 40. For the Teichmiiller identity see footnote 35.
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where the ith-generator v € Z¢ acts on W(Ab)[gil/pm] via the W(A”)-algebra

homomorphism
k k .
b= 110 =
Uj i#j

(here k € Z[%], and e € A is well-defined since A" is a perfect ring). Here we will
apply the construction of Sect. 6.2 to D#® to build a Witt complex WW? (D#P) for A —
A[Zil], and show that the resulting universal maps A; : W, ‘Q/:[Ti' ya = W? (D#P)
are in fact isomorphisms. This is the key local result from which the p-adic Cartier
isomorphism will be deduced in Sect. 7.

In order to apply Theorem 9 to D& we must first check that all necessary hypothe-

ses are fulfilled; we begin with the basic assumptions:

Lemma 15 D®P is a coconnective algebra object in D(W (A")) which is equipped
with a p-semi-linear quasi-isomorphism gy, : D®P = D2 and satisfies assump-
tions (W1)—(W3).

Proof Certainly D is a coconnective, commutative algebra object in D(W (A)),
and it is equipped with a (-semi-linear quasi-isomorphism g, : D#P — Dew
induced by the obvious Frobenius automorphism on W (A*)[U*/?™] (acting on the
coefficients as the Witt vector Frobenius ¢ and sending Uik to Ui” ¥ for all k e Z[%]
andi = 1,...,d). Also, H(D®?) is p-torsion-free since i is a non-zero-divisor of
W (A”) by Proposition 2. Therefore D*P satisfies the hypotheses from the start of
Sect. 6.2, including (WWV1). N

Next we show that the cohomology groups of Lu,D ®Hﬁ,( A7) W(A”)/E and
D ®H‘;V(Ab) W(A")/u are p-torsion-free, i.e., that hypotheses (VV2) and (W3) (by
footnote 44) are satisfied. This is a straightforward calculation of group cohomology
in terms of Koszul complexes, in the same style as the proof of Theorem 2. Indeed,
there is a Zd—equivariant decomposition of W (A®)-modules

WU 1= P WA ..Uy,

where the generator 7; € Z¢ acts on the rank-one free W (A”)-module W (A*)U}’
U 5" as multiplication by [£%]. By the standard group cohomology calculation of
RFgrp(Zd, W(A'))U{‘1 . U;‘”) as a Koszul complex, this shows that

RIgp@Z WU D= P Kway(€"1-1,..., 141 - D.
It is now sufficient to show that the cohomology groups of 7, K ®wa» W(A") /'{r

and K Qway W (A")/p are p-torsion-free, where K runs over the Koszul complexes
appearing in the sum.
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Since it is important for the forthcoming cohomology calculations, we explicitly
point out now that, if k, k' € Z[é], then [e¥] — 1 divides [¢¥'] — 1 if and only if
vy (k) < vy (k).

We will first prove that the cohomology of K Q) W(A)/u is p-torsion-
free. Lemma 23 implies that there is an isomorphism of W (A”)-modules H"(K) =
W(A")/([e*] — G, where k = p~™m=i=%®) and we have used that [£¢] — 1
is a non-zero-divisor of W(A") (so that the torsion term of that lemma vanishes).
But W(A”)/([e¥] — 1) is p-torsion-free since p, [eX] — 1 is a regular sequence*® of
W (A?), and so both H" ' (K)[u] and H"(K)/uu = W(A”)/([emn%0] — 1)(oD) are
p-torsion-free; therefore H" (K Qw4 W (A" /) is p-torsion-free.

Next we prove that the cohomology of 7, K ®w (4 W (AP) /&, is p-torsion-free.
Lemma 24 implies that n, K = KW(Ab)(([ek'] — /..., ("] =1D/p)ifki € Z
forall /, and that 7, K is acyclic otherwise. Evidently we may henceforth assume we
are in the first case; then 6, induces an identification of complexes of W (A”) /{, =
W,.(A)-modules

[¢h/r -1 ¢k - 1)

MK Qwan W(Ab)/grEKWr(A)< =1 [Cyl—1
i i

and it remains to prove that the Koszul complex on the right has p-torsion-free
cohomology. But Lemma 23 implies that each cohomology group of this Koszul
complex is isomorphic to a direct sum of copies of

,,,] I
[

W, (A) [%] and  W,(A)/ ¢
where j := —minj<;<4v,(k;/p") < r. The left module is p-torsion-free since
W, (A) is p-torsion-free, while the right module (which = W, (A) if j <0, so
we suppose 1 < j <r) can be easily shown to be isomorphic to W,_;(A) via
Fi:W.(A) — W,_ j(A) [5, Corollary 3.18], which is again p-torsion-free.

Next we prove the existence of suitable structure maps:

Lemma 16 There exists a unique collection of W,(A)-algebra homomorphisms
Argrp & Wi (A[T*')) — HO(DE® /&), for r > 1, making the diagrams of Theorem 9
commute and satisfying M orp([T;]) = U; fori =1, ...,d.

Proof The maps 5, induce identifications W(Ab)[gil/l’w]/gr = W,(A)[Qil/f’w]
and thus H(D&P /&) = W,(A)[U*'1Z’, where the latter term is the fixed points for
74 acting on W, (A)[Qil] via

U = K:/[/]Uf l =J:
J Uj i#j

46Proof. We will show that K — 1 is a non-zero-divisor of A”. If x € A” = l(i£1x|—>x1’ A satisfies

ekx = x, then Ck//’ix(i) =x@D foralli >0, and so x¥ =0 for i > 0 since then C"/”i —lisa
non-zero-divisor of A, just as at the end of the proof of Proposition 2.
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(where the notation ¢*/7" was explained at the start of the proof of Theorem 2). Under
this identification of HO(D&P/¢,), it is easy to see that the maps gpg’ql), “canonical

projection”, and xgaglgl (&) in the diagrams of Theorem 9 are given respectively by:

e the ring homomorphism R : W, (A)[U/?"] — W, (A)[U*"/7™] which acts as
the Witt vector Restriction map on the coefficients and satisfies R(Uik )= Ul.k/ ? for
allk € Z[;]andi = 1,....d;

e the ring homomorphism F : W, (A)[UEYP"] — W, (A)[UE"?™ ] which acts as
the Witt vector Frobenius on the coefficients and fixes the variables;

e the additive map V : W,(A)[UF"?"] — W, (A)[U*"P"] which is defined by
V(U ... Uy := V()U}' ... Us forall « € W,(A) and ky, ..., kg € ZI5.
Therefore the proof will be complete if we show that there is a unique collection of
W, (A)-algebra homomorphisms \, g : W, (A[TE]) — W, (A)[U*/?"] commut-

ing with R, F', V on each side and satisfying A, on ([T;]) = U; fori =1, ..., d.

To prove this, we first use the standard isomorphism of W, (A)-algebras*’

WO S WA=y, ube 1t (kez]))
to define a modified isomorphism
T WA S W ArH Y, ube 17 (ke z[1]).

noting that the new maps 7, respect R, F, V on each side (the reader should check
this by explicit calculation). Therefore the collection of maps

~1
TI‘

My © Wo(AITE']) > Wo(AITEVP7]) = (AU

satisfies the desired conditions (and their uniqueness was explained in the previous
footnote).

The previous two lemmas show that all hypotheses of Theorem 9 are satisfied,
and so there are associated universal maps of Witt complexes

Np W23 oy 0 —> WE(DEP).

As already explained, the key local result underlying the forthcoming proof of the
p-adic Cartier isomorphism will be the fact that these are isomorphisms:

4TThis isomorphism is proved by localising the analogous assertion for A[T/7™], which is an easy
consequence of [22, Corollary 2.4]. The cited result also implies that W, (A[T*')) is generated
as a W, (A)-module by the elements v ([T/‘]), forkeZ,j>0,i=1,..., d, which proves the
uniqueness of the maps A grp.
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Theorem 10 The map X, : W, §2)

ATE A W (D#®P) is an isomorphism for
eachr > 1,n > 0.

Proof We will content ourselves here with proving that Al,., . = AL, Qw,(a)
W, (k) is an isomorphism,*® where x := A/./pA is the perfect ring obtained by mod-
ding out A by its ideal of p-adically topologically nilpotent elements. Recalling from
Remark 8(vii) that the canonical base change map W, 2" Qw,a) Wi (k) —

A[T*'/A
w, .thTi] 1 is an isomorphism, this means showing that /\, orp. induces an iso-
morphism W, 2" T S WI(D#P) ®w, 4y W, (x); this will turn out to be exactly

Illusie-Raynaud’s Cartier isomorphism for the classical de Rham—Witt complex.

We now begin the proof that A\ arp,; 18 @n isomorphism. By the Kiinneth formula
and the standard calculation of group cohomology of an infinite cyclic group, we
may represent D& by the particular complex of W (A”)-modules

d
D = ®[W(A U IS W

where each length two complex is
W(AUEYP 1 25 WA UE "), Uk e (1€ - DUt (k ez[ﬂ).

(Note: although we previously used D€P to denote RI"(Z%, W(A»)[U*"/?]) in a
derived sense, in the rest of this proof we have this particular honest complex of flat
W (A”)-modules in mind when writing D#P?.) This length two complex obviously
receives a injective map, given by the identity in degree 0 and by multiplication by
1 in degree 1, from

DEY = [WAHUE - WA U], Uf W%Uf k € 7),

and tensoring over i = 1, ..., d defines a split injection of complexes of W (A")-
modules*’

gl’P ® DngA s D&P,

mt nt,i

48To then deduce that A o itself is an isomorphism, one applies a form of Nakayama’s lemma
exploiting the fact that (the non-finitely generated W, (A)-modules) W, .Q AT/ A and W} (DE&'P)

admit compatible direct sum decompositions into certain finitely generated W, (A)-modules for
which Nakayama’s lemma is valid see [5, Lemma 11.14] for the details.

49The complex DEP (resp. Dg

int
(resp. [¢]- QW(Ab)[U:tl]/W(Ah
[e] € W(A).

it ,) is in fact the “g-de Rham complex” [e]- QW(Ab)[Uﬂ]/W(Ah

) of W(A )[Qil] (resp. W(A )[UI.il ]) associated to the element g =
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The content of the second sentence of the final paragraph of the proof of Lemma
15 was exactly that this inclusion has image in 7, D®? and that the induced map
q: DT <> 1, D is a quasi-isomorphism.

The next important observation (which is most natural from the point of view
of q -de Rham complexes) is that there is an identification D5 ®yw(an W (k) =

b
W(k)[UiI]/W( ’ : indeed, the canonical projection A> — A/pA — k sends ¢ to 1,

and so the projection W(A”) — W (k) sends ([e¥] — 1)/u =14 [e] +--- + [e]!
to k, whence

n

DE? @y ary W(k) = ® [W(n)[Uil] W(n)[Uil]] WU W

i=I

The final identification here is most natural after inserting a dummy basis element
dlog U; in degree one of each two term complex.

Base changing the Bockstein construction®® along W(A") — W(k) therefore
yields isomorphisms of complexes of W, (x)-modules

W2(DEP) @y, () W, (5) = [H* (1, DE® @Y 40y W)/ p"). Bock ]

q: L] L]
< [H (2 w1y woe @ww.d, Wr(K)), Bock,r]

But the complex on the right (hence on the left) identifies with W, £2° T by the
de Rham-Witt Cartier isomorphism of Illusie-Raynaud [19, Sect. III 1], and the
resulting map

can. map

W, 820 174 Ow,(4) Wi (k) w2

e = W (DEP) @w,a) Wi (k)

is precisely A arp, ;- this is proved by observing that the above isomorphisms (includ-
ing the de Rham—Wltt Cartier isomorphism) are all compatible with multiplicative
structure, whence it suffices to check in degree 0, which is not hard (see [5, Theo-
rem 11.13] for a few more details). As we commented at the beginning of the proof,

0If o: R — S is a ring homomorphism, f € R is a non-zero-divisor whose image a(f) €
S is still a non-zero-divisor, and C € D(R), then there is a base change map [H*(C ®%
R/fR),Bock ] ®gr/rr S/a(f)S — [H*(C ®% S/a(f)S), Bockys)] of complexes of S/a( f)S-
modules; it is an isomorphism if the R/f R-modules H*(D ®H1;, R/f R) are Tor-independent from
S/a(f)S, as the reader will easily prove (c.f., Remark 9(ii)).

Here we are applying this base change along the canonical map W (A”) — W (k), which sends
§, to p”, and the complex 7 Dgyp. The Tor-independence condition is satisfied in this case since
the W, (A)-modules W} (Dgy) are Tor-independent from W, (k): indeed, the proof of Lemma 15
shows that the cohomology groups of 7, Dy /Z, are direct sums of W, (A)-modules of the form

j1-1 (€,;1 .
W (A), Wr(A)[ 1], and WA)/[;’H, l<j<r

which are Tor-independent from W, (x) by Lemmas 3.13 and 3.18(iii) and Remark 3.19 of [5].
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the canonical base change map of relative de Rham—Witt complexes in the previous

line is an isomorphism, and so in conclusion A7, .. is an isomorphism.

7 The Proof of the p-Adic Cartier Isomorphism

This section is devoted to a detailed sketch of the p-adic Cartier isomorphism stated
in Theorem 4. We adopt the set-up from the start of Sect. 5, namely

e C is a complete, non-archimedean, algebraically closed field of mixed character-
istic; ring of integers O with maximal ideal m; residue field k.

e We pick a compatible sequence (), (p2, ... € O of p-power roots of unity, and
define 1, &, &, €, & € A = W(OP) as in Sect. 3.3.

e X will denote various smooth formal schemes over O.

7.1 Technical Lemmas: Base Change and Global-to-Local
Isomorphisms

Here in Sect.7.1 we state, and sketch the proofs of, certain technical lemmas which
need to be established as part of the proof of the p-adic Cartier isomorphism. We
adopt the following local set-up: let R be a p-adically complete, formally smooth
O-algebra and X := Spf R, with associated generic fibre being the rigid affinoid
X =SpR [%]. We will often impose the extra condition that R is small, i.e., that
there exists a formally étale map (a “framing”) O(T*") = O(TF', ..., TF') — R;
we stress however that we are careful to formulate certain results (e.g., Lemma 17)
without reference to any such framing (its existence will simply be required in the
course of the proof).

Firstly, as explained at the end of Remark 4 (taking 7 = Xz, andC = Rm, X)s

there is a natural global-to-local morphism L, Rz (X, RV*/AE. x) = Rl
(X, Af2%) of complexes of Aj,r-modules; this may be rewritten as

AQYS = L (R Nyoac (X, Ain.x)) —> RI7ar(X, AQ%). (th)

There is an analogous global-to-local morphism of complexes of W, (O)-modules

——~—— proét

W, 20 = Lnic, 1-1 R Tyoat (X, W (O3)) —> RIzae(X, Ly, 1-1 R W, (OF)).
(t2)
Thirdly, recalling Corollary 3 that 5, s Ainr x /& S Wr(@}r) (which we continue to

often implicitly view as an identification), there is a base change morphism (see
Remark 9) of complexes of W, (O)-modules
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AQ;}?S /& = Luu(RT, proét/()_(v\Ainf,X)) ®kmf Ain /& Aint —> Lgg,r1-1 R prost (X, Wr (&%)
A,
_ (13)
Here we implicitly use the facts that R e (X, Wr((’);(r)) is already derived p-adic
complete by footnote 22 and that L .11 preserves derived p-adic completeness by
Remark 3, so that there is no need to complete the codomain. As we have commented
earlier, global-to-local and base change morphisms associated to the décalage functor

are not in general quasi-isomorphisms; remarkably, they are in our setting:

Lemma 17 If R is small then maps (t1), (12), and (13) are quasi-isomorphisms and,
moreover:

—

&t
(i) the cohomology groups of W,.Ql;;;)z are p-torsion-free;
(ii) if R’ is a p-adically complete, formally étale R-algebra, then the canonical
base change map

——~—proét — proét

WrQR/(g®]LW,(R)Wr(R,) — Wr‘QR//O

is a quasi-isomorphism.

The key to proving Lemma 17, and to performing necessary auxiliary calcu-
lations, is the Cartan—Leray almost quasi-isomorphisms of Sect.4.3, for which
we must assume that R is small and fix a framing O(T*') — R; set Ry, :=
R®p = O(T*7”) as in Sect.4.3. Then, as explained in Sect.4.3 and repeated
in Remark 5, there are Cartan—Leray almost (wrt. W (m®) and W, (m) respectively)
quasi-isomorphisms of complexes of Aj,¢- and W, (O)-modules respectively

RTeont(Zp(D)*, W(RY)) —> RIproa(X, Ainf x)

and
RTeon(Zy (1), W, (Roo)) —> RIproat(X, W, (OF)).

Applying L, (resp. Ln¢,1-1) obtains

ARp o = LR Neon(Zy (1), W(R2,)) —> Liju(RTroc (X, Aing x)) = ARR6
(t4)

and

W,QE/@ = LG, =1 RTeont (Zp (D, Wy (Roo)) —> Lj¢, -1 R Fprog (X, W (Oh))
_wa
(t5)
(The squares [ remind us that the objects depend on the chosen framing.) The second
technical lemma, stating that the décalage functor has transformed the almost quasi-
isomorphisms into actual quasi-isomorphisms, and hence reminiscent of Theorem
2, 1s:
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Lemma 18 (#4) and (t5) are quasi-isomorphisms.

We now sketch a proof of the previous two technical lemmas. The arguments are
of a similar flavour to what we have already seen in Sects. 2.2 and 6.3, so we will not
provide all the details; see [5, Sect. 9] for further details. For the overall logic of the
proof, it will be helpful to draw the following commutative diagram of the maps of
interest:

— ~ 7 Py
RIza (X, Wr-QBE/O) = RI7ar(X,AR%)/§ ———————> RIzar(X, LT][(,,rJ—lRV* Wr(o;))

(1) mod &, 2
3 proét

S~ — ~ ) ~ —
ARRTS /& = Lnju(R yroet (X, Bing, X)) /& ——— L1ig,r 11 R Tproet (X, Wi (OF) = W, 230

(14) mod &, (5)

~ ~ (t6) —0
ARF /& = LR Teon (Zy (D, W(RS)) /& —> L,y 1-1 RTeont (Zp (14, Wy (Roo)) = W2 g0

The new maps, namely (t6) and (t7), are simply the base change maps associated
to the identifications 6, : W(R%,)/& — W, (Rao) and 0, : At x /& — W, (OF). In
particular, the diagram commutes by the naturality of global-to-local and base-change
maps. We will show that (t1)—(t7) are quasi-isomorphisms. We begin by stating the
following abstract description of a certain group cohomology:

Lemma 19 RFCOm(Zp(l)d, W,.(Rw)) is quasi-isomorphic to the derived p-adic
completion of a direct sum of Koszul complexes KW,(O)([C"'] —1,..., [C"d] —1),
forvarying k; € Z[%] .

Proof A self-contained proof of this may be found in [5, Lemma 9.7(i)].

Proof (Proof that (t5) is a quasi-isom.) Using Lemma 23 to calculate the coho-
mology of the Koszul complexes in Lemma 19 (and footnote 9 to exchange
cohomology and p-adic completions), it follows that each cohomology group of
RFCDm(Z,,(l)d, W, (R )) is isomorphic to the p-adic completion of a direct sum of
copies of

W (O), WOl =11, WO/l =D, j=1,

each of which is “good” in the sense of Lemma 2 (wrt. A = W,.(0), M = W, (m), and
f =1[¢y]1—1)) by [5, Corollary 3.29]. So all cohomology groups RFCOm(Zp(l)d,
W, (Rx)) are good, whence Lemma 2 implies that (t5) is a quasi-isomorphism.
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Proof (Proof of Lemma 17(i)) Since Ly, -1 commutes with derived p-adic com-

——0O
pletion by Remark 3, Lemmas 19 and 24 imply that W, 2, = Lnie,r -1 R cont
(Z p(l)d , W, (Rw)) is quasi-isomorphic to the derived p-adic completion of a direct
sum of Koszul complexes

(il — 1 mm%)

K ey
W@“@rl [Cpr]—1

for varying ji, ..., jq <r. The calculation at the end of the proof of Lemma 15

——0O
therefore shows that the cohomology groups of W,.£2 , are p-torsion-free. Combining
this with quasi-isomorphism (t5) proves Lemma 17(i).

Proof (Proof of Lemma 17(ii) and that (12) is a quasi-isom.) Let R’ be a p-adically
complete, formally étale R-algebra, and write R, := R/®O(zil>0(zil/ P*y . Since
Witt vectors preserve étale morphisms [5, Theorem 10.4], the maps W, (Ro/p") —
W, (R.,/p") induced by the formally étale map Ry, — R. are étale for alln > 1,
whence the same is true of the maps W, (R,)/p" — W, (R.,)/p" (since the systems
ofideals (p" W, (B)),>1 and (W, (p" B)),> are intertwined for any ring B; for a proof
see, e.g., [5, Lemma 10.3]). In particular, these latter maps are flat for all n > 1,
whence the canonical map

—0 — —0
WrQR/(’)®]LW,(R) W,(R,) e WVQR’/(’)

is a quasi-isomorphism. The same is therefore true after replacing & by P (since
(t5) is a quasi-isomorphism for both R and R’), and this proves Lemma 17(ii).

This is a strong enough coherence result to show that ml;;;g@m( »W:(Ox) —
L, -1 Rv W, ((/9\;) is a quasi-isomorphism of complexes of W,(Ox)-modules,
and it follows that (t2) is a quasi-isomorphism (see [5, Corollary 9.11] for further
details).

Proof (Proofthat(t6)is a quasi-isom.) According to footnote 44, it is enough to prove
that the cohomology of the complex RIon(Z, (1), W(RY)) ®% A/ pthins =
RIeon(Z,(1)?, W (R2)/ ) is p-torsion-free.

We first check that this is true after replacing R by O(T*!). To show this we first
observe that there is an isomorphism of Ay, /pAy-algebras

inf

~ 2
Aint/1bing UFVP%) S wO@EPT) , UF s (b TP T 01 (ke z[L]).

which is proved by quotienting the “standard isomorphism” in the proof of Lemma
16 by [(,r] — 1 and then taking l(ir_annF. By the same type of Koszul decomposition
argument which has been made several times, it now follows that RFCOm(Z,,(l)d,
W (O(TE/P™yy/ 1) is quasi-isomorphic to the derived p-adic completion of
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D Knwpusn (P11, 1= D,

The cohomology of each of these Koszul complexes is, by Lemma 23, a finite direct
sum of copies of

Aine/pAinp) [T — 11 and  Air/([°] — 1) Ains

for various k € Z[ll—,]. But these are p-torsion-free since p, [51=11is a regular

sequence of Ay, (see footnote 46) for any k € Z[%] (including k = 1, to treat the
left term).

To treat the case of R itself one uses the framed period ring A(R)D over Ay [5,
Sect.9.2]: to summarise its pertinent properties, A(R)=/u is a p-adically complete,
formally étale over Ajyr/ptAine (UT"), and equipped with a I"-equivariant homomor-
phism

Aint / 1thin (U=7) @ s 0y ART —> W(RY)

which is an isomorphism modulo any power of p and which is compatible with
the above identification Aine /tAine (UTV/P™Y = W(O(T*/P7)?) / u; note that the I'-
action on Ayt /1Aje (UE!) is trivial. Passing to group cohomology therefore shows
that

RIcon(Zy () WO@ PV ) @Y ay AR S R oo (Zp(D?, W(RS)),
whose cohomology groups are indeed p-torsion-free since this has already been
shown to be true of the group cohomology on the left side and the base change is flat
modulo any power of p.

Proof (Proofthat (t4) is a quasi-isom.) Proving that (t4) is a quasi-isomorphism was
done in [5] via a subtle generalisation of the “good” cohomology groups argument
of Lemma 2, which required calculating RI"COm(Zp(l)d, W(O(TEP*)*)) in terms
of Koszul complexes®' (see Lemmas 9.12-9.13 and the first paragraph of Proposi-
tion 9.14). Here we will offer a simpler argument which was presented first in [2,
Remark 7.11].

We need the following strengthening of Lemma 2: “Let 9T € A be an ideal of a
ring and f € 91 a non-zero-divisor; if C — D is a morphism of complexes of A-
modules whose cone is killed by 91, and all cohomology groups of C ®% A/fA
contain no non-zero elements killed by 972, then LnyC — LnyD is a quasi-
isomorphism.” This follows from the proof of [2, Lemma 6.14] and exploits the
relation between L7 and the Bockstein construction.

S!Here we explain why the analogous calculations we have already seen do not generalise to this
case. Although there is an identification Ajpr (U’ +l/ pw) 3 w(o(r*/r oo)b), the convergence of

the power series on the left is with respect to the (p, &)-adic topology. But neither R Icon (Z) M4,
nor Ln,, commute with derived (p, {)-adic completion!
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Applying this in the case A = Ajy¢, f = p, and 9 = W (m"), the proof immedi-
ately reduces to showing that the cohomology of RIon(Z p(l)d, W(Rgo) /1) con-
tains no non-zero elements killed by W (m”)2. But the decomposition from the previ-
ous proof showed that each of these cohomology groups was the p-adic completion
of a direct sum of copies of the p-torsion-free modules

Qi /phinp)[[EXT = 11 and  Anr/([°] — 1) Ajns

for various k € Z[%]; so it is enough to show for any k € Z[%] (including k =
1, to treat the left term) that A,/ ([e¥] — 1)Ajy¢ contains no non-zero elements
killed by W(m”)2. But the maps 8, induce an isomorphism Ay /([e5] — 1)Ajnr —
1<i£1r it F W, (0)/([¢¥/P"] — 1), and each W, (0)/([¢¥/P"] — 1) contains no non-zero
elements killed by W, (m)? = W, (m) (recall that W, (m) is an ideal for almost math-
ematics, c.f., footnote 20), as we already saw above in the proof that (t5) is a quasi-
isomorphism.

Proof (Proof that (t1), (13), and (t7) are quasi-isoms.) Since we now know that
(t4) is a quasi-isomorphism, the commutativity of the diagram implies that (t3) is
a quasi-isomorphism. Using this quasi-isomorphism, and by taking Rlim, y;  of
the quasi-isomorphisms (t2), it can be shown that (t1) is a quasi-isomorphism [5,
Proposition 9.14]. Finally, the commutativity of the diagram implies that (t7) is also
a quasi-isomorphism.

This finishes the proofs of the technical lemmas, but we note in addition the
following consequence which was needed at the start of the proof of Theorem 6:

Corollary 4 If X is a smooth p-adic formal scheme over O, then the complex of
Ajnr-modules Rz, (X, AS2%x) is derived &-adically complete.

Proof By picking a cover of X by small opens, we may suppose that X = Spf R
is a small affine as above. Then the complex RI; Com(Zp(l)d, W(Rgo)) is derived &-
adically complete since W (R2) is &-adically complete,® whence A.QE/O is derived
&-adically complete since L1, preserves the completeness by footnote 32. Now
quasi-isomorphisms (t1) and (t4) complete the proof.

7.2 Reduction to a Torus and to Theorem 10

We continue to suppose that R is a p-adically complete, formally smooth O-algebra,
with notation X = Spf R and X = Sp R[%] as in Sect.7.1. We wish to apply the
construction of Sect.6.2 (with base perfectoid ring A = O) to the derived p-adic
completion

DRo = R et (X, Aing x),

32If A is any perfectoid ring then W (A”) is Ker #-adically complete.
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and must therefore check that the necessary hypotheses are fulfilled:

Lemma 20 D];r/og is a coconnective algebra object in D(Aiy) which is equipped

with a p-semi-linear quasi-isomorphism Qpros; : D%r;)g = D%r;)g. If R is small, then
it moreover satisfies assumptions (W1)—(W3) from Segt. 6.2 and there exist W,.(O)-
algebra homomorphisms A, prost © Wr-(R) — H O(D%r;)g /&) (natural in R) making
the diagrams of Theorem 9 commute.

Proof D%r/og is clearly a coconnective algebra object in D (Ayy¢), and it is equipped
with a p-semi-linear quasi-isomorphism ¢ induced by the Frobenius automor-
phism of Ay x, similarly to Lemma 12.

Moreover, H O(Dzrfg) = Hg’roél(X , Ains x) is p-torsion-free, since Ay x is a p-
torsion-free sheaf on X ;06 by Corollary 3; this proves that assumption (JV1) holds.
It remains to check (V2) and (WV3), as well as prove the existence of the maps A, ; for
this we must now assume that R is small (but we do not fix any framing). Hypotheses
(W2) and (W3) are then exactly the p-torsion-freeness and quasi-isomorphism (t3)
of Lemma 17. R R

Finally, the canonical maps of Zariski sheaves of rings Ox — u,,f)} — Ru, (’);
on X induce analogous maps on Witt vectors (see footnote 19), namely W, (Ox) —
v W, ((/9\;) — Rv, W, ((/9\}'), which are compatible with R, F, V on each term.
Applying H°(X, —) to the composition then yields the following arrow which is
also compatible with R, F, V:

~ b o~
Arproét : Wr(R) = Hp, (X, W, (Ox)) —> Hg o (X, W, (O7)) = H (DR /8)).
The isomorphism 9~, is compatible with R, F, V on the left according to a sheaf
version of the second set of diagrams in Corollary 6; therefore, overall, these maps
Ar,pro¢t make the diagrams of Theorem 9 commute, and they are clearly natural in R,

as desired.

Continuing to assume that R is small, the previous lemma states that all hypotheses

of Theorem 9 are satisfied for D%r/og , and so there are associated universal maps of
Witt complexes, natural in R,

)\.

r,proét

L W, 25,0 — W (DRo) = H*(ARRG/E).
By Remark 10, these factor through the p-adic completion of the left side, i.e.,

/XI'[

r,proét

(W, 2,0), — H"(AR2%5/E).

The p-adic Cartier isomorphism will follow from showing that these maps are iso-
morphisms:

Lemma 21 The following implications hold:
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/Xf,pmét is an isomorphism when R = O(Tlil, e Tdil).
_ U
)\;‘,pmét is an isomorphism for every small, formally smooth O-algebra R.
U

The p-adic Cartier isomorphism (Theorem 4) is true.

Proof The first implication is a consequence of the domain and codomain of )\r proét
behaving well under formally étale base change, according to Remark 8(v) and (vi)
and Lemma 17(ii).

For the second implication it is convenient to briefly change the point of view and
notation, by fixing a smooth p-adic formal scheme X over O and letting Spf R C X
denote any small affine open. We then consider the composition

H"(AQYS /E) — > HJ (SpfR, W, 2 x/0)

H" (W, 82 % ,0)(Spf R
k10 (1) modZ. edge map ( x/0)(Spf R)

and note that the edge map is an isomorphism by the coherence result of Lemma
17(ii).>* Since (W, 2" /o) = W, 2%, (Spf R) (Remark 8(vi)), the middle assump-
tion therefore leads to isomorphisms

W, 2% 6 (Spt R) —> H" (W, 2x,0)(Spf R)

naturally as Spf R C X varies over all small affine opens; that proves the p-adic
Cartier isomorphism.

To complete the proof of the p-adic Cartier isomorphism we must prove the top
statement in Lemma 21, namely the following:

Proposition 5 The universal maps

(W 20), — H'(AQY 6 /&)

r proet

are isomorphisms in the special case that R := O(Tlil, R Tdil).

Proof The proof will consist merely of assembling results we have already estab-
lished: indeed, the technical lemmas of Sect.7.1 imply that H" (A.meet/ &) can be
calculated in terms of group cohomology, which we identified with the de Rham-Witt
complex in Theorem 10.

Note first that the map®* Ay [UE/P™] — W(OTE/P™\"), Uk s [(TF, T, k/”

Tik/p2’ ..)], when base changed along 5,, yields an inclusion W, (O) [Qil/” ] >

W, (O(T*/P™y), Uik > Tik/ " which identifies the right with the p-adic completion

53Here we are of course using the trivial identification W, 2 x,0lspf R = Wy 2spf r/o in order to
appeal to the affine results in Sect.7.1.

54This map is injective and identifies the right with the (p, £)-adic completion of the left, i.e., with
Ajnt (Qil/pm ), but we do not need this.
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of the left, i.e., with W (A" (U P*): indeed, this follows easily from the “stan-
dard/modified isomorphisms” which appeared in the proof of Lemma 16. The map
A [UEYPT] - W(O(TEYP™)P) is obviously also compatible with the actions of
the groups Z? C Z,(1)? (induced by our fixed choice of p-power roots of unity) on
the left (from Sect. 6.3) and right, thereby inducing the first of the following maps:

|

RI(Z2, Aing[UFYP™]) —— RIeon(Zp ()4, W(O(TE/P™)?)) —— RI0a(Sp R [;] . Ain,x)
\ I

&rp cont proét
Doy D Drio

def.

Here D& := Dg{’d was the object of study of Sect. 6.3, and the second map is the
Cartan—Leray almost quasi-isomorphism which has already appeared, for example
just after the statement of Lemma 17. Both maps in the previous line are morphisms
of commutative algebra objects in D(Aj,r), compatible with the Frobenius on each
object (in particular, with ¢g, on the left and @po¢; On the right).

Moreover, we claim that the composition makes the following diagram of structure
maps commute for each r > 0:

HO(DE? /&) —> H(Dprot /)

/\r.grp T T /\»:proél

W (OITH N —— W, (O(T*"))

The proof of this compatibility is a straightforward chase through the definitions of

the structure maps A grp and A, prosr. We first identify the top row via 6, with the
composition of the top row of the following diagram:

"
ks k/P

W (O)UHP™ 12— W (P )2V H . (Spf R, W, (D))

Mg T \ T A proit

W, (O[T*))C W, (O(T*1)

The diagonal arrow here is the obvious inclusion (it is actually an isomorphism);
since the Cartan—Leray map (i.e., top right horizontal arrow) is one of W, (O(T*!))-
algebras and ), yro¢r Was defined to be precisely the algebra structure map, the result-
ing triangle commutes. Commutativity of the remaining trapezium is tautological:
the definition of ), gy in the proof of Lemma 16 was exactly to make this dia-
gram (or, more precisely, the analogous diagram with W,(O[T*"/?™]) instead of
W, (O(T*7P))) commute.
By the naturality of Theorem 9, the following diagram therefore commutes:
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WH(DEP) ——— WH(DR)o)

n n
/\r grp T TAnpmél

W, 82" — W27 orHy0

orrt"o

The bottom horizontal arrow here becomes an isomorphism after p-adic comple-
tion,>> and A" __ was proved to be an isomorphism in Theorem 10; so to complete

7.rp
the proof it remains to show that the top horizontal arrow identifies YW (Dir;’g ) with

the p-adic completion of W (D). But the top horizontal arrow is precisely H" of
the composition

L,-1(D#P /&) —> Ly, -1(D°" /&) —> Ln[Cpr]—l(DI]Jgr;)g/gr)’

where the second arrow is the quasi-isomorphism (t5) of Lemma 18. Meanwhile,
the first arrow identifies the middle term with the derived p-adic completion of
the left: indeed, L7y, -1 commutes with p-adic completion by Remark 3, so it
is enough to check that Dcom/f = Rlon(Z) (DO, W, (O(Til/” }) is the derived
p-adic completion of DEP /&, = RI(Z4, W,(O)[U*"/™]); but this follows from
W, (O(T*'/P7Y) being the p-adic completion of XV,((’)[Z*I/” 1). So, finally, recall
that the cohomology groups of Ly, 1-1(D#?/&,) are p-torsion-free (since D#P
satisfies (WW2) and (WW3)), whence H" of its derived p-adic completion is the same
as the naive p-adic completion of its H".

This completes the proof of the p-adic Cartier isomorphism and these notes.
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Appendix 1: Aj,¢ and Its Modules

The base ring for the cohomology theory constructed in [5] is Fontaine’s infinites-
imal period ring Ay := W(OP), where O is the ring of integers of a complete,
non-archimedean, algebraically closed field C of mixed characteristic. Since O is
a perfectoid ring (Example 2), the general theory developed in Sect.3 (including
Sect.3.3) applies in particular to O. Our goal here is firstly to present a few results
which are particular to O in order to familiarise the reader, who may be encountering

%By Remark 8(vi), the p-adic completions may be identified respectively with

11m W, 2" and 1i<_ms W, Q(" which are clearly the same.

(OIT*'/p*)/(O/p* O) o(r*)/p*) /(0 p* 0)’
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these objects for the first time, with O and Aj,¢; then we will explain some of the
finer theory of modules over Ayy.

We begin by recalling from [24, Sect.3] that O is the ring of integers of
C" := Frac ©° (footnote 10 shows that ©° is an integral domain), which is a non-
archimedean, algebraically closed field of characteristic p > 0, with the same residue
field k as O. The absolute value on C” is given by multiplicatively extending the abso-
lute value on O given by

. =>x© Il
O’ = lim 0" =% 0 - R-o,
m >

X=>xP

where the first arrow uses the convention introduced just before Lemma 5, and the
second arrow is the absolute value on O. The reader may wish to check that this is
indeed an absolute value, i.e., satisfies the ultrametric inequality, that C” is complete
under it, and that the ring of integers is exactly O0”. The existence of the canonical
projection 0° — O/ pQO implies that O” and O have the same residue field. Hensel’s
lemma shows that C” is algebraically closed.*®

Now we turn to Ajyr. Lett € Ajy¢ be any element whose image in Ajy¢/ pAjy = O°
belongs tom” \ {0}; examples include ¢ = [r], where 7 € m” \ {0}, and ¢ = &£, where
¢ is any generator of Ker 6. Then p, ¢ is a regular sequence, and A is a (p, t)-
adically complete local ring whose maximal ideal equals the radical of (p, t); in
short, Ajr “appears two-dimensional and Cohen—Macaulay”.

In fact, as we will explain the result of this appendix, modules (more precisely,
finitely presented modules which become free after inverting p) over A;,s even behave
as though A;,; were a two-dimensional, regular local ring.57 Further details may be
found in [5, Sect.4.2].

Remark 11 In light of the goal, it is sensible to recall the structure of modules over
any two-dimensional regular local ring A, such as A = Og[[T]] where Ok is a

56We sketch the proof here, which is obtained by reversing the roles of © and ©” in [24, Proposi-
tion 3.8]. Let pb = (p, pl//’, pl/f’z, ...) € A®, whose absolute value |pb| = |p| we may normalise
to p~! for simplicity of notation. It is sufficient to prove the following, which allows a root to any
given polynomial to be built by successive approximation: If £(X) € ©°[X] is a monic irreducible
polynomial of degree d > 1, and o € O satisfies |f(a)| < p~" for some n > 0, then there exists
€ € O satisfying |e| < pand | f(a+ )| < p~ D Well, given such f(X) and «, use the fact
that C* and C have the same value group (this is easy to prove), which is divisible since C is alge-
braically closed, tofind ¢ € " such that c*df(a) is aunit of ©”. Then g(X) := c*df(a +cX)isa
monic irreducible polynomial in C°[X] whose constant coefficient lies in O” (even ©°*); a standard
consequence of Hensel’s lemma is then that g(X) € O°[X]. Next observe that the canonical projec-
tion O — O/ pO has kernel p’©O° (Proof. Either argue using valuations, or extract a more general
result from the proof of Lemma 8.), whence every monic polynomial in ©°/p”©" has a root. So,
by lifting a root we find 8 € O satisfying g(3) € p”©”; this implies that f (o + c3) € f(B)p°O",
and so € := ¢[ has the desired property.

STHowever, Ajy¢ is not Noetherian, it is usually not coherent [20], and the presence of certain
infinitely generated, non-topologically-closed ideals implies that it has infinite Krull dimension
[21].
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discrete valuation ring. Let 7, t € A be a system of local parameters and m = (m, t)
its maximal ideal.

®
(ii)

(iii)

(iv)

Most importantly, any vector bundle on the punctured spectrum Spec A \ {m}
extends uniquely to a vector bundle on Spec A.
Finitely generated modules over A are perfect, i.e., admit finite length res-
olutions by finite free A-modules. (Proof. Immediate from the regularity of
A)
If M is any finitely generated A-module, then there is a functorial short exact
sequence

0— My —> M —> Mggee —> M —> 0

of A-modules, where M.y, is torsion, My, is finite free, and M is killed by a
power of m.

Proof. My, is by definition the torsion submodule of M, whence M /M,
restricts to a torsion-free coherent sheaf on the punctured spectrum Spec A \
{m}; but the punctured spectrum is a regular one-dimensional scheme, so this
torsion-free coherent sheaf is necessary a vector bundle, and so extends to a
vector bundle on Spec A by (i); this vector bundle corresponds to a finite free
A-module My, which contains M /M, with the ensuing quotient M being
supported at the closed point of Spec A.

Finite projective modules over A[%] are finite free.

Proof. Let N be a finite projective A[%]—module, and pick a finitely generated
A-module N’ C N satisfying N/[%] = N. Then N, is a projective module
over A, for every non-maximal prime ideal p C A: indeed either 7 ¢ p, in
which case N"J is a localisation of the projective module N, or p = (), in
which case Ay is a discrete valuation ring and it is sufficient to note that N,
obviously has no 7-torsion. This means that N’ restricts to a vector bundle on
the punctured spectrum, whose unique extension to a finite free A-module N”
satisfies N"[=] = N.

1
m

Theorem 11 (i) (Kedlaya) Any vector bundle on the punctured spectrum

(it)

(iii)

Spec Aine \ {the max. ideal of Ay}

extends uniquely to a vector bundle on Spec Ajyy.
If M is a finitely presented Ai,c-module such that M [%] is finite free over

Ainf[%], then M is perfect (again, this means that M admits a finite length
resolution by finite free A;,s-modules).
If M is a finitely presented A s-module such that M [%] is finite free over

Ainf[%], then there is functorial short exact sequence of Aje-modules

O—>Mt0r—>M—>Mfree—>M—>O
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such that: M, is a perf_ect Ajne-module killed by a power of p; M. Is a finite
free Ais-module; and M is a perfect Aine-module killed by a power of the ideal
(p, ).

(iv) Finite projective modules over Ainf[%] are finite free.

Proof We have nothing to say about (i) here, and refer instead to [5, Lemma 4.6].
We will also only briefly comment on the remaining parts of the theorem, since these
self-contained results may be easily read in [5, Sect.4.2].

(i1) By clearing denominators in a basis for M [%] to construct a finite free Ajy¢-
module M’ C M satisfying M/[%] = M[é], we may reduce to the case that M is
killed by apower of p,i.e., Misa A/ p" Ainr = W, (O")-module for some r > 0.By
aninduction on r, using that W, ((O*) can be shown to be coherent [5, Proposition 3.24]
(this is not a trivial result), one can reduce to the case r = 1, in which case it easily
follows from the classification of finitely presented modules over the valuation ring
OP: they have the shape (O°)' @ 0*/a;O°* & --- & O’ /a,, O, for some n > 1 and
a; € O, and so in particular are perfect.

(iii) This is proved similarly to the analogous assertion in the previous remark.

(iv) This is proved exactly as the analogous assertion in the previous remark, once
it is checked that the localisation Ajyy, (p) is a discrete valuation ring.

Corollary 5 Let M be a finitely presented Ay,s-module such that M [i] is finite free

over Ainf[%]. If either M ®4,,, W (k) or M ®p,, O is p-torsion-free (equivalently,
finite free over W (k) or O respectively), then M is a finite free Aj¢-module.

Proof 1t follows easily from the hypothesis that the map M — Mf,, in Theorem
11(iii) becomes an isomorphism after tensoring by W (k) or O; hence M [%] and

M ®a,,, khave the same rank over An¢[ 11 and k respectively. But an easy Fitting ideal
argument shows that if N is a finitely presented module over a local integral domain
R satisfying dimpp,e g (N ® g Frac R) = dimyg)(N ®r k(R)), then N is finite free
over R.

To state and prove the next corollary we use the elements &, &,, i € Ay con-
structed in Sect. 3.3:

Corollary 6 Let M be a finitely presented Ay¢-module, and assume:

oM [#] is a finite free Ainf[ﬁ]—module of the same rank as the W (k)-module
M ®@p,, W(k).

o There exists a Frobenius-semi-linear endomorphism of M which becomes an iso-
morphism after inverting &.

Then M[%] is finite free over Ainf[%].

Proof We must show that each Fitting ideal of the Ainf[%]-module M [%] is either O or

Ainf[%]; indeed, this means exactly that M [L]is finite projective over Ainf[%], which
is sufficient by Theorem 11(iv). Since Fitting ideals behave well under base change,
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it is equivalent to prove that the first non-zero Fitting ideal J C A, of M contains a
power of p. Again using that Fitting ideals base change well, our hypotheses imply
that JAinf[p]_u] = Ainf[p]_u] and JW (k) # 0; that is, J contains a power of pu and
J + W(m") contains a power of p, where W (m") := Ker(Aj,s — W(k)). Because
of the existence of the Frobenius on M, we also know that J and ¢(J) are equal up
to a power of p(&). In conclusion, we may pick N > such that

@ (pw)™ € J;
Gi) pV e J + W(m);
(i) &)V p(J) € J and p(ONJ S o(J).

Since W (m) is the p-adic completion of the ideal generated by ¢~ (1), for all
r > 0,°% observation (ii) lets us write p¥ = a + B~ (uV) + 3 pV*! for some a €
Jand 3, 3 € Ay, andr > 0.Since 1 — ' pisinvertible, we may easily suppose that
B =0, ie., pV¥ = a+ Bp~"(u"). Multiplying through by pN¢N gives N p?N =
pVENa + Bp"N N, which belongs to J by (i) and (ii).

We claim, for any a, i > 1, that

a _some power a—1 _some other power
ErpSomerNe ¢ J — &7 p power e .

A trivial induction then shows that J contains a power of p, thereby completing
the proof, and so it remains only to prove this claim. Suppose £¢p? € J for some
a,b,i > 1.Then ¢ (&) p’ € ¢ (J), and so ¢’ (&)°TN p® € J (since an easy gen-
eralisation of (iii) implies that ¢’ (&)V " (J) C J). But ¢"(§,) = p" mod &, so
we may write " (£,)4TN = p"@*tN) 4 o, for some o € Ay and thus deduce that
J 3 (pretV) g pb = pr@tNFh 4 g, pP. Now multiply through by £4~! and
use the supposition to obtain £4~! p"@FNHb ¢ ] as required.

We will also need the following to eliminate the appearance of higher Tors in the
crystalline specialisation of the Aj,s-cohomology theory:

Lemma 22 Let M be an Ay p-module such that M [é] is flat over Ainf[%]. Then
Torko (M, W (k)) = 0 for x > 1.

Proof Let [m"] € W(m") be the ideal of Ay, which is generated by Teichmiiller
lifts of elements of m”. We first observe that Aj,;/[m’] is p-torsion-free and has Tor-
dimension = 1 over Ay indeed, [m"] is the increasing union of the ideals [7]Aus,
for 7 € m” \ {0}, and the claims are true for Ay /[m1Ais since p, [7] is a regular
sequence of Ajy.

Next, since W, (m”) is generated by the analogous Teichmiiller lifts in W, (0") =
Ains/p" Ainr, forany r > 1 (c.f., footnote 20), the quotient W (m”) /[m"]is p-divisible.
Combined with the previous observation, it follows that W (m”)/[m"] is uniquely p-
divisible, i.e., an Ainf[é]-module, whence

58By an easy induction using that p is a non-zero-divisor in Ajr/ W (m), this follows from the fact
that the maximal ideal of Ajn¢/pAins = O is generated by the elements ¢~ (¢) — 1, forall r > 0.
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L
Torks (W ') In’], M) = Tors "7 (Wt m [ 1]).

which vanishes for * > 0 by the hypothesis on M. Combining this with the short
exact sequence

0 — W(m")/[m"] = Ap/[m’] = Ape/ W(m’) = W(k) — 0

and the initial observation about the Tor-dimension of the middle term completes the
proof.

Appendix 2: Two Lemmas on Koszul Complexes

Let Rbearing,and g1, ..., g4 € R. The associated Koszul complex will be denoted

by Kr(g1,-.., 84) = ®;1:1 Kr(gi), where Kr(g;) :=[R LN R]. Here we state two
useful lemmas concerning such complexes, the second of which describes the
behaviour of the décalage functor.

Lemma 23 Let g € R be an element which divides g, ..., g4, and such that g;
divides g for some i. Then there are isomorphisms of R-modules

H"(Kg(g1. ... g) = RIg1") & R/gRG-D

foralln > 0.
Proof [5,Lemma 7.10].

Lemma 24 Let f € R be a non-zero-divisor such that, for each i, either f divides
g; or g; divides f. Then:

o If f divides g; for all i, then 1y Kr (81, .- ., 84) = Kr(g1/f. ... 84/1).
o If g; divides f for some i, then nKr (g1, ..., g4) is acyclic.

Proof [5,Lemma 7.9].
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On the Cohomology of the Affine Space )

Check for
updates

Pierre Colmez and Wieslawa Niziot

Abstract We compute the p-adic geometric pro-étale cohomology of the rigid ana-
Iytic affine space (in any dimension). This cohomology is non-zero, contrary to the
étale cohomology, and can be described by means of differential forms.

1 Introduction

Let K be a complete discrete valuation field of characteristic 0 with perfect residue
field of positive characteristic p. Let C be the completion of an algebraic closure
K of K. We denote by % the absolute Galois group of K (it is also the group of
continuous automorphisms of C that fix K).

For n > 1, let A% be the rigid analytic affine space over K of dimension n and
A" be its scalar extension to C. Our main result is the following theorem.

Theorem 1 Forr > 1, we have isomorphisms of Gk -Fréchet spaces

H' (A", Q,(r) ~ Q' (A")/Kerd ~ Q" (A")*=",

proé
where 2 denotes the sheaf of differentials.

Remark 2 (i) The p-adic pro-étale cohomology behaves in a remarkably different
way from other (more classical) cohomologies. For example, for i > 1, we have:

e Hix(A") = Hjx (A") = 0, where Hypy is Hyodo-Kato cohomology (see [5] for its
definition),

o Hi(A". Q) = H (A", Q) =0.if £ # p,

o H;(A",Q,)=0.(Cf. [1] or Remark 11.)
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We listed the £ # p and ¢ = p cases of étale cohomology separately because, if
£ # p, the triviality of the cohomology of A" is a consequence of the triviality of
the cohomology of the closed ball (which explains why the pro-étale cohomology is
also trivial), but the p-adic étale cohomology of the ball is highly nontrivial.

(ii) Using overconvergent syntomic cohomology allows to prove a more general
result [2, Theorem 1.8]: if X is a Stein space over K admitting a semistable model
over the ring of integers of K, there exists an exact sequence

0 — Q'(X)/Kerd — H] (X, Q,(r) = (B & Hiy (X))"="¢="" — 0.

However making syntomic cohomology overconvergent is technically demanding
and the simple proof below uses special features of the geometry of the affine space.
(iii) Another possible approach (cf. [6]) is to compute the pro-étale cohomology
of the relative fundamental exact sequence 0 — Q,(r) — BY=” — Bur/F" — 0.
Let B" be the open unit ball of dimension n. An adaptation of the proof of
Theorem 1 shows the following result:

Theorem 3 Forr > 1, we have isomorphisms of Y -Fréchet spaces

H;:roét(ﬁn’ Q,(r) ~ Q' (B")/ Kerd ~ Q' (B")=".

2 Syntomic Variations

If r = 1, one can give an elementary proof of Theorem 1 using Kummer theory, but
it does not seem very easy to extend this kind of methods to treat the case r > 2.
Instead we are going to use syntomic methods.

Recall that the étale-syntomic comparison theorem [3, 7] reduces the computation
of p-adic étale cohomology to that of syntomic cohomology.' The latter is defined
as a filtered Frobenius eigenspace of absolute crystalline cohomology (see [4] for
a gentle introduction and [7] for a more thorough treatment) and can be thought of
as a higher dimensional version of the Fontaine-Lafaille functor. Its computation
reduces to a computation of cohomology of complexes built from differential forms,
and hence is often doable.

More precisely, if 2~ is a quasi-compact semistable p-adic formal scheme
over Ok, then the Fontaine-Messing period map [4]

o™ 1 Ry (Lo, Zp(r)) — 1< RTe (2, Z,(r)) (1)

IThe computations in [3] are done over K (or over its finite extensions), but working directly over C
simplifies a lot the local arguments because there is no need to change the Frobenius and the group
I" of loc. cit. becomes commutative (hence so does its Lie algebra, which makes the arguments using
Koszul complexes a lot simpler).
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is a pN-quasi-isomorphism? for a constant N = N(r). This generalizes easily to
semistable p-adic formal schemes over O the rational étale and pro-étale cohomol-
ogy of such schemes are computed by the syntomic complexes RI'syn (Z5 .., Z,(r))q
and RT'gyn (2., Q,(r)), respectively, where the latter complex is defined by taking
RIgyn (Zo., Z,(r))q locally and then glueing.

The purpose of this section is to construct a particularly simple complex that,
morally, computes the syntomic, and hence (pro-)étale as well, cohomology of the
(canonical formal model of the) affine space and the open ball, but does not use a
model of the whole space, only of closed balls of increasing radii.

Period rings. —Let C" be the tilt of C and let Acis C Bl = Acisl 51 C B be the
usual Fontaine rings.

Let 6 : B;”R — C be the canonical projection (its restriction to A5 induces a
projection Agis — O¢), and let F;, Bj’R be the filtration by the powers of Ker 6 and

FjAcris be the induced filtration. For j € Z, let A; = Ay /Fé (hence A; =0 for
Jj =< Oand Ay = O¢).

We choose a morphism of groups o — p® from Q to C* compatible with the
analogous morphism on Z. We denote by p“ the element (p%, p*/?, p*/ r, cel)
of C” and by [p“] its Teichmiiller lift in A .

Closed balls. —For o € Q_, let
Dy ={z=1(21,.-,20)s Vp(zm) = —a, forl <m < n}
be the closed ball of valuation —« in A”, and denote by &'(D,) (resp. O+ (D,)) the

ring of analytic functions (resp. analytic functions with integral values) on D,. We
have

O(Dy) = C{p*Th, ..., p*T,) and OF(Dy) = Oc(p°Th, ..., p°T,).
Consider the lifts
R} = Aais([5*1T1. ... [51T,) and R, = R}T1]
of 01 (Dy) and O(Dy), respectively. We extend ¢ on Agisto @ : Ry, — R, by setting
o(T,) =TF forl <m <n.

Definition 4 Letr > 0.If ¢ € Q. and A = R,, R;r , we define the complexes
Syn(A, r) := [HK,(A) — DR, (A)],

where the brackets [- - - ] denote the mapping fiber, and?

2It means that the kernel and cokernel of the induced map on cohomology are annihilated by p".
3The differentials are taken relative to Ags.
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HK, (A) = [ 22 o1,
FrQy = (FjA — F;7'QL — F2Q% — 1),

DR, (A) i= Q4 /F" = (- = Arj @ayy U — e Ar iy @y @ — 1),

cris cris

The complex Syn(A", r). —The above complexes for varying « are closely linked:

e The ring morphism Ry — Ry, T, — [p*1T,,, for 1 < m < n, induces an isomor-
phism of complexes Syn(Ry, r) S Syn(Ry, r).

e For B > «, the inclusion g4 : Rg < R, induces a morphism of complexes
Syn(Rg, r)—Syn(Ry, r) thanks to the fact that ¢([p*]) = [p°]”, forall s € Q.

(We have analogous statements replacing R, by Rf.)

The first point comes just from the fact that two closed balls are isomorphic, but the
second point, to the effect that we can find liftings of the &'(D,,)’s with compatible
Frobenius, is a bit of a miracle, and will simplify greatly the computation of the
syntomic cohomology of A”. In particular, it makes it possible to define the complex
Syn(A”, r) := holim,, Syn(R,, r) and, similarly, HK, (A") and DR, (A").

Fori > 0and X = A", Ry, R}, denote by HK' (X), DR.(X), and Syn’ (X, r) the
cohomology groups of the corresponding complexes. We have a long exact sequence:

... — DRI'(X) — Syn' (X, r) = HK.(X) — DR.(X) — - --

Proposition 5 Ifi < r, we have natural isomorphisms:

o H!(Dy, Q) = Syn'(Ry, 1), if o € Qs
o H (A", Qp(r)) = Syn' (A", r).

Proof Take o € Q. By the comparison isomorphism (1), to prove the first claim,
it suffices to show that the complex Syn(R,, r) computes the rational geometric
log-syntomic cohomology of &, := Spf 6" (D,,), the formal affine space over O,
that is a smooth formal model of D,. To do this, recall that the latter cohomology is
computed by the complex

Rrsyn(-@ou Zp(r))Q - [RFcr(-@a/Acris)gzpr - chr(-@a/Acris)Q/Fr]a

where A is equipped with the unique log-structure extending the canonical log-
structure on O¢/p. It suffices thus to show that there exists a quasi-isomorphism
RT (P [ Acris)Q = 2%, that is compatible with the Frobenius* and the filtration.
But this is clear since Spf R} is a log-smooth lifting of 2, from Spf O¢ to Spf Acis
that is compatible with the Frobenius on A and 1 (D,)/p.

4Recall that the Frobenius on crystalline cohomology is defined via the isomorphism
RI'¢:(Zo/Acris)Q S ORI ot (P, / P) [ Acris) @ from the canonical Frobenius on the second term.
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To show the second claim, we note that, for 8 > «, there is a natural map (an injec-
tion) of liftings (R;aF — 01 (Dg)) — (R} — O(Dy)). This allows us to use the
comparison isomorphism (1) to define the second quasi-isomorphism in the sequence
of maps

rerFproét(An7 Q[, (r)) ~ T<, holimy RT¢, (Dxg, QP r)) ~ T<r holimy Rrsyn(-@lm Zp (r))Q
>~ 1<, holimy Syn(R, r) = t<-Syn(A”, r).

Here, the first quasi-isomorphism follows from the fact that { Dy };cn is an admissible
affinoid covering of A” and the third one follows from the first claim. This finishes
the proof. ([

3 Computation of HK’, (A")

The group HK’, (A") is, by construction, obtained from the HKi(Ra)’s, but the latter
are, individually, hard to compute and quite nasty: for example, HK}(R,) is iso-
morphic to the quotient of Q p®ﬁ (Dg)* by the sub Q,-vector space generated by
O(Dg)*; hence it is an infinite dimensional topological Q ,-vector space in which
0 is dense. Fortunately Lemma 7 below shows that this is not a problem for the
computation of HK’ (A").

Fork = (ki, ..., k,) e N*,weset|k| =k; +--- + k,and TK = T} ... T For
1 < j <mn, let w; be the differential form d%f, and let 9; be differential operator
defined by df =37, 8; f w;. For j = {ji,..., ji}, with ji < jo <--- < ji, we
set wj = wj; A -+ Awj. All elements n of Q2% can be written, in a unique way, in
the form ) |, _; ajwj, where a; € (]_[jej T;)Ra.

Lemma 6 Let M be a sub-Z,-module of A5 or Oc. Leti > 1 andk € N". Forw =
T* ;=i ajoj, with aj € M, such that dw = 0, there exists 1 =T* Y _; | bjw,
such that dn = w and bj € p‘N(k)M, with N(K) = inf j¢j v, (k;).

Proof Permuting the T,,’s, we can assume that v, (ki) <v,(ky) < - - < v,(ky);
in particular, k; 7# 0. Decompose w as (a)1 A TK Zlej aja)j\{l}) + ', and set n =
£T Y ajopy; we have @ —dn = T* Y, ; ¢jj and it has a trivial differen-
tial. But d(T* Y, cjwj) = kiT* Y- i cjopu + Y14, ¢jor, hence ¢j = 0 for all
J» which proves that dn = w and allows us to conclude. (]

Lemma7 Leta € Q; andlet Ay = R}, 0" (Dy). Then Hix (Ay) = Ais, Oc and
HKY(R}) = AYTP | the natural maps

cris  ?
Hig(Ags1) > Hig(Ay), i>1; HKL(RI,) — HKL(R)), i=>2.

are identically zero, and the image of the map HK; (RLZ) — HK! (RY) is annihi-
lated by p".
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Proof The computation of the H’s is straightforward. The proof for the first map
is similar (but easier) to that of the second one, so we are only going to prove the
latter. Take i > 2. Let (', »'~') be a representative of an element of HK; (R;r_ﬂ).
That is to say

o e 0 leQl ) do' =0 and do'' + (¢ — pHo' = 0.

+ +
Ra+2 Ruz+2

Since dw' = 0, we deduce from Lemma 6 that there exists n'~! € Q;l such that
a+1
-1

lor2.ar1@ = dn'~! (we used here that %[[5]"’ € Auis). Let 0! = 1y 9 g0 +
(¢ — p")n'~". Then doi™! = La+2,q+1da)i‘l'+ (o — pHdn'~—' =0; hence there
exists n' "% € Q’R:f such that La+1,aw’1_] = dn'~2. It follows that (417 4 (@', @' ~1) =
d(tes1.0n' ", n'7?), as wanted.

Take now i = 1 and use the notation from the above computation. Arguing as
above we show that (o', @) is in the same class as (0, »°), with ©® € Ag. But
the map ¢ — p" : Agis = Acris 1S p”-surjective. This proves the last statement of the
lemma. O

Remark 8 (i) The same arguments would prove that there exists N : Q% — Nsuch
that, if 8 > o and i > 1, the images of the natural maps H(jR(R;) — H(jR(R;r),
HK; (Rj) — HK[(R}) arekilled by p"#~®). This is sufficient to extend Corollary 9
and Lemma 10 below to the unit ball B".

(ii) Note, however, that N (1) — +oo when u — 0. This prevents the extension
of Lemma 10 to the integral de Rham cohomology of B” which is good since this
integral de Rham cohomology, in degrees 1 < i < n, is far from O (but its p°*°-torsion
is dense).

Corollary 9 Ifi > 1 then HK'(A") = 0.

Proof Immediate from Lemma 7 and the exact sequence

0— R! kikilHKi_l(Rk) — HK (A") — 1<ik£1HKf,(Rk) -0 0

4 Computation of DRi (A")

Lemma 10 If1 <i <r — 1 then DR.(A") =~ (Qi(A’l)/Kerd)(r —i—1),ifi >r
then DR.(A") = 0, and, ifr > 0, we have an exact sequence

0 — BT

+s/Fy — DRYA™) — (0(A"/C)r—1) > 0
Proof We have an exact sequence

0 — R! l(i:_nDRffl(Rk) — DRI(A") — l(ikilDRi(Rk) -0
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The DR!(R;)’s are the cohomology groups of the complex

1®d;

i i+1
co = A Ay, g, — Aol O, 2, —— -

In particular, they are trivially O if i > r, so assume i < r — 1. The kernel of 1 ®
di is F)7 7' Ar_; @a,, Qp + Arsi ®a,, (% )a—o while the image of 1 ® d;_ is
A O
image of m), we have FQ’*’AA,_,- A

. (r—i—1)!
gives us the exact sequence

d SZ’;kl. Since F, ~i=1A,_; is an Oc-module of rank 1 (generated by the
Qy, =~ Q(D)(r —i — 1), which

cris

0 — A,_; ®a,, Hig(R) = DRL(Ry) — (' (Dy)/Kerd)(r —i — 1) — 0.

cris

For i = 0 this gives the sequence in the lemma.
Assume that i > 1. The natural map Hig (Ry11) — Hiz (Ry) is identically zero
by Lemma 7. Hence

R/ 1<ir_n(Qi(Dk)/ Kerd) ~ R/ Lir_nDRi(Rk), j=>0.
k k

Now, note that since our systems are indexed by N, R/ l(ir_nk is trivial for j > 2. Since
R! lim Qi (Dy) =0, we have R' Liﬂlk(Qi(Dk)/ Kerd) =0 (and R! lim dQi=0). It
remains to show that l(il_nk(Q’ (Dy)/ Kerd) >~ Q'(A")/ Ker d. But this amounts to
showing that R! l(iilk Q' (Dy)4—o = 0. This is clear for i = 0 and for i > 0, since

the system {H(jR(Rk)}keN is trivial (by Lemma 7), this follows from the fact that
R'l(iLndei_'(Dk) =0. O

5 Proof of Theorems1 and 3

5.1 Algebraic Isomorphism

From Proposition 5 we know that 7, Syn(A”", r) >~ 7, R 0s (A", Q,(r)). From
the long exact sequence

.-+ — DRI'(A") — Syn'(A", r) — HK/(A,) - DRL(A") — -
and Corollary 9 and Lemma 10, we obtain isomorphisms
(" (A")/Kerd)(r —i) > Syn' (A", r), r=>i=>2,

and the exact sequence
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0 — Syn’(A”,r) — BF¢7 DRY(A") — Syn'(A",r) — 0,

cris
which, using the fundamental exact sequence

+o=p" +
0— Qp(r) - Bcris - Bcris

/Fg =0,
proves the first isomorphism in Theorem 1 (together with SynO(A”, r) = Qp(r)).
The second is an immediate consequence of the fact that Hi, (A") = 0.

Since an open ball is an increasing union of closed balls, Theorem 3 is proved by
the same argument (see Remark 8).

Remark 11 (i) Let j € N. We note that, since [p]? € pAcss, for every o € Q,
the maps® Q' (R},,,); — Q(R});, m > pj, are the zero maps for i > 1 and the
projection on the constant term for i = 0. It follows that

holimy HK, (R;)} = (Actis.; ——> Acris.j)» holimg DR, (R}"); = (Acris/F) ;.

Computing as above we get (holim; , Syn(R;, r);j) ® Q= Q,(r). Hence, by the
comparison isomorphism (1), H ét (A", Q,(r)) =0,i > 1, which allows us to recover
the result of Berkovich [1].

(ii) The above argument does not go through for the open unit ball: the integral
de Rham complex does not reduce to the constants in that case and Hét (103”, Q,(r))
is an infinite dimensionnal Q,,-vector space if 1 <i < n.

5.2 Topological Considerations

It remains to discuss topology. In what follows, we write = for an isomorphism of
vector spaces and = for an isomorphism of topological vector spaces.

First, note that all the cohomology groups under consideration are cohomology
groups of complexes of Fréchet spaces (and even of finite sums of countable products
of Banach spaces), since these complexes can be built out of Cech complexes coming
from coverings by affinoids, and the corresponding complexes for affinoids involve
finitely many Banach spaces. It follows that, a priori, all the groups we are dealing
with are cokernels of maps F| — F, between Fréchet spaces. If such a group injects
continuously into a Fréchet space, then it is a Fréchet space (it is separated hence
the image of F} in F; is closed, and our space is a quotient of a Fréchet space by
a closed subspace), and if this injection is a bijection then it is an isomorphism of
Fréchet spaces by the Open Mapping Theorem.

Now, we have the following commutative diagram:

5The subscript j refers to moding out by p/.
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Hp i (A", Q) —— lim, HY,(Dy. Q, (1)

ig lz

Syn" (A", r) ——— 1<iLnk Syn" (R, r)

The horizontal maps are the natural maps (and are continuous), the bottom one being
anisomorphism by the earlier computations. The left vertical arrow is an isomorphism
by Proposition 5 and the right vertical arrow is a topological isomorphism because
the period maps (1) are p"-quasi-isomorphisms, with N depending only on . Thus
proving that 1(&1 . Syn” (Ry, r) is Fréchet would imply that so is H [;'mél (A", Q,(r))
and that H;mé[(A”, Q,(r) = l(ir_nk Syn" (R, r).

For that, consider the map of distinguished triangles

Syn(Ry, r) —— HK, (Ry) — DR, (Ry)

5 I b

Q= (DY[—r] —— Q(Dy) — Q¥ (Dy)

in which:

the top line is the definition of Syn(Ry, r), the bottom one is the obvious one,
y is obtained by applying 6 to the terms of the complex DR, (Ry),

B is obtained by composing the natural map HK, (Ry) — €23 with 6,

o is obtained by composing the natural map Syn(Ry, r) — F'Q% with 6.

All the maps are continuous (including the boundary maps). For r > 2, taking
cohomology and limits we obtain the commutative diagram
. _ 3 .
lim DR}~ (Ry) ——L%—— lim, Syn’ (Ry. )

. |

@~ (A")/ Kerd = lim (2~ (Dy)/ Kerd) % lim, Q" (D)= = @ (A7)0

The bottom map is an isomorphism because limk Hizx (D) = Hip (A") = 0. The
top map is an isomorphism because, on level T,its kernel and cokernel are con-
trolled by HK;_l (Ry) and HK (Ry) respectively, which die in Ry, by Lemma 7,
and the left vertical map is an isomorphism by the proof of Lemma 10. The space
Q" (A") is Fréchet; it follows that all other spaces are also Fréchet (in particular
l(iglk Syn" (Ry, r)) and that all the maps are topological isomorphisms. This con-
cludes the proof of Theorem 1 if r > 2.

For r = 1, the argument is similar, with 1<i1_nk DR:_l (Ry) in the above diagram
replaced by (lim_ DR.~(Ry))/C.

The proof for the open ball is similar.
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classical Chern—Simons actions on spaces of Galois representations. In the subse-
quent sections, we give formulas for computation in a small class of cases and point
towards some arithmetic applications.

1 The Arithmetic Chern—-Simons Action: Introduction and
Definition

The purpose of this paper is to cast in concrete mathematical form the ideas presented
in the preprint [17]. The reader is referred to that paper for motivation and specu-
lation. Since there is no plan to submit it for separate publication, we repeat here
the basic constructions before going on to a family of examples. This paper adheres,
however, to a rather strict mathematical presentation. As we remind the reader below,
the analogies in the background have come to be somewhat well-known under the
heading of ‘arithmetic topology.” The emphasis of this paper, however, will be less
on analogies, and more on the possibility that specific technical tools of topology
and physics can be imported into number theory.

Let X = Spec(Or), the spectrum of the ring of integers in a number field F. We
assume that F' is totally imaginary. Denote by G, the étale sheaf that associates to a
scheme the units in the global sections of its coordinate ring. We have the following
canonical isomorphism [20, p. 538]:

inv: H3(X, Gp) ~ Q/Z. (%)
This map is deduced from the ‘invariant’ map of local class field theory. We will
therefore use the same name for a range of isomorphisms having the same essential
nature, for example,

inv: H*(X,Z,(1)) ~ Z,, ()

where Z,(1) = l(igli tipi, and g, C Gy, is the sheaf of nth roots of 1. This follows
from the exact sequence

0= fty — Gm 3 Gm = Gm/(Gm)" — 0.
That is, according to loc. cit.,
H*(X,Gy) =0,
while by op. cit., p. 551, we have
H'(X.Gn/(Gm)") =0

for i > 1. If we break up the above into two short exact sequences,
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0= iy — Gm & %K, — 0,

and
0—> X, > Gy —> Gy/(Gy)" — 0,

we deduce
H*(X,%K,) =0,

from which it follows that |
H(X, ) ~ =7/,
n

the n-torsion inside Q/Z. Taking the inverse limit over n = p’ gives the second
isomorphism above. The pro-sheaf Z,(1) is a very familiar coefficient system for
étale cohomology and (**) is reminiscent of the fundamental class of a compact
oriented three manifold for singular cohomology. Such an analogy was noted by
Mazur around 50years ago [21] and has been developed rather systematically by a
number of mathematicians, notably, Masanori Morishita [23]. Within this circle of
ideas is included the analogy between knots and primes, whereby the map

Spec(Or/Pu) — X

from the residue field of a prime %3, should be similar to the inclusion of a knot. Let
F, be the completion of F' at the prime v and Op, its valuation ring. If one takes this
analogy seriously (as did Morishita), the map

Spec(OF,) — X,
should be similar to the inclusion of a handle-body around the knot, whereas
Spec(F,) — X

resembles the inclusion of its boundary torus.! Given a finite set S of primes, we
consider the scheme

Xs = Spec(Or[1/5]) = X \ {Po}ves.

Since a link complement is homotopic to the complement of a tubular neighbourhood,
the analogy is then forced on us between Xy and a three manifold with boundary
given by a union of tori, one for each ‘knot’ in S. These of course are basic morphisms
in 3 dimensional topological quantum field theory [1]. From this perspective, perhaps

't is not clear to us that the topology of the boundary should really be a torus. This is reasonable
if one thinks of the ambient space as a three-manifold. On the other hand, perhaps it’s possible to
have a notion of a knot in a homology three-manifold that has an exotic tubular neighbourhood?
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the coefficient system Gy, of the first isomorphism should have reminded us of the
S!-coefficient important in Chern—Simons theory [6, 32]. A more direct analogue of
G is the sheaf O}, of invertible analytic functions on a complex variety M. However,
for compact Kihler manifolds, the comparison isomorphism

H' (M, S" ~ H' (M, 0},

where the subscript refers to the line bundles with trivial topological Chern class,
is a consequence of Hodge theory. This indicates that in the étale setting with no
natural constant sheaf of S'’s, the familiar G,, has a topological nature, and can be
regarded as a substitute.? One problem, however, is that the G,-coefficient computed
directly gives divisible torsion cohomology, whence the need for considering coef-
ficients like Z, (1) in order to get functions of geometric objects having an analytic
nature as arise, for example, in the theory of torsors for motivic fundamental groups
[4, 13-16].
We now move to the definition of the arithmetic Chern—Simons action. Let

= m (X, b),
be the profinite étale fundamental group of X, where we take
b: Spec(F) — X
to be the geometric point coming from an algebraic closure of F'. Assume now that

the group 1, (F) of nth roots of unity is in F and fix a trivialisation ¢, : Z/nZ = .
This induces the isomorphism

1
inv: H3 (X, Z/nZ) ~ H3*(X, ji,) ~ ;Z/Z.

Now let A be a finite group and fix a class ¢ € H*(A, Z/nZ). Let
M(A) := Hom,,, (7, A)/A
be the set of isomorphism classes of principal A-bundles over X. Here, the subscript
refers to continuous homomorphisms, on which A is acting by conjugation. For
[p] € M(A), we get a class
p*(c) € H*(m, Z/n7Z)

that depends only on the isomorphism class [p]; if p, = Ad, o p; for some a € A,
then p3(c) = pj(Ad;(c)), but c and Ad’ (c) are cohomologous by Lemma 7.2. Denote

2Recall, however, that it is of significance in Chern—Simons theory that one side of this isomorphism
is purely topological while the other has an analytic structure.
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by inv also the composed map
H3(r, Z/nZ) — H3(X, Z/nZ) —2 17,7,
We get thereby a function

. 1 .
CSe: M(A) — 2] Z;
[p] +———inv(p*(c)).
This is the basic and easy case of the classical Chern—Simons action?® in the arithmetic
setting.

Section 2 sets down some definitions for ‘manifolds with boundary,” that is, X as
above. In fact, it turns out that the Chern—Simons action with boundaries is necessary
for the computation of the action even in the ‘compact’ case, in a manner strongly
reminiscent of computations in topology (see [7, Theorem 1.7 (d)], for example).

That is, we will compute the Chern—Simons invariant of a representation p of 7
using a suitable decomposition

X“="XgU[U,Spec(OF,)]
and restrictions of 7 to X g and the Spec(Op, ).
To describe the construction, we need more notations. We assume that all primes
of F dividing n are in the finite set of primes S. Let

mg = m(Xs, b)

and .
my := Gal(F,/Fy)

equipped with maps
Iy i Ty —> Tg

given by choices of embeddings F < F,. The collection
{i v }v €S
will be denoted by is. There is a natural quotient map

KRs . TTg —> T.

3The authors realise that this terminology is likely to be unfamiliar, and maybe even appears pre-
tentious to number-theorists. However, it does seem to encourage the reasonable view that concepts
and structures from geometry and physics can be specifically useful in number theory.
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Let
Ys(A) := Hom o (75, A)

and denote by M (A) the action groupoid whose objects are the elements of Ys(A)
with morphisms given by the conjugation action of A. We also have the local version

Y& (A) = [ [ Homeon (,, A)

ves

as well as the action groupoid J\/[ZS""(A) with objects Y é”"(A) and morphisms given
by the action of AS := [1,cs A conjugating the separate components in the obvious
sense. Thus, we have the restriction functor

rs : Mg(A) — MY“(A),
where a homomorphism p : mg — A is restricted to the collection
rs(p) = igp = (poiy)es-

We will construct, in Sect.2, a functor L from MZS""(A) to the %Z/Z-torsors as a
finite arithmetic version of the Chern—Simons line bundle [7] over M’S"C (A). To a
global representation p € Mgs(A), the Chern—Simons action will then associate an
element (Eq. (2.3))

CSc([pD) € L(rs(p)).

Now, given [p] € M(A), we pull it back to [p o ks] € Ms(A) and apply the Chern—
Simons action with boundary to get an element

CSc([poks)) € L([rs(po ks)]).

On the other hand, for each v € S, we can pull back p to a local unramified repre-
sentation
ol > —> A,

where 7" is the unramified quotient of 7,. The extra structure of the unramified
representation will then allow us to canonically associate an element

D (B € Llrs(p o k5))),

vesS
which can be interpreted as the Chern—Simons action of (p})"),es on U,esSpec(OF, ).

Theorem 1.1 (The Decomposition Formula) Let A be a finite group and fix a class
c e H¥(A,Z/nZ). Then
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CSe(lph) = Y (B)) — CSc(lp o kis])

vesS
for [p] € M(A).

Section4 is devoted to a proof of Theorem 1.1. The key point of this formula is
that CS.([p]) can be computed as the difference between two trivialisations of the
torsor, a ramified global trivialisation and an unramified local trivialisation.

In Sect. 5, we use this theorem to compute the Chern—Simons action for a class of
examples. It is amusing to note the form of the action when A is finite cyclic. That is,
let A=7Z/nZ,« € H' (A, Z/nZ) the class of the identity, and 3 € H*(A, Z/nZ)
the class of the extension

0 707 —"— 7/n*7 —— A — 0.

Then 3 = do, where § : H' (A, Z/nZ) = H' (A, A) — H*(A, Z/nZ) is the bound-
ary map arising from the extension. Put

c:=aUf=aUdac H*(A,Z/nZ).

Then
CS:([p)) = inv[p*(a) U dp* ()],

in close analogy to the* formulas of abelian Chern—Simons theory.

However, our computations are not limited to the case where A is an abelian
cyclic group. Along similar lines, we will provide an infinite family of number fields
F and representations p such that CS.([p]) is non-vanishing for [p] € M (A) with
a different class ¢ € H3(A, 7./27) and both abelian A (see Propositions 5.14, 5.16,
and 5.19) and non-abelian A (see Proposition 5.23).

In Sect.6, we provide arithmetic applications to a class of Galois embedding
problems using the fact that the existence of an unramified extension forces a Chern—
Simons invariant to be zero.

In this paper, we do not develop a p-adic theory in the case where the bound-
ary is empty. In future papers, we hope to apply local trivialisations using Selmer
complexes to remedy this omission and complete the theory begun in Sect.3. To
get actual p-adic functions, one needs of course to come to an understanding of
explicit cohomology classes on p-adic Lie groups, possibly by way of the theory of
Lazard [18]. Suitable quantisations of the theory of this paper in a manner amenable
to arithmetic applications will be explored as well in future work, as in [3], where a
precise arithmetic analogue of a ‘path-integral formula’ for arithmetic linking num-
bers is proved. In that preprint, a connection is made also to the class invariant
homomorphism from additive Galois module structure theory. A pro-p version of
this homomorphism is related to p-adic L-functions and heights, providing some
evidence for the speculation from [17].

4In fact, every cohomology class in H 3(A, 7Z/nZ) can be written as this form (cf. [25, Sect. 1.7]).
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2 The Arithmetic Chern—-Simons Action: Boundaries

We keep the notations as in the introduction. We will now employ a cocycle
c e Z3(A, Z/nZ) to associate a %Z/Z-torsor to each point of Yé""(A) in an AS-
equivariant manner. We use the notation

Cy=[]C (m. 2/nZ)

ves

for the continuous cochains,

zi=[]2'(m. 2/nZ) C C§

veS

for the cocycles, and

By =[] B'(m.Z/nZ) C Z§ C C§

vesS

for the coboundaries. In particular, we have the coboundary map (see Appendix
“Appendix 1: Conjugation on Group Cochains” for the sign convention)

d: Cé — Z;.
Let ps := (py)ves € Y{*(A) and put
¢ o ps = (c o py)es,
coAd, :=(coAd,)yes

for a = (ay)pes € AS, where Ad,, refers to the conjugation action. To define the
arithmetic Chern—Simons line associated to pg, we need the intermediate object

H(ps) := d~'(c o ps)/B; C C§/Bg.

This is a torsor for

1
H?:= 2 ~]1-
= [[H*(m. 2/n2) HnZ/Z
veS ves
([25, Theorem (7.1.8)]). We then use the sum map

1 1
2] ~Z/Z— ~L]Z

ves
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to push this out to a %Z/Z—torsor. That is, define

L(ps) := Z.[H (ps)]. @1
The natural map H (ps) — L(ps) will also be denoted by the sum symbol X.

In fact, L extends to a functor from M’S”C(A) to the category of %Z /Z-torsors. To
carry out this extension, we just need to extend H to a functor to H g-torsors. Accord-
ing to Appendices “Appendix 1: Conjugation on Group Cochains” and “Appendix 2:
Conjugation Action on Group Cochains: Categorical Approach”, for a = (ay)yes €
AS and each v, there is an element h,, € C*(A, Z/nZ)/B*(A, Z/nZ) such that

coAd,, =c+dh,,.

Also,
haubv = hal, o Adbu + hbv-

Hence, given a : ps — pf, so that py = Ad, o ps, we define
H(a) : H(ps) — H(p)
to be the map induced by
x> x' =x+ (hg, 0 pu)ves-
Then
dx’ = dx + (d(ha, © pv))ves = (¢ © pv)yes + (dha,) © pp)ves = (¢ 0 Adg, © py)yes-

So
x' ed ' (copy)/BE,

and by the formula above, it is clear that H is a functor.” That is, ab will send x to
X+ hap o ps,
while if we apply b first, we get
X+ hp o ps € H(Ad, o ps),

which then goes via a to

SWhile the functor H does depend on the choices of &, they are intrinsic to A, in that they are
cochains on A, not a priori related to the Galois representations. So we may regard them as part of
the data defining the field theory, similar to c.



90 H.-J. Chung et al.
x—i—hbops—i—haoAdl,ops.

Thus,
H(ab) = H(a)H (b).

Defining
L(a) = X, 0o H(a)

turns L into a functor from M’S"C to %Z /Z-torsors. Even though we are not explic-
itly laying down geometric foundations, it is clear that L defines thereby an AS-
equivariant 1Z/Z-torsor on Y{**(A), or a 1Z/Z-torsor on the stack M (A).

We can compose the functor L with the restriction rg : Mg(A) — M’S”C (A) to get
an A-equivariant functor L#/® from Ys(A) to 1Z/Z-torsors.
Lemma 2.1 Let p € Ys(A) and a € Aut(p). Then L8 (q) = 0.

Proof By assumption, Ad,p = p, and hence, dh, o p = 0. Thatis, h, o p € H?(mg,
7./nZ). Hence, by the reciprocity law for H*(rg, Z/nZ) ([25, Theorem (8.1.17)]),
we get

Z.(hgop) =0.
By the argument of [7, p. 439], we see that there is a %Z/Z-torsor

L™ ([p])
of invariant sections for the functor L&°® depending only on the orbit [p]. This is the
set of families of elements
xp/ c Lg]()b(p/)
as p runs over [p] with the property that every morphism a : p; — p, takes x,, to
x,,. Alternatively, L™ ([p]) is the inverse limit of the L&'°(p') with respect to the
indexing category [p].
Since

H3(mg, Z/n7Z) =0

([25, Proposition (8.3.18)]), the cocycle ¢ o p is a coboundary
cop=dp (2.2)

for 3 € C*(rg, Z/nZ). This element defines a class

CS(lp)) == Z(Lis(B)D € L™ ([pD). (2.3)

A different choice 8’ will be related by

B =0+z
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for a 2-cocycle z € Z% (7, Z/nZ), which vanishes when mapped to L((p o i,)yes)
because of the reciprocity sequence

>, inv,

0 —— H*(ns, Z/n7Z) H? iz 0.

Thus, the class C S, ([p]) is independent of the choice of 3 and defines a global section
CS. € I'(Mg(A), L8Py,

Within the context of this paper, a ‘global section’ should just be interpreted as an
assignment of CS.([p]) as above for each orbit [p].

3 The Arithmetic Chern-Simons Action: The p-adic Case

Now fix a prime p and assume all primes of F' dividing p are contained in S. Fix a
compatible system ((,»), of p-power roots of unity, giving us an isomorphism

C:7Zy,=7,(1):= l(ir_n,upn.

n

In this section, we will be somewhat more careful with this isomorphism. Also, it
will be necessary to make some assumptions on the representations that are allowed.
Let A be a p-adic Lie group, e.g., GL,(Z,). Assume A is equipped with an open
homomorphism® ¢ : A — I' := Z:, and define A" to be the kernel of the composite
map
A—Z; — (Z/p"L)* =:T,.

Let
A® =N, A" = Ker(¢).

In this section, we denote by Ys(A) the continuous homomorphisms
p:ms —> A

suchthat? o pisapower x° of the p-adic cyclotomic character x of 7wy by a p-adic unit
s. (We note that s itself is allowed to vary.) Of course this condition will be satisfied
by any geometric Galois representations or natural p-adic families containing one.
As before, A acts on Yg(A) by conjugation. But in this section, we will restrict
the action to A* and use the notation Mg(A) for the corresponding action groupoid.
Similarly, we denote by Yé”“ the collections of continuous homomorphisms

For example, one may choose  to be the determinant when A = G L, (Z p)-
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ps = (py i Ty = A)yes

for which there exists a p-adic unit s such that f o p, = (x|r,)® for all v. Mls"”(A)
then denotes the action groupoid defined by the product (A®)S of the conjugation
action on the pg.

‘We now fix a continuous cohomology class

ce H (A, Z,II),
where
Zp[IM] = im Z,[1,].

n

We represent ¢ by a cocycle in Z3(A, Z,[[I"]]), which we will also denote by c.
Given p € Ys(A), we can view Z,[[I"]] as a continuous representation of g, where
the action is left multiplication via # o p. We denote this representation by Z,[[I"]],,.
The isomorphism ¢ : Z, ~ Z,(1), even though it’s not wg-equivariant, does induce
a Tg-equivariant isomorphism

G Tl = A =M ® Z,y(1).

Here, Z,[[1"]] written without the subscript refers to the action via the cyclotomic
character of mg (with s = 1 in the earlier notation). The isomorphism is defined as
follows. If f o p = x*, then we have the isomorphism

ZpllI' = Z,[[I' 11,
that sends ~y to v*. On the other hand, we also have
ZpI'l = A
that sends -y to v ® v((1). Thus, ¢, can be taken as the inverse of the first followed
by the second.
Combining these considerations, we get an element

(pop‘c=(,0cope Z3 (g, A).

Similarly, if ps := (py)ves € Yle¢, we can regard Z,[[I"]],, as a representation of m,
for each v, and we get 7,-equivariant isomorphisms

Coo 2 ZpllI']]y, = A.

We also use the notation
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G []Zoltrm,, =[] 4

ves vesS

for the isomorphism given by the product of the (,, .

It will be convenient to again denote by C ls (A) the product [, C (my, A) and
use the similar notations Z(A), Bi(A) and H{(A). The element ¢, o pic is an
element in Z3(A). We then put

H(ps, A) :=d " ({y 0 pisc)/B3(A) C C3(A)/B3(A).
This is a torsor for

H(A) ~ HHQ(WU, A).

ves

The augmentation map
a:A— Zy(1)

for each v can be used to push this out to a torsor

a,(H (ps, A))

for the group
[1#*G. 2,() ~[]%,.

ves ves

which then can be pushed out with the sum map

211z, - z,

ves

to give us a Z,-torsor

L(ps, Zp) := Xy(ax(H(ps, A))).

As before, we can turn this into a functor L(-, Z,) on MIS"C (A), taking into account
the action of (A*)5. By composing with the restriction functor

rs : Ms(A) — ME(A),

we also get a Z ,-torsor L8lob (., Z,) on Mg(A).
We now choose an element 3 € C*(rg, A) such that

dB=(,0cope Z(rs, A) = B(rs, A)

to define the p-adic Chern—Simons action
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CS.([p)) == Zua.iz(B) € L ([p], Z)).

The argument that this action is independent of 3 and equivariant is also the same as
before, giving us an element

CS. € I'(Ms(A), L8 (-, Z,)).

4 Towards Computation: The Decomposition Formula

In this section, we indicate how one might go about computing the arithmetic Chern—
Simons invariant in the unramified case with finite coefficients. That is, we assume
that we are in the setting of Sect. 1. We provide a proof of Theorem 1.1 in a slightly
generalized setting.

Let X = Spec(Or) and M a continuous representation of m = 71 (X, b) regarded
as a locally constant sheaf on X. Assume M = lim M; with M; finite representations
such that there is a finite set T of primes in O containing all primes dividing the
order of any |M;|. Let U = Spec(Op, 1), 77 = m (U, b), and 7w, = Gal(fv/Fv) for
a prime v of F'. Fix natural homomorphisms

Kt .7 — 1w and K, : T, —> 7.
We denote by pr (resp. p,) the composition of k (resp. k,) with
p € Homeg, (7, M).

Finally, we write 3, for the maximal ideal of OF corresponding to the prime v and
ry for the restriction map of cochains or cohomology classes from 7 to 7.
Denote by C (7, M) the complex defined as a mapping fiber

CX(rwr, M) := Fiber[C* (77, M) — l_[ C*(my, M)].

veT

So
Cl(r, M) = C"(r, M) x [ [ €"(my, M),

veT

and
d(a, (by)ver) = (da, (ry(a) — dby)yer)

for (a, (by)ver) € CX(mr, M). As in [10, p. 18—-19], since there are no real places in
F, there is a quasi-isomorphism

Ci(mr, M) =~ RI(X, jij*(M)),
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where j : U — X is the inclusion. But there is also an exact sequence
00— jij*(M) — M — i, i* (M) —0,

wherei : T — X is the closed immersion complementary to j. Thus, we get an exact
sequence

[T H?(ky, i*(M)) — H3(CX(mr, M)) — H*(X, M) — ] H?(k,,i*(M)),

veTl veTl
where k, := Spec(Or/,), from which we get an isomorphism
H}(U, M) := H*(C} (7, M)) ~ H (X, M),

since k, has cohomological dimension 1.
We interpret this as a statement that the cohomology of X

H3 (X, M)

can be identified with cohomology of a ‘compactification’ of U with respect to
the ‘boundary, that is, the union of the Spec(F,) for v € T. This means that a
class z € H3(X, M) is represented by (a, (b,)yer), Where a € Z3(ny, M) and b, €
C?(m,, M) in such a way that

db, = ry(a).

There is also the exact sequence

— H*(rp, M) —— [ H* (7, M) —— HC3(U, M) ——0,
veT

the last zero being H3(U, M) := H*(wr, M) = 0. We can use this to compute the
invariant of z when M = p,,. (Note that F contains u, and hence it is in fact iso-
morphic to the constant sheaf Z/nZ.) We have to lift z to a collection of classes
x, € H*(m,, ;) and then take the sum

inv(z) = Zinvu(xv).

This is independent of the choice of the x, by the reciprocity law (cf. [20, p. 541]).
The lifting process may be described as follows. The map

[1H?Gros ) — HZ(U. i)

veTl
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just takes a tuple of 2-cocycles (x,)yer to (0, (xy)yer). But by the vanishing of
H3(U, ), given z = (a, (b_ ,)yer), we can find a global cochain b € C%*(nr, L)
such that db, = a. We then put

Xy 1= b*,v - ru(b+)~

Note that (0, (x,)yer) is cohomologous to z = (a, (b— ) yer)-
As before, we start with a class ¢ € H*(A, p,) ~ H3(A, Z/nZ). Then, we get a
class
z=jop"(c) € H¥ (X, ),

where j' : H (7, u,) — H'(X, p1,) is the natural map from group cohomology to
étale cohomology (cf. [22, Theorem 5.3 of Chap. I]). Let w be a cocycle representing
p*(c) € H3(rm, p,). Let I, C , be the inertia subgroup. We now can trivialise K (w)
by first doing it over 7, /I, to which it factors. That is, the b_ ,, as above can be chosen
as cochains factoring through m,/1I,. This is possible because H3(m,/I,, it,) = 0.
The class (k% (w), (b—,,)ver) chosen in this way is independent of the choice of the
b_ . Thisisbecause H 2 (my/ Iy, p,) is also zero. The point is that the representation of
zas (K} (w), (b— y)ver) withunramified b_ , is essentially canonical. More precisely,
given K3 (W)|(x,/1,) € Z3(my/1,, ), there is a canonical

b—,v € Cz(ﬂ'v/lv, Mn)/Bz(ﬂ'v/IUv fhn)

such that db_ , = K} (w)|(,,1,)- This can then be lifted to a canonical class in

C*(Ty, tin)/ B> (7o, in).

Now we trivialise k7 (w) globally as above, that is, by the choice of b, € C%(rr, L)
such that db, = s} (w). Then (b_, — b, ,)ver Will be cocycles, where b, , :=
ry(b4), and we compute

inv(z) = D invy(boy = ba).

veT

Thus, for a given homomorphism p : m — A, it suffices to find various trivialisations
of p*(c) after restriction to 7 and to 7, forv € T.

e We are free to choose a finite set 7 of primes in a convenient way as long as 7'
contains all primes dividing n. And then, for any v € T, solve

db_ ., = p}(c) € Z*(my, fin)-

In fact, b_, comes from an element in C*(my/ 1, 1t,) by inflation, so b_ , is
unramified.
e For chosen T, solve
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db, = pi(c) € Z(mr, ),

and we set by, = r,(by) € C*(my, n)-

Then, we have the decomposition formula

CSe(lph) = Y invy([b_y — by]). ()

veT

In the case M = p,, and S = T, a finite set of primes in O containing all primes
dividing n, a simple inspection implies that

D invy(lb-y — by =Y (By) = CSellpo ks)).

veTl ves

Thus, the formula () provides a proof of Theorem 1.1. In general, b_ , and b, ,

are not cocycles but their difference is. This corresponds to the fact that ) (/3,) and
vesS

CS.([p o ks]) are not an element of %Z /7 but their difference is.
A few remarks about this method:

1. Underlying this is the fact that the compact support cohomology H? (U, 1,,) can
be computed relative to the somewhat fictitious boundary of U or as relative coho-
mology H3(X, T; j1,). Choosing the unramified local trivialisations corresponds to
this latter representation.

2. To summarise the main idea again, starting from a cocycle z € Z3(r, p,) we
have canonical unramified trivialisations at each v and a non-canonical global rami-
fied trivialisation.

The invariant of z measures the discrepancy between the unramified local trivial-
isations and a ramified global trivialisation.

The fact that the non-canonicality of the global trivialisation is unimportant fol-
lows from the reciprocity law (cf. [20, p. 541]).

3. The description above that computes the invariant by comparing the local
unramified trivialisation with the global ramified one is a precise analogue of the
so-called ‘gluing formula’ for Chern—Simons invariants when applied to p*(c) for a
representation p : m — Z/nZ and a 3-cocycle c on Z/nZ.

S Examples

In this section, we provide several explicit examples of computation of C S.([p]). We
still assume that we are in the setting of Sect. 1.
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5.1 General Strategy

To compute the arithmetic Chern—Simons invariants, we essentially use the decom-
position formula () in Sect. 4. The most difficult part in the above method is finding
an element b, € C?(nr, 1) that gives a global trivialisation.
To simplify our problem, we assume that a cocycle ¢ € Z3(A, u,) is defined by
the cup product:
c=aUe,

where a € Z'(A, 1) = Hom(A, y,,) and € € Z>(A, Z/nZ) is a cocycle represent-
ing an extension

E:0 Z/n7Z r——A 1.

We note that if we take a section o of ¢ that sends e4 to e, then
ex,y)=c(x)-0(y)-oxy) e Kerp =Z/nZ
(cf. [30, p. 183]). As discussed in Sect. 1, this assumption is vacuous if A = Z/nZ.

To find b_ , and b, , in the decomposition formula (), we first trivialise € in ,
and 77, respectively. Namely, let

dy_, =pj(e) and dvy, = pr(e).
Here, the precise choice of y_ ,, will be unimportant, except it should be unramified

and normalised so that v_ ,(e4) = 0. Hence, we will be inexplicit below about this
choice. Again, let v, , = r,(74). Then, we have

d(py () Uy_y) = —py(a) Udy_, = —p,(aUe) = —p;(c)

and
d(pr () Ury) = —pp() Udyy = —pp(aUe) = —p7 (o).

Therefore, we can find
b_y=—py(@Uv—y and by, =ry(by) = rv(—Pﬂ;"(Oé) Urg) = —pp (@) Urg v,

In summary, we get the following formula.

Theorem 5.1 For p and c as above, we have

CSelpl) := CSiey(lph) = Y _ invy(p} (@) Uthy), GRY;

veTl

where ¥, = V1., — Y- € Z'(my, Z/nZ) = H'(r,, Z/n7Z) = Hom(r,, Z/nZ).



Arithmetic Chern—Simons Theory 11 99

So, to evaluate the arithmetic Chern—Simons action, we need to study

e atrivialisation of certain pullback of a 2-cocycle ¢, and
e the local invariant of a cup product of two characters on .

In the following two subsections, we will see how this idea can be realised.

5.2 Trivialisation of a Pullback of €

As before, let € € Z>(A, Z/nZ) denote a 2-cocycle representing an extension

E: 0 Z/n7. r A 1

with a section o such that o(ey) = er.
Suppose that we have the following commutative diagram of group homomor-
phisms:

~

Ker(f) &—— A
f\l(er(f) - 7 lf %)
Z/nZ % A

Then, we can easily trivialise f*(e) € Z2 (Z , Z/nZ) using the following lemma.

Lemma 5.2 Forany g € A, let

v(g) == 0o(f(g) - fle)~".

Then, v(g) € Ker(p) = Z/nZ and dvy = f*(e) € ZZ(AV, Z./nZ). Furthermore, we
have y(ez) = 0 and (g - h) = v(g) + ~y(h) for any g, h € Ker(f).

Proof First, we note thaty(g) € Ker(y) because ¢ o o is the identity and ¢ o f = f.
By definition and the fact that Ker(¢) is in the center of I,

dy(x,y) =) vy v = () v x) -y xy) !
={o(fO) - FO Ao (f @) - FO T} {o(fGy) - Fam ™!
={o(fO) - fOM - o(f@) - FOO)™ f@) - ) - o(fay) ™!
=o(f@) {a(f O - O FO) - a(fy)™

a(f(x) - a(f) - a(fx-y)~"

@@, y).
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Therefore the first claim follows. Also, v(ez) = 0 because o (f (e5)) = o (ea) = er
and f(eA) = er. Finally, for any g € Ker(f), v(g) = —f(g) so it is a homomor-
phism because f is a homomorphism and the image of f |Ker( r)» Which is contained
in Z/nZ, is abelian.

Remark 5.3 In Diagram (x), we can take A=T, f =pand fis the identity. For
the rest of this section, we always fix such a choice.

5.3 Local Invariant Computation

In this subsection, we investigate several conditions to ensure
. 1
inv, (6 U ) #0 € ~Z/Z,
n

where ¢ € H'(my, pt,)=Hom(my, 1) and ¢ € Z'(n,, Z/nZ) = Hom(n,, Z/nZ).

Lemma 5.4 Suppose that ¢ is unramified, i.e., ¢ factors through m,/I,. Then,
invy(pUy) =0

if one of the following holds.

1. ¢ =1, the trivial character.
2. 1) is unramified.

Proof 1f ¢ = 1,then ¢ Uy =0 € H*(m,, ). Thus, inv, (¢ U 1)) = 0. Also, if 9 is
unramified, then ¢ U ) arises from H 2(m, /1, ) by inflation, which is 0. Therefore,
dU =0 e H*(m,, jtp) and the result follows.

If v does not divide n, then we can prove more.

Lemma 5.5 Assume that v does not divide n. And assume that ¢ is an unramified
generator of Hom(m,, u,), i.e., a generator of Hom(m, /1, ). Then,

inv, (¢ Uy) # 0 < v is ramified.
Proof Using a fixed primitive nth root ¢ of unity, we fix an isomorphism

n:L/nl ——

a ——

and using 7, we get natural isomorphisms
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no(=)
e - =
Hom(m,, 1Z/Z) +—— Hom(r,, Z/nZ) Hom (7, fin).
-

nto(—)

In this proof, we will regard ¢ as an element of Hom(,, %Z/Z) and ) as one of
Hom(m,, pt,) using the above isomorphisms.

If v is unramified, inv,(¢ U 1) = 0 by the above lemma. Since pu, C F,, by
the Kummer theory we can find an element a € F;' such that d(a) = ¢, where 0 :
F:/(F:)n = Hl(ﬂ—vv ,U/n) = Hom(m,, Nn) Let

ord, : F} — Z
be the normalized valuation on F that sends a uniformiser w of Op, to 1. Then,
1 is ramified <= ord,(a) #0 (mod n).

Since ¢ is an unramified’ generator, ¢(Frob) = % for some t € (Z/nZ)*, where
Frob is a lift of the Frobenius in 7, /I, to 7,. Then,

t-ord,(a)
" .

inv, (¢ U ) = invy(¢ U d(a)) = ¢(Frob”®@) =
Combining the above two results, we obtain

1 is ramified <= inv,(¢ U ) # 0

as desired.

Remark 5.6 When n = 2, the above lemmas are enough for the computation of
local invariants.
5.4 Construction of Examples

From now on, we assume that n = 2.
As a corollary of Sect.5.2, if we have the following commutative diagrams

This is where our assumption that v {  is used.
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P+

T r

P
—
and l \ lv (%)

’

3
A
1AL

then we get
Y+ = (P (M and y_, = (5 ().

Thus we can explicitly compute CS.([p]) using the previous strategy when we
are in the following situation:

Assumption 5.7

1. F is atotally imaginary field.
2. c=aUewitha: A — pup surjective, and € representing an extension

E: 0 7./27 r A 1.
3. There are Galois extensions of F:
FCF*CF"cF*

such that

e Gal(F""/F) is isomorphic to A and F""/F is unramified everywhere.

e Gal(F*/F) is isomorphic to I" and F*/F is unramified at the primes above
2.

e F“is the fixed field of the kernel of the composition

Gal(FY/F) —> A — 11,
and hence we get a commutative diagram
/ }\
7 Gal(F"/F) — Gal(F*/F) — 11,.
Suppose we are in the above assumption. Let S be the set of primes of O ramified
in F*,and S, the set of primes of O dividing 2. Then by our assumption, S N S, = ¢.

Let T = SUS,. Then, we can find a global trivialisation v of pj.(e) from the
following commutative diagram



Arithmetic Chern—Simons Theory 11 103

7,27 ~ Ker(¢) = Gal(F*+/F) —— Gal(F*/F)

Blker(o) =Ld e ¢=Id lqﬁ

—
—
—

72— I ~Gal(F*/F) — % A ~ Gal(F"/F).

For each v € T, let D(v) be the decomposition group of Gal(F*/F) at v. In other
words,
D(v) ={g € Gal(F"/F) : gv = v} >~ Gal(F,} / F,),

where v is a prime of FT lying above v. And let I (v) be the inertia subgroup of
D(v). Then, I (v) = 0 if and only if v divides 2. Thus,

Y4,y 1 unramified <= v € S,.
Since 1, := v+, — 7-.» and we always take y_ , unramified,
1, 18 unramified <= v € S.

Furthermore,
Py () is trivial <= f(D(v)) =0,

where f is the natural projection from Gal(F*/F) to Gal(F*/F). And f(D(v)) =0
exactly occurs when v splits in /. Note that p} («) is always an unramified generator
of Hom(,, p,) if it is not trivial.

Now we are ready to compute the arithmetic Chern—Simons invariants.

Theorem 5.8 Suppose we are in Assumption 5.7. Then,

r

CSe(lph = Y invu(py(@) Uh) = > mod Z,

veT

where V, = 4., — Y— and r is the number of primes in S which are inert in F°.

Proof The first equality follows from Theorem5.1. Thus, it suffices to compute
inv, (pf(a) U, for v e T. By Lemma5.4, inv, (p} () U 1,) = 0 if either p} ()
is trivial or v, is unramified. By the above discussion, p}(c) is trivial if and
only if f(D(v)) =0, ie., v splits in F*; and ¢, is unramified if and only if
v € 5. Furthermore, if p}(c) is not trivial and 1), is ramified, then by Lemma35.5,
inv, (p} (o) Upy) = % Thus the result follows.

Therefore to provide an example of calculation of the arithmetic Chern—Simons
invariants, it suffices to construct a tower of fields satisfying Assumption 5.7, which
is essentially the embedding problem in the inverse Galois theory. Instead, we will
consider the similar problems over Q, which are much easier to solve (or find from
the table). Then, we will construct a tower satisfying Assumption 5.7 from a tower
of fields over Q.
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Assumption 5.9 Suppose we have a number field L with its subfield K such that

Gal(L/Q) ~T.

d; , the (absolute) discriminant of L, is an odd integer.8
Gal(K/Q) ~ A.

Q(WD)isa quadratic subfield of K, where D is a divisor of dg .’
K /Q(+/D) is unramified at any finite primes.

RARE i

Then, we have the following.

Proposition 5.10 Let F = Q(/—|D| - t) be an imaginary quadratic field, where t
is a positive squarefree integer prime to D so that F N L = Q. Then, there is a tower
of fields F C F* C F7 satisfies Assumption 5.7. In fact, we can take

F"=KF and F*'=LF.
Proof First, it is clear that F is totally imaginary. Next, since F N L = Q
Gal(LF/F) ~Gal(L/Q) ~T" and Gal(KF/F) >~ Gal(K/Q) >~ A.

Since the discriminant of L is odd, L/K is unramified at the primes above 2, and so
is LF /K F. Finally, it suffices to show that K '/ F is unramified everywhere. Since
K /Q(+/D) is unramified everywhere, K /Q is only ramified at the primes dividing
D. (Note that the discriminant of K is odd, hence it is unramified at 2.) Moreover,
the ramification degree of any prime divisor p of D is 2, and the same is true for
F/Q. Since p is odd, K F/F is unramified at the primes above p by Abhyankar’s
lemma [5, Theorem 1], which implies our claim.

Remark 5.11 Since the ramification indices of any prime divisor p of D are 2 in
both F/Q and K /Q, we can use Abhyankar’s lemma in both directions. (Note that
our assumption implies that D is odd.) In other words, K /K is always unramified
at the primes dividing D.

The remaining part to check Assumption5.7 is the choice of F*®. Let

BZZ{FI,...,Fm}

be the set of quadratic subfields of F'". Then, there is one-to-one correspondence
between the set of surjective homomorphisms Gal(F""/F) — p, and B. Therefore

8We may consider when d, is even. Then later, it is not clear that FL/FK is unramified at the
primes above 2. Some choices of ¢ (for F') can make it ramified. Then, it is hard to determine the
value of local invariants unless 2 splits in F/F.

9Here, we always take that dg is odd because we cannot use Abhyankar’s lemma when p = 2, and
hence we may not remove ramification in the extension F K /F' at the primes above 2. In some nice
situation, we may directly prove that F(+/D)/F is unramified at the primes above 2 even though
D is even. If so, our assumption on dx can be removed.
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m = #Hom(A, ) — 1 and we can define «; : A — i so that F* = F; due to the
(chosen) isomorphism Gal(F"/F) ~ A.

Now, suppose F* = F(v/M) C F" for some divisor M of D.Let Q; = Q(v/ M)

and Q, = Q(+v/N), where N = (—|D| - )/ M. Then, we have the following commu-
tative diagram:

F® = F(vM) = F(~/'N)

/ unramN

Q) = QWM) F=QWMN) Q, = Q(/N)

\\\\\\\\Q////////

For a prime p, let g denote a prime of OF lying above p. We want to understand the
splitting behaviour of g in F°.

Lemma 5.12 Let p be an odd prime.

1.

Assume that p divides Dt. Then

g is inert in F* <= p is inert either in Q; or in Q,.

2. If pisinertin F, then g always splits in F°.
3. Assume that p splits in F. Then

g splits in F* < p splits in Q;.

Proof

1.

In this case, p is ramified in F, and p is ramified either in Q; or in Q,. Without
loss of generality, let p is ramified in Q,. Then, g is inert in F¢ if and only if p
is inert in Q; from the above commutative diagram.

Let (%) denote the Legendre symbol. If p isinertin F, then (@) = —1. Therefore
either (%) =lor (%) = 1. Without loss of generality, let (%) = 1and (%) =—1.
Then, p splits in Q; and hence there are at least two primes in F* above p. Since
g 1is the unique prime of F above p, g splits in F°.

. Since (@) = 1, either (%) = (%) =1or (M) = (%) =—1.1f (%) = —1, then

. . . 4 . .
there is only one prime in Q; above p. Thus, there are at most two primes in

F> above p. Since p already splits in F, g is inert in F'*. On the other hand, if
(%) = 1, then p splits completely in F“ because p splits completely both in Q,
and F. Thus, g splits in F°.

Let Dy, = d; /d% be the norm (to Q) of the relative discriminant of L/K . Then, L/ K
is precisely ramified at the primes dividing D, and hence
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S C {p € Spec(Or) : p | DL}

(Note that S is the set of primes in O that ramify in F*.) Let s be the number of
prime divisors of (D, D), which are inert either in Q; or in Q. Then, we have the
following.

Theorem 5.13 Assume that we have p and c as above. Then,

CS.([ph == (mod Z).

s
2
Proof First, we show that

S ={p eSpec(OF) :p | D, but ptr}.

For a prime divisor p of D; which does not divide ¢, we show that K F/K is
unramified at any primes above p, which implies that LF /K F is ramified at the
primes above p. If p does not divide D, then this is done because p is unramified
in F. On the other hand, if p divides D, K F/K is unramified at the primes above
p by Remark 5.11. Now, assume that p divides (Dy,t), and let g be a prime of
Ok lying above p. Then, g is ramified both in L/K and in K F/K. (Note that since
(t, D) = 1, K/Qis unramified at p but F/Q is ramified at p.) Therefore by the same
argument as in Remark 5.11, LF /K F is unramified at the primes above p, which
proves the above claim.

Next, by Theorem 5.8 it suffices to compute the number of primes in S which are
inert in F*. Let g € S be a prime above an odd prime p. Assume that p does not
divide D. (Then p is unramified in F.) If p is inert in F, then g always splits in F*
by Lemma 5.12.If p splitsin F and pOr = g - ', then g isinert (in F*) if and only
if o’ is inert. Therefore to compute the invariant, the contribution from such split
primes can be ignored. So, we may assume that p divides D. Then, there is exactly
one (ramified) prime g in Of above p, and our claim follows from Lemma5.12.

We remark that the computation of s is completely easy because Q;/Q and Q,/Q
are just quadratic fields. And this also illustrates that we only need information on
the primes dividing (D, D) for the computation.

5.5 Case I1: Cyclic Group

Let A =7Z/27Z,and I' = 7Z/4Z. Then, we can easily find Galois extensions L/K /Q
in Assumption 5.9 by the theory of cyclotomic fields.

Let p be a prime congruent to 1 modulo 4. Then, we can take L as the degree 4
subfield of Q(y,), and K = Q(,/p). Moreover, d; = pPanddg = p.

Let F = Q(y/—p - 1), where ¢ is a positive squarefree integer prime to p. (Then,
FNL=Q)
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Proposition 5.14 Let p and ¢ be chosen so that F® = F* = FK and F* = FL.

Then,

1
CS.lph = 5 = (%) _ 1

Proof By Theorem 5.13, it suffices to check whether p is inert in Q(4/—t). If it is
inert, then CS.([p]) = %, and O otherwise. Since p = 1 (mod 4), the result follows.

5.6 Case 2: Non-cyclic Abelian Group

Let A = Vy 1= Z/27 x 7Z/2Z, the Klein four group, and I" = Qg = Q, the quater-
nion group. To find Galois extensions L/K/Q in Assumption 5.9, we first study
quaternion extensions of QQ in general.

Proposition 5.15 Let L/Q be a Galois extension whose Galois group is isomorphic
to Q. Suppose that dy, is odd. Let K be a subfield of L with Gal(L/K) ~ 7Z/27. Then,

1. K = Q(/d1, /d>) for some positive squarefree d, and d».
2. dl = d2 =1 (mod 4)
3. Let p be a prime divisor of did,. Then, p divides Dy := dL/dIZ(.

Proof Since K is asubfield of L, dk is also odd. And since Q has aunique subgroup of
order 2, which is normal, K /Q is Galois and Gal(K /Q) =~ Z /27 x 7Z/27. Therefore
K = Q(J/dy, v/d), where d; and d, are products of prime discriminants. If L is
totally real, then K must be totally real as well. If L is not totally real, then the
complex conjugation generates a subgroup of Gal(L/Q) of order 2. Since Q has a
unique subgroup of order 2, K must be a fixed field of the complex conjugation, which
implies that K is totally real. So, d; and d, can be taken as positive squarefree integers.
Moreover, since they are products of prime discriminants and odd, d, =d, = 1
(mod 4).

Finally, let p be a prime divisor of d;, which does not divide d,. Note that
Q(/d)) C K C L and L/Q(+/d)) is a cyclic extension of degree 4. Since p does
not divide d», Q(/d>)/Q is unramified at p and hence K /Q(+/d>) is ramified at the
primes dividing p. By [19, Corollary 3], L/K is ramified at the primes above p and
hence p divides D . By the same argument, the claim follows when p is a divisor
of d,, which does not divide d;. Let p be a prime divisor of (d;, d,). Then, since

K = QWdi, Vdy) = QW/dy, Vdidy) = Q(V/dy, \/48) and p does notdivide £,

p
the result follows by the same argument as above.

Now, let d; and d, be two squarefree positive integers such that

e d =d,=1 (mod 4).
o (dy,dpr) =110

10Thjs is not a vacuous condition. In fact, there is a Q-extension L containing Q(+/21, 4/33) [35].
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Let K = Q(/dy, v/d>). Suppose that there is a number field L such that

e L/Q is Galois and Gal(L/Q) ~ Q.
e L contains K and the discriminant d; of L is odd.

Let F = Q(/—d d; - t), where t is a positive squarefree integer prime to d;d. Then
L N F = Q because all quadratic subfields of L are contained in K, which is totally
real. Since Hom(A, u,) is of order 4, there are three quadratic subfield of F K over

F:
Fi = F(d)), F = F(/dy),and F; := F(\/didy) = F(v/=1).

Proposition 5.16 Let p and c; = «; U € be chosen so that F* = F;, F*" = FK and
Ft = FL. Then,

CS.,([p]) = % =1T] <_d2't> <[] (d_l) -1

iy NP pld NP
1 d —d -t
CSup) =5 = [[(Z) < [[(——)=-1
2 p p
pld pldy

1 —
CSuloh =5 = ] (i) _—
pldidy

Proof By the above lemma and Theorem 5.13, it suffices to compute the number of
prime divisors of dyd,, which are inert in Q; or in Q.

First, compute CS, ([p]). In this case, Q; = Q(+/d)) and Q; = Q(v/—d, - 1). If

p is a divisor of d, it is inert in QQ, if and only if

()

Therefore, the number of such prime divisors of d; is odd if and only if

(%)

pldi p

Similarly, the number of prime divisors of d,, which are inert in Qy, is odd if and

only if
1_[ (d_1> =—1

plas NP

Thus, we have

1 —d, - d
es.oh =5 = TT(Z2) < 1(%) = -1
P plda

pld, p
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The remaining two cases can easily be done by the same method as above.

We can find Galois extensions L/ K /Q satisfying the above assumptions from the
database. Here, we take L /K /Q from the LMFDB [36] as follows. Let

g(x) = x8 — x7 +98x% — 105x7 + 3191x* + 1665x> + 44072x? + 47933x + 328171

be an irreducible polynomial over @, and § be a root of g(x). Let
L=0Q) and K = Q+/5,29).

So, d; = 5 and dy = 29. Moreover, D; = 3% - 52 . 292,
Let F = Q(+/—5-29 - r), where ¢ is a positive squarefree integer prime to 5 - 29.

Corollary 5.17 Let p and c; = o; U € be chosen as above. Then,

CSo(lpD) = ~ = <5> C lesi=42 (mod5).

[\

5

p—

t

cs ([]_1 t _ t
=3 = (5)=-)

Now, we provide another example. Let L/ K /Q from the the LMFDB [37] as follows.
Let

[\

g(x) = x® — x7 — 34x% + 29x° 4+ 361x* — 305x> — 1090x2 + 1345x — 395
be an irreducible polynomial over @, and § be a root of g(x). Let
L=Q() and K = Q(/5,21).

So, d; = 5 and dy = 21. Moreover, D; = 3% - 5% .72
Let F = Q(+/—105 - 1), where ¢ is a positive squarefree integer prime to 105.
Corollary 5.18 Let p and c; = o; U € be chosen as above. Then,

CS. ([pD) = % — <%> =—-1&t=12 (mod)>5).

1 t t
CS.,([pD = 5 — <§) = —<§> < 2,8,10,11,13,19 (mod 21).

Cs, _ ! Y (R (5 =

Now, we take A = Vy, but I' = Dy, the dihedral group of order 8. We found L/ K /Q
from the LMFDB [38] as follows. Let
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g(x)=x8—3x7+4x6—3x5+3x4—3x3+4x2—3x+l

be an irreducible polynomial over QQ, and 3 be a root of g(x). Let
L=Q() and K =QW-3,v-T7).

If we take D = 21, then this choice satisfies Assumption 5.9. Moreover, d;, = 36.74
and dg = 3% 7%

Let F = Q(+~/—21-1), where ¢ is a positive squarefree integer prime to 21.
(Then, F N L = Q because all imaginary quadratic subfields of L are Q(+/—3) and
Q(+v/=7).) Since Hom(A, 11») is of order 4, there are three quadratic subfield of F K
over F:

Fi = F(W=3), F, := F(~=7),and F; := F(~/21).

Proposition 5.19 Let pand c; = o; U € be chosen so that F* = F;, F*" = FK and
F* = FL. Then,

CS., ([pD) = % — (%) =—-1l¢<=t=2 (mod3).
CS.,([pD) = % forallt.
CS.,([pD) = % = (%) =l<t=1 (mod3).

Proof Since D; = 32, the result follows from Theorem 5.13.

5.7 Case 3: Non-abelian Group

Let A =S,, the symmetric group of degree 4. Then, H'(A, u) >~ Z/27 and
H?(A,7Z/27) ~ 7./]27 x 7.J27. Thus, there is a unique surjective map « : A —» 1o
and three non-trivial central extensions I'; of A by Z/27Z:

o I} =278, >~ GL(2, F3), the general linear group of degree 2 over 5.
o [ =275, the transitive group ‘16765’ in [33].
o I3 = 2%S, corresponding to the cup product of the signature with itself.

Let ¢; be a cocycle representing the extension

0 7/2Z r A=5S ——0.

In this subsection, we will consider the first two cases. There are another descriptions
of the groups I and I. Let



Arithmetic Chern—Simons Theory 11 111
E:1——SLQ2,F3) —— ' ——F; ~Z/2Z ——0.

If € splits, then I" >~ I, otherwise I" =~ 1.

Letc = aUe€;.(So, I" = I1.)Suppose Q C QD) C K C Lisatoweroffields
satisfying Assumption 5.9. Let F = Q(./—|D] - ), where ¢ is a squarefree integer
prime to D and greater than 1. Then, FNL = F N (@(\/5) = Q. (The first equality
holds because I" has a unique subgroup of order 24.)

Proposition 5.20 Let p and ¢ be chosen so that F* = F(/D), F* = FK and
FT = FL. Then,

CS.(pD) = 0.

Proof Since the extension

€:1——SL(Q2,F3) — GL(Q2,F3) —— F} ~ Z/2Z — 0

splits, Gal(L/Q) ~ Gal(L/Q(v/D)) x Gal(Q(+/D)/Q).

Let p be a prime divisor of (D, D). By our assumption, p is odd. Let I, be
an inertia subgroup of Gal(L/Q) ~ I' = GL(2, ;). Since L/K and Q(D)/Q are
ramified at p but K /Q(+/D) is not, the ramification index of p in L/Q is 4, and
I, = 7/27 x 7./27.

On the other hand, since p is odd, L /Q is tamely ramified at p and hence /,, must
be cyclic, which is a contradiction. Therefore (D, D) = 1 and hence the result
follows by Theorem 5.13.

We can find several examples of such towers from the LMFDB. Let

g1(x) = x¥ —4x7 4+ 7x% + 7x% — 51x* +50x° + 61x% — 107x — 83

gz(x)=x4—x—1

be irreducible polynomials over Q [39, 40], and let L (resp. K ') be the the splitting field
of g1 (x) (resp. g2(x)). Then, Gal(L/Q) ~ GL(2, F3) and Gal(K /Q) >~ S4. More-
over, d; = 3%*-283%* and dx = 283'%. Thus, D = —283 satisfies Assumption 5.9.
Note that since the discriminant D of g,(x) is squarefree, K/ Q(\/B) is unramified
everywhere (cf. [12, p. 1]).

Let F = Q(+/—283 - t), where ¢ is a squarefree integer prime to 283, and ¢ > 1.

Corollary 5.21 Let p and ¢ be chosen so that F* = F(/—283), F" = FK and
FT = FL. Then,

CSe([pD) = 0.
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Now, we consider another case. Let c = a U €. (So, I" = I3.) Let L be the splitting
field of

F) = x4+ 5515 —790x'* — 4654x 13 + 234254x'2 + 1612152x ! — 33235504x 10
— 263221982x° + 2331584048x® + 21321377994x” — 74566280958x° — 825209618478x°
+922238608476x* + 13790070608536x> — 6704968288135x> — 80794234036917x + 87192014930816.

Let K be the splitting field of
g(x) =x*—x* —4x* +x +2.

Then, Gal(L/Q) >~ I' = I'; and Gal(K /Q) >~ S; = A." (See [33, 34].)
Lemma 5.22 We have the following.

1. K/Q(\/2777) is unramified everywhere.

2. Q(/2777) is a unique quadratic subfield of L.

3. QW2777) C K C L.

4. Dy is a multiple of 2777, i.e., L/K is ramified at the primes above 2777.

Proof For simplicity, let E := Q(+/2777) and p = 2777.

1. Since S4 has a unique subgroup of order 12, K has a unique quadratic subfield
K’. Since the discriminant of g(x) is p, a prime, K’ = E and K /E is unramified
everywhere (cf. [12, p. 1]).

2. Let §; be the roots of f(x). Then, L = U Q(5;). Since the discriminant of the
field Q[x]1/(f(x)) is p'?, Q(B;) contains E, and so does L. On the other hand,
since I" has also a unique subgroup of order 24, E is a unique quadratic subfield
of L.

3. Since

f(x) = (x +1372)% - (x +179D)* - (x + 1822)* - (x +2653)* (mod p),

the ramification index of p in Q(3;)/Q is 4. Since L = U Q(3;) and p is odd,
the ramification index of p in L/Q is 4 by Abhyankar’s lemma. Since L/Q is
tamely ramified at p, the inertia subgroup 7, of Gal(L/Q) =~ I is cyclic of order
4. Since I" has a unique subgroup C of order 2, I, contains C. Thus, L/M is
ramified at the primes above p, where M is the fixed field of C in L. Since E/Q
is also ramified at p, M/ E is unramified at the primes above p, and hence M/E
is unramified everywhere.

"' This example is provided us by Dr. Kwang—Seob Kim.
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> ramified only at the primes above p
unique Ss-subextension

L
M
> unramified everywhere A4-extension

unique quadratic subextension — E
‘ > ramified only at p

Q

Now, it suffices to show that K = M.Let N = K N M. Then, since K and M are
Galois over E, so is N. Also since the normal subgroups of Gal(K /E) ~ A4 =~
Gal(M/E) are either {1}, V4 or Ay,

Gal(N/E) ~ either {1}, Z/3Z or As.

Note that the class group of E is Z/37Z. Let H be the Hilbert class field of E.

Then, the class group of H is Vy. (This can easily be checked because the degree of

H/Qissmall.) If Gal(N/E) >~ {1}, then E has two different degree 3 unramified

extensions given by K ¥* and M "*, which is a contradiction. If Gal(N / E) ~ Z/37,

then N = H and N has two different unramified V, extensions K and M, which

is a contradiction. Thus, Gal(N/E) >~ A4 and hence K = N = M, as desired.
4. This is proved in (3).

Thus, we can take D = 2777. Let F = Q(+/—2777 - t) for a positive squarefree
integer ¢ prime to 2777. Then, F N L = Q because L has a unique quadratic subfield
Q(+/2777), which is real.

Proposition 5.23 Letr p and ¢ be chosen so that F* = F (WD), F" = FK and
F*™ = FL. Then,

1 —t1 1t
CSc([pD) = 5 — <ﬁ> = (ﬁ) =

Proof Since (D, D) =2777 and F* = F(\/B) = F(4/—t), the result follows
from Theorem 5.13.

Remark 5.24 Even inthe non-abelian case, we have infinite family of non-vanishing
arithmetic Chern—Simons invariants!

6 Application

In this section, we give a simple arithmetic application of our computation. Namely,
we show non-solvability of a certain case of the embedding problem based on our
examples of non-vanishing arithmetic Chern—Simons invariants.



114 H.-J. Chung et al.

For an odd prime p, let p* = (—1)%4p. Let

s t
dy=[]pr and dy=]]aq;.
i=1 j=1

where p;, g; are distinct odd prime numbers, and d, d, > 0. Let

()11 o)1)

I<j<t I<i<s

Let
Aldy.d) = [] A and A(dr.dy):= [] B;.

I<i<s I<j<t

Lemma 6.1 A(d,d>) = A(d,, dy).

Proof Note that A(d, d2) = [i<i<s (;’—’) Since d; is positive, the number of prime
I<j=<t
divisors of d; which are congruent to 3 modulo 4 is even. And the same is true for

d,. Thus by the quadratic reciprocity law,

v=IG) =11 E)

I<j<t
By taking product for all 1 <i < s, we get the result.

Recall that Q denotes the quaternion group.

Proposition 6.2 Let K = Q(/d1, ~/d). If A(dy, dy) = —1, then there cannot exist
a number field L with odd discriminant, such that Gal(L/Q) ~ Qand K C L.

A referee of an earlier version of this paper has pointed out that this result can also be
obtained using the theorem'? of Witt in [31, p. 244] (or (7.7) on [8, p. 106]). (In our
situation, if such a field L exists, the theorem implies A(d;, d») = 1, which gives us a
contradiction.) So this proposition should be viewed as a new perspective rather than
anew result. In fact, Propositions 6.2 and 6.4 deal with a class of embedding problems
wherein the existence of an unramified extension forces a Chern—Simons invariant
to be zero. The outline of proof together with the explicit formulas for computing the
Chern—Simons invariant should make clear that even the simplest Z/27Z-valued case
is likely to have a non-trivial range of applications. We consider the point of view
presented here as a simple and rough analogue of the classical theorem of Herbrand,
whereby the existence of certain unramified extensions of cyclotomic fields forces

12K extends to a quaternion extension if and only if the Hilbert symbols (dy, d») and (d1da, —1)
agree in the Brauer group.
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some L-values to be congruent to zero ([29, Sect.6.3]). In future papers, we hope
to discuss this analogy in greater detail and investigate the possibility of ‘converse
Herbrand’ type results in the spirit of Ribet’s theorem [27].

Proof Suppose that there does exist such a field L/Q satisfying all the given prop-
erties above. Choose a prime £ such that

e ¢ does not divide dd>.
e /=3 (mod 4).
o (5) =Aiand (35) = B; foralli and j.

In fact, £ = a (mod 4d,d,) for some a with (a, 4d;d,) = 1, and hence there are

infinitely many such primes by Dirichlet’s theorem.
Now let d3 := €* = —£. And let F = Q(+/d d>d3). Then by direct computation
using the quadratic reciprocity law, we get

(7)= IL ) IL(2) = LG L (5) = o0

1<i<s 1<j<t 1<i<s 1<j<t qj

Thus by the above lemma, we get

Furthermore, for all i and j

dod dsd
(2)=A,.2=1 and <2>=BJ2.=1.
Di 4q;

Therefore by [19, Theorem 1], there is a Galois extension M /Q such that M/F is
unramified everywhere, and Gal(M/F) ~ Q. Furthermore K F = F(J/d,, /d) is
the unique subfield of M with Gal(M /K F) ~ Z/2Z.

Let A=V, and let ¢; = o; Ue, where a; € H'(A, 115) and € € Z%(A, Z7.]27)
represents the extension Q. Since M/F is an unramified Q-extension, [e] =0 €
H?(rm,7/27), where m = m(Spec(Or), b) as before. Thus, [c;] =0 € H>(X, 1)
for all i. This implies that CS,, ([p]) = O for all i, where p € Hom(w, A) factors
through

T — Gal(KF/F) ~ A.

Take o so that F*' = F(+/d). Since

IT(F22) T (%)= T 5= o = 3.0 =

1<i<s pi 1<j<t qj 1<j<t

by assumption, we get
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Table 1 Some biquadratic fields and quaternionic extensions

d; d> A 3L? d; dy A 3L? d; dy A 3L?
5 13 —1 No 13 17 1 Yes 17 21 1 Yes
[44] [48]
17 -1 No 13 21 -1 No 17 29 -1 No
21 1 Yes 13 |29 1 Yes 17 33 1 Yes
[37] [45] [49]
5 29 1 Yes 13 33 -1 No 17 37 -1 No
[41]
33 -1 No 13 37 -1 No 17 41 -1 No
37 -1 No 13 41 -1 No 17 53 1 Yes
[50]
5 41 1 Yes 13 53 1 Yes 17 57 -1 No
[42] [46]
53 -1 No 13 57 -1 No 17 61 -1 No
57 -1 No 13 61 1 Yes 17 65 -1 No
[47]
5 61 1 Yes 13 69 1 No 17 69 1 Yes
[43] [51]

1
CS., (oD = 5

by Proposition 5.16, which is a contradiction. Thus, there cannot exist such L.

Remark 6.3 For the explicit construction of quaternion extensions L of Q, see [9]
or [28, Theorem 4.5].

In the LMFDB, you can search for Q-extensions L over Q with odd discriminants. We
make a table for readers, which verifies our theorem numerically. Here A = A(d;, d5)
(Table 1).

When d; =13 and d; = 3-23 = 69, there cannot exist such L even though
A(dy, dp) = 1. This follows from the following proposition which is already known
to experts (e.g. [28]). For the sake of readers, we provide a complete proof as well.

Proposition 6.4 Let K = Q(\/dy, /d>) as above. Let p be a prime divisor of d;,
which is congruent to 3 modulo 4. If (%) = 1, then there cannot exist a number

field L such that Gal(L/Q) ~ Qand K C L.

Proof Let p be a prime divisor of d,, which is congruent to 3 modulo 4. Suppose
that (%) = 1 and there exists such a field L. Then by the same argument as in
Proposition 5.15, the ramification index of p in L/Qis 4. Let O = Z[+/d;] be the ring
of integers of Q(+/d;). Then, since (%‘) =1, pO = p - p’ for two different maximal
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ideals g and g’. Thus, D(p) = I(p) >~ Z/4Z, where D(p) (resp. 1(p)) is the
decomposition group (resp. inertia group) of g in Gal(L/Q) =~ Q. Since O, >~ Z,,,
the D(p) = I (p) =~ Z/4Z canberegardedasaquotienton;,< ~Z/(p— DL x Z,.
Because p — 1 =2 (mod 4), this is a contradiction and hence the result follows.
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7 Appendix 1: Conjugation on Group Cochains

‘We compute cohomology of a topological group G with coefficients in a topological
abelian group M with continuous G-action using the complex whose component of
degree i is C'(G, M), the continuous maps from G’ to M. The differential

d:C(G, M) — C*Y(G, M)

is given by
df (g1, 82, .-+, &+1) = 81 f (g2, -, &i+1)
i
+Zf(gls o 8k QR84 8kt -5 i) + (DT f (g1, g0, 80)
k=1
We denote by

B(G, M) Cc ZI(G, M) c C'(G, M)

the images and the kernels of the differentials, the coboundaries and the cocycles,
respectively. The cohomology is then defined as

H (G, M) :=Z'(G, M)/B (G, M).
There is a natural right action of G on the cochains given by

a:cr ¢ :=al'coAd,,
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where Ad, refers to the conjugation action of @ on G'.
Lemma 7.1 The G action on cochains commutes with d:
d(c®) = (dc)
foralla € G.

Proof If c € C'(G, M), then

d(c)(g1, 82 -+, &i+1) = 810" '¢(Ady(82), - . ., Ady(gis1))

i
+> ae(Ada(D), .. Ada(8k—1), Ada(81)Ada(8rr 1), Ada(8k42). - » Ada(giy1))
k=1

+(=D"Mae(Ady(g1), Adu(g2), - - -, Adu(gi)
=a'Ad,(g1)c(Ad,(g2), - - ., Ady(git1))

+3 a7 e(Ada(gD), - Ada(gk1), Ada(80Ada(Zict 1), Ada(Zk12), - -» Ada(gi41)
k=1

+H(=D™Ma e(Adu(81), Ada(g2); - -, Ada(g0))
= a ' (do)(Adu(g1), Adu(g2); - - -, Ada(git1)
= (dc)* (81,82, -+, &i+1)-
We also use the notation (g1, g2, ..., &) := Ad,(g1, &2, - . ., &) [t is well-known
that this action is trivial on cohomology. We wish to show the construction of explicit
h, with the property that
¢ =c+dh,

for cocycles of degree 1, 2, and 3. The first two are relatively straightforward, but
degree 3 is somewhat delicate. In degree 1, first note that c(e) = c(ee) = c(e) +
ec(e) = c(e) + c(e),sothatc(e) = 0.Next,0 = c(e) = c(gg™") = c(g) + gc(g™h),
and hence, c(g~') = —g~'c(g). Therefore,
claga™") = c(a) + ac(ga™") = c(a) + ac(g) + age(a™") = c(a) + ac(g) — aga™ ' c(a).

From this, we get
c(g) = c(g) +a'c(a) — ga~'c(a).
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That is,
¢ =c+dh,

for the zero cochain 4,(g) = a~'c(a).
Lemma 7.2 For each c € Z'(G, M) and a € G, we can associate an
hi~'[c]l e C'N(G, M)/B'™(G, M)

in such a way that A
(1) ¢*—c=dh '[c];

@) h'el = (el + hy el

Proof This is clear for i = 0 and we have shown above the construction of hg[c] for
ceZ(G, M) satisfying (1). Let us check the condition (2):

hl,[cl(g) = (ab) 'c(ab)
= b~ a7 (c(a) + ac(b)) = b hOlel(Ady(9)) + hlcl(g) = (hIeD? (o) + M)lcl(g).

We prove the statement using induction on i, which we now assume to be > 2. For
amodule M, we have the exact sequence

0—>M— C'(G,M)—> N — 0,
where C!(G, M) has the right regular action of G and N = C'(G, M)/ M. Here,
we give C!'(G, M) the topology of pointwise convergence. There is a canonical
linear splitting s : N — C'(G, M) with image the group of functions f such that
f(e) =0, using which we topologise N. According to [24, Proof of 2.5], the G-
module C' (G, M) is acyclic,13 that is,
H (G, C' (G, M) =0
for i > 0. Therefore, given a cocycle ¢ € Z/(G, M), there is an

F e C'1(G, CY(G, M))

such that its image f € C'~!'(G, N) is a cocycle and d F = c. Hence, d(F* — F) =
¢ — c. Also, by induction, there is a k, € C'~2(G, N) such that f* — f = dk, and

13The notation there for C'(G, M) is F(g)(G , M). One difference is that Mostow uses the complex
E*(G, M) of equivariant homogeneous cochains in the definition of cohomology. However, the
isomorphism E" — C” that sends f(go, g1,.-.,8n) to f(1, 81,8182, ...,8182 - &) identifies
the two definitions. This is the usual comparison map one uses for discrete groups, which clearly
preserves continuity.
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kap, = (ky)? + ky, + di forsomel € C'=3(G, N) (zeroifi = 2).Let K, = s o k, and
put
h,=F—F —dK,.

Then the image of 4, in N is zero, so h, takes values in M, and dh, = c¢* — c. Now
we check property (2). Note that

Kupy =s0kay =50 (ky)” +so0k,+sodl.

But s o (k,)? — (s 0 k,)? and s o dI — d(s o I) both have image in M. Hence, K, =
K? + K, + d(s o) + m for some cochain m € C'=2(G, M). From this, we deduce

dK. = (dK,)" + dK), + dm,
from which we get

hap = F — F —dKgp = (FY? — FP + FP — F — (dK,)? — dKj, — dm = (ha)? + hp + dm.

8 Appendix 2: Conjugation Action on Group Cochains:
Categorical Approach

In this section, an alternative and conceptual proof of Lemma 7.2 is outlined.
Although not strictly necessary for the purposes of this paper, we believe that a
functorial theory of secondary classes in group cohomology will be important in
future developments. This point has also been emphasised to M.K. by Lawrence
Breen. More details and elaborations will follow in a forthcoming publication by
B.N.

8.1 Notation

In what follows G is a group and M is a left G-module. The action is denoted by “m.
The left conjugation action of @ € G on G is denoted Ad, (x) = axa~'. We have an
induced right action on n-cochains f G" — M given by

@ = (f(Ad, g)).

Here, g € G" is an n-chain, and Ad, g is defined componentwise.
In what follows, [n] stands for the ordered set {0, 1, ..., n}, viewed as a category.
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8.2 Idea

The above action on cochains respects the differential, hence passes to cohomology.
It is well known that the induced action on cohomology is trivial. That is, given
an n-cocycle f and any element a € G, the difference f¢ — f is a coboundary.
In this appendix we explain how to construct an (n — 1)-cochain A, ; such that
d(hg ) = f — f. The construction, presumably well known, uses standard ideas
from simplicial homotopy theory [26, Sect. 1]. The general case of this construction,
as well as the missing proofs of some of the statements in this appendix will appear
in a separate article.

Let G denote the one-object category (in fact, groupoid) with morphisms G. For
an element a € G, we have an action of a on § which, by abuse of notation, we will
denote again by Ad, : § — G; it fixes the unique object and acts on morphisms by
conjugation by a.

The main point in the construction of the cochain 1, f is that there is a “homotopy”
(more precisely, a natural transformation) H, from the identity functor id: § — §
to Ad, : § — G. The homotopy between id and Ad, is given by the functor H, :
G x [1] — G defined by

H,lo =id, H,|y = Ad,, and H,(1) = a_l‘

It is useful to visualise the category G x [1] as

0,0

0——1.

8.3 Cohomology of Categories

We will use multiplicative notation for morphisms in a category, namely, the com-
position of g: x — y with h: y — z is denoted gh: x — z.

Let C be a small category and M a left C-module, that is, a functor M : C°° — Ab,
X — M,, to the category of abelian groups (or your favorite linear category). Note
that when G is as above, this is nothing but a left G-module in the usual sense. For
an arrow g: x — y in €, we denote the induced map M, — M, by m > &m.

Let G denote the set of all n-tuples g of composable arrows in C,

81 2 8n
g =0 — 0 — .- — e

We refer to such a g as an n-cell in C; this is the same thing as a functor [n] — C,
which we will denote, by abuse of notation, again by g.
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An n-chain in C is an element in the free abelian group C,(C, Z) generated by
the set C"! of n-cells. For an n-cell g as above, we let sg € Ob € denote the source
of g;.

By an n-cochain on C with values in M we mean a map f that assigns to any
n-cellg € C" an element in M. Note that, by linear extension, we can evaluate f
on any n-chain in which all n-cells share a common source point.

The n-cochains form an abelian group C"(C, M). The cohomology groups
H"(C, M), n > 0, are defined using the cohomology complex C*(C, M):

0-ce.mSce .. b oe s orie s ...

where the differential
d: C"(C, M) — C" (e, M)

is defined by

Af (81, 82+ 8nt ) =5 (F (@2 s g 1))+ D (=1 (81 &i8id 1 -+ s 8nt1)

1<i<n

+ (D" f (g1, g2, gn).

A left G-module M in the usual sense gives rise to a left module on G, which we
denote again by M. We sometimes denote C*(G, M) by C*(G, M). Note that the
corresponding cohomology groups coincide with the group cohomology H” (G, M).
The cohomology complex C*(C, M) and the cohomology groups H" (C, M) are
functorial in M. They are also functorial in C in the following sense. A functor ¢ :
D — € gives rise to a D-module *M := M o ¢ D — Ab. We have a map of

complexes
©*: C*(C, M) —» C*(D, p*M), (8.1)

which gives rise to the maps
©*: H'(C, M) - H"(D, ¢*M)

on cohomology, for all n > 0.

8.4 Definition of the Cochains h,_

The flexibility we gain by working with chains on general categories allows us to
import standard ideas from topology to this setting. The following definition of the
cochains £, ; is an imitation of a well known construction in topology.

Let f € C"*'(G, M) be an (n + 1)-cochain, and a € G an element. Let H, : G x
[1] — G be the corresponding natural transformation. We define 4, r € C"(G, M)
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by
ha r(8) = f(Ha(g x [1])).

Here, g € " is an n-cell in G, so g x [1] is an (n + 1)-chain in G x [1], namely,
the cylinder over g.

To be more precise, we are using the notation g x [1] for the image of the funda-
mental class of [r] x [1]in § x [1] under the functor g x [1] [n] x [1] = G x [1].
We visualize [n] x [1] as

0,1 — 1,1) = -+ = (n, 1)

T T T

0,00 — 1,00 — -+ — (n,0)
Its fundamental class is the alternating sum of the (n + 1)-cells

1) — = (1)

;

(070) — (r90)
in [n] x [1], for 0 < r < n. Therefore,

hay@® = Y (=1 f(g1,... 8 a " Adagrin, .., Adagr).  (82)

0<r<n

The following proposition can be proved using a variant of Stokes’ formula for
cochains.

Proposition 8.1 The gradedmap h_ ,: C*tY(G, M) — C*(G, M) is a chain homo-
topy between the chain maps

id, (—)*: C*(G, M) — C*(G, M).

That is,
ha,df +d(haf) = fa - f

forevery (n + 1)-cochain f. In particular, if f is an (n + 1)-cocycle, thend(h, ) =
fe=1r.
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8.5 Composing Natural Transformations

Given an (n + 1)-cochain f, and elements a,b € G, we can construct three n-
cochains: h, ¢, hy r and hyp r. A natural question to ask is whether these three
cochains satisfy a cocycle condition. It turns out that the answer is yes, but only
up to a coboundary dh, p, r. Below we explain how £, ;s is constructed. In fact, we
construct cochains /4, .. 4., for any k elements a; € G, 1 <i < k, and study their
relationship.

Let f € C"t*(G, M) be an (n + k)-cochain. Let a = (ay, ..., a;) € G**. Con-
sider the category G x [k],

0 1

L Lk—1

to

Let H, : G x [k] = G be the functor such that ¢; — a,j_li and H,ljo = idg. (So,
Hal{k—i} = Ad¢1i+1~~~ak-) Define ]’laqf (S Cn(G, M) by

ha r(8) = f(Ha(g x [k])). (8.3)

Here, g € € is an n-cell in G, so g x [k] is an (n + k)-chain in G x [k].

To be more precise, we are using the notation g x [k] for the image of the funda-
mental class of [n] x [k] in G x [k] under the functor g x [k] [n] x [k] = G x [k].
We visualize [n] x [k] as

©,k) — (1,k) — -+ — (n,k)
T T T
T 1 T

0, 1) — (1,1) — -+ — (1, 1)

T T T

0,00 — (1,O) — -+ — (n,0)

Its fundamental class is the (n + k)-chain

> _(=D’IP,

P

where P runs over (length n 4 k) paths starting from (0, 0) and ending in (n, k).
Note that such paths correspond to (k, n) shuffles; | P| stands for the parity of the
shuffle (which is the same as the number of squares above the path in the n x k grid).
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The most economical way to describe the relations between various A, ¢ is in
terms of the cohomology complex of the right module

M?* := Hom (C*(G, M), C*(G, M)).

Here, Hom stands for the enriched hom in the category of chain complexes, and
the right action of G on M* is induced from the right action f — f“ of G on the
C*(G, M) sitting on the right. The differential on M* is defined by

dipe () = (=)™ o der(.my — deG.m) 0 U,

where |u| is the degree of the homogeneous u € C*(G, M).
Note that, for every a € G*k, we have ha, s € M. This defines a k-cochain on
G of degree —k with values in M*,

A a > ha_, a€ G**,

We set /=1 := 0. Note that 2© is the element in M corresponding to the identity
map id: C*(G, M) — C*(G, M).

The relations between various 4, r can be packaged in a simple differential rela-
tion. As in the case k = 0 discussed in Proposition 8.1, this proposition can be proved
using a variant of Stokes’ formula for cochains.

Proposition 8.2 For every k > —1, we have dy (h*™D) = d(h®).

In the above formula, the term dy. (h**1) means that we apply dy. to the values
(in M*) of the cochain 2%+ The differential on the right hand side of the formula
is the differential of the cohomology complex C*(G, M*) of the (graded) right G-
module M.

More explicitly, let f € C"**(G, M) be an (n + k)-cochain. Then, Proposition
8.2 states that, for every a € G***1_ we have the following equality of n-cochains:

(_1)(k+1)ha1....,ak+1,df _dhal ..... a1, f — haz ----- aks1, f +
lzk(_l)lhal ~~~~~ aiaist, i, f T
<i<

(=D o -

Corollary 8.3 Let f € C"K(G, M) be an (n + k)-cocycle. Then, for every a €
G** D the n-cochain

1<i<k

is a coboundary. In fact, it is the coboundary of —hg, ...a.,,,f-

Example 8.4 Let us examine Corollary 8.3 for small values of k.



126 H.-J. Chung et al.
(i) For k = 0, the statement is that, for every cocycle f, f — f¢ is a coboundary.

In fact, it is the coboundary of — s ,. We have already seen this in Proposition
8.1.

(i) For k = 1, the statement is that, for every cocycle f, the cochain

hp,f — hap,y + hZf

is a coboundary. In fact, it is the coboundary of —h, p, f.

8.6 Explicit Formula for h,,, ... 4, f

Let f: G*"*% — Mbean (n + k)-cochain,anda := (a;, as, ..., ax) € G**.Then,
by Eq.(8.3), the effect of the n-cochain A, 4. r on an n-tuple x := (xo, x1, ..
Xn—1) € G*" is given by:

B

Rayoay 0, X10 - am) = ) (=DIPF(xP),
P

where x* is the (n + k)-tuple obtained by the following procedure.

Recall that P is a path from (0, 0) to (, k) in the n by k grid. The /™ component
x! of x” is determined by the / th segment on the path P. Namely, suppose that the
coordinates of the starting point of this segment are (s, 7). Then,

—1
XIP = G
if the segment is vertical, and

P —1
X, = @—r41 " @)X (A—r1 - Qx) ",

if the segment is horizontal. Here, we use the convention that ay = 1.
The following example helps visualize x*':

T @apmi@an™ @)
az

_—

asxaay !
aj!
4

X0 X1
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The corresponding term is
—1 -1 -1 ~1 B
—f(xo, x1,a; , aax2a; a3, (azas)x3(azas) ™, (azas)xs(azas)™ ,a; ,a; ).

The sign of the path is determined by the parity of the number of squares in the n by
k grid that sit above the path P (in this case 15).
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Abstract The ring of Witt vectors over a perfect valuation ring of characteristic p,
often denoted Ay, plays a pivotal role in p-adic Hodge theory; for instance, Bhatt—
Morrow—Scholze have recently reinterpreted and refined the crystalline comparison
isomorphism by relating it to a certain Aj,-valued cohomology theory. We address
some basic ring-theoretic questions about A;,s, motivated by analogies with two-
dimensional regular local rings. For example, we show that in most cases Aj,¢, which
is manifestly not noetherian, is also not coherent. On the other hand, it does have the
property that vector bundles over the complement of the closed point in Spec Ajys do
extend uniquely over the puncture; moreover, a similar statement holds in Huber’s
category of adic spaces.

Keywords Witt vectors + Perfectoid rings

Throughout this paper, let K be a perfect field of characteristic p equipped with a
nontrivial valuation v (written additively), e.g., the perfect closure of IF,((¢)) with
the ¢-adic valuation. (Note that K = IF, is excluded by the nontriviality condition.)
Unless otherwise specified, we do not assume that K is complete.

A fundamental role is played in p-adic Hodge theory by the ring Ajys := W (o),
where og denotes the valuation ring of K and W denotes the functor of p-typical
Witt vectors. The ring Aj,¢ serves as the basis for Fontaine’s construction of p-
adic period rings and the ensuing analysis of comparison isomorphisms. Recently,
Fargues has used Ajys to give a new description of crystalline representations via a
variant of Breuil-Kisin modules [6], while Bhatt—-Morrow—Scholze have described
the crystalline comparison isomorphism via a direct construction of these modules
[3].

We discuss several issues germane to [3] regarding ring-theoretic propositionerties
of Ajys, particularly those related to the analogy between A;,¢ and two-dimensional
regular local rings. In the negative direction, the ring Ay is typically not coherent
(Theorem 1.2); in the positive direction, vector bundles over the complement of the

K. S. Kedlaya (<)

Department of Mathematics, University of California, San Diego, La Jolla, CA 92093, USA
e-mail: kedlaya@ucsd.edu

URL: https://kskedlaya.org

© Springer Nature Switzerland AG 2020 129
B. Bhatt and M. Olsson (eds.), p-adic Hodge Theory, Simons Symposia,
https://doi.org/10.1007/978-3-030-43844-9_4


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-43844-9_4&domain=pdf
mailto:kedlaya@ucsd.edu
https://kskedlaya.org
https://doi.org/10.1007/978-3-030-43844-9_4

130 K. S. Kedlaya

closed point in Spec(Ajyr) extend over the puncture (Theorem 2.7), and similarly if
the Zariski spectrum is replaced by the Huber adic spectrum (Theorem 3.9).

We also discuss briefly some related questions in the case where K is replaced
by a more general nonarchimedean Banach ring. These are expected to pertain to a
hypothetical relative version of the results of [3].

1 Finite Generation Properties

Definition 1.1 A ring is coherent if every finitely generated ideal is finitely pre-
sented. Note that an integral domain is coherent if and only if the intersection of any
two finitely generated ideals is again finitely generated [5].

A result of Anderson—Watkins [1], building on work of Jgndrup—Small [11] and
Vasconcelos [19] (see also [8, Theorem 8.1.9]), asserts that a power series ring over
a nondiscrete valuation ring can never be coherent except possibly if the value group
is isomorphic to R. Using a similar technique, we have the following.

Theorem 1.2 Suppose that the value group of K is not isomorphic to R. Then Ajy¢
is not coherent.

Proof 1t suffices to exhibit elements f, g € Ajyr such that (f) N (g) is not finitely
generated. Suppose first that the value group of K is archimedean, i.e., the valuation
v can be taken to have values in R. Since K is perfect, its value group cannot be
discrete, and hence must be dense in R. We can thus choose elements xg, X1, ... € 0g
such that v(xp), v(X1), ... is a decreasing sequence with positive limit r ¢ v(og)
and v(xo/x1) > v(X1/X3) > ---.Put f :=[xo] and g := Z:O:O JZ4EMR

Recall that the ring A; s admits a theory of Newton polygons analogous to the
corresponding theory for polynomials or power series over a valuation ring; see [13,
Definition 4.2.8] for details. To form the Newton polygon of g, we take the lower
convex hull of the set {(n, v(X,)) : n = 0, 1, ...} in R?; the slopes of this polygon are
equal to —v(x,/X,41) forn =0,1,....If h = ch:o p”[f_tn] € Ayyr is divisible by
both f and g, then on one hand, we have h/f = Z;’O:O p"[ﬁ,,/fo], sov(h,) > v(Xo)
for all n; on the other hand, the Newton polygon of 4 must include all of the slopes
of the Newton polygon of g, so its total width must be at least r. It follows that
v(ho) = 20(Fo) — 1.

Conversely, any ho € ok with v(ﬁo) > 2v(Xp) — rextendstosome i € Aj,¢ divis-
ible by both f and g, e.g., by taking & = g[ﬁo]/[fo]. Since 2v(Xy) —r ¢ v(og), it
follows that the image of (f) N (g) in ok is an ideal which is not finitely generated;
consequently, (f) N (g) itself cannot be finitely generated.

Suppose next that the value group of K is not archimedean. We can then choose
some nonzero X,y € okx such that for every positive integer n, X is divisible by
" in og. Let 1, 72, ... be a decreasing sequence of elements of Z[p~'].o whose
sum diverges. Put f := [X] and g := Y oo p"[X/¥"T"""]. As above, we see that
ifh = Z;io p”[ﬁn] € Ay is divisible by both f and g, then on one hand, we have
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v(h,) > v(X) for each n; on the other hand, the Newton polygon of 4 includes all of
the slopes of the Newton polygon of g, so its total width must exceed r; + - - - 4 r,, for
each n. It follows that v(ho) > v(¥) + nv(y) for every positive integer n; conversely,
any h with this property occurs this way for & = g[hy]/[X]. Again, this means that
(f) N (g) maps to an ideal of 0x which is not finitely generated, so (f) N (g) cannot
itself be finitely generated. |

Remark 1.3 It is unclear whether the ring A, fails to be coherent even if the value
group of K equals R, especially if we also assume that K is spherically complete. It is
also unclear whether the ring Aj¢[ p’l] is coherent. By contrast, with no restrictions
on K, for every positive integer n the quotient Aj,¢/(p™) is coherent [3, proposi-
tion 3.24].

Remark 1.4 Let mg be the maximal ideal of K. In order to apply the formalism of
almost ring theory (e.g., as developed in [7]) to the ring Ajy¢, it would be useful to
know that the ideal W (mg) of Ajyr has the property that W(mg) ®a,, W(mg) —
W(mg) is an isomorphism. We do not know whether this holds in general; for
example, to prove that this map fails to be surjective, one would have to produce
an element of W (mg) which cannot be written as a finite sum of pairwise products,
and we do not have a mechanism in mind for precluding the existence of such
a presentation. An easier task is to produce elements of W (mg) not lying in the
image of the multiplication map W (mg) x W(mg) — W(mg), as in the following
example communicated to us by Peter Scholze.

Example 1.5 Suppose that v(K*) = Q. We first construct a sequence ry, r, . .. of
positive elements of Q with sum 1 such that every infinite subsequence with infi-
nite complement has irrational sum. To this end, take a sequence 1 = sy, sy, 52, . . .
converging to O sufficiently rapidly (e.g., doubly exponentially) and put r; =
S0 — S1,r2 = S1 — $2,...; any infinite subsequence with infinite complement can
be regrouped into sums of consecutive terms, yielding another infinite sequence with
rapid decay, and Liouville’s criterion implies that the sum of the subsequence is
irrational (and even transcendental).

Now choose x = Z;o:o p"lx,] € W(mg) withv(x,) = s,; we check that x # yz
for all y, z € W(mg). If the equality x = yz were to hold, the Newton polygons of
y and z together would comprise the Newton polygon of x; that is, each slope occurs
in xy with multiplicity equal to the sum of its multiplicities in the Newton polygons
of x and y. Due to the irrationality statement of the previous paragraph, this is
impossible if both y and z have infinitely many slopes; consequently, one of the
factors, say y, has only finitely many slopes in its Newton polygon. On the other
hand, if y = Zf’:o p"[y,], there cannot exist ¢ > 0 such that v(y,,) > c for all n, as
otherwise we would also have v(x,) > c for all n. Putting these two facts together,
we deduce that v(y,) = 0 for some n, a contradiction.

The following related remark was suggested by Bhargav Bhatt.

Remark 1.6 Suppose that the value group of K is archimedean. Consider the fol-
lowing chain of strict inclusions of ideals:
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0c | (@A € Wmk) C (p) + W(mg)

weEMg

The quotients by the ideals W (mg ) and (p) + W (mg) are the integral domains W (k)
and k, where k := ok /mg is the residue field of K; hence these two ideals are prime.
The ideal Uwemk [@ ]Ains is also prime: it contains x = Y -, p"[x,] if and only if
the total multiplicity of all slopes in the Newton polygon of x is strictly less than
v (fo) .

The previous argument shows that the global (Krull) dimension of Ay is at least
3. In fact, one can push this further: by adapting a construction of Arnold [2] that
produces arbitrary long chains of prime ideals within the ring of formal power series
over a nondiscrete valuation ring, Lang—Ludwig [ 15] have shown that A;;¢ has infinite
Krull dimension.!

2 Vector Bundles

Recall that for A a two-dimensional regular local ring, the restriction functor from
vector bundles on Spec A (i.e., finite free A-modules) to vector bundles on the com-
plement of the closed point is an equivalence of categories. This is usually shown
by using the fact that a reflexive module has depth at least 2 [18, Tag 0AVA] in con-
junction with the Auslander—Buchsbaum formula [18, Tag 090U] to see that every
reflexive A-module is projective.

During the course of Scholze’s 2014 Berkeley lectures documented in [17], we
explained to him an alternate proof applicable to the case of Aj,s; this argument
appears as [17, Theorem 14.2.1], and a similar argument is given in [3, Lemma 4.6].
Here, we give a general version of this proof applicable in a variety of cases, which
identifies the most essential hypotheses on the ring A.

Hypothesis 2.1 Throughout Sect. 2, let A be a local ring whose maximal ideal p
contains a non-zero-divisor w such that o := A/(r) is (reduced and) a valuation
ring with maximal ideal m. Put L := Frac o, in the case A = Ajys we have L = K.

Definition 2.2 Put X := Spec(A),Y := X \ {p},and U := Spec(A[r~']) C X.Let
B be the w-adic completion of A ,); note that within B[m~'] we have

Alr""1NnB = A. (2.2.1)
Let Z be the algebraic stack which is the colimit of the diagram

Spec(A[r 1) < Spec(B[7~']) — Spec(B).

"Heng Du has subsequently shown that the Krull dimension is at least the cardinality of the contin-
uum. See arXiv:2002.10358.
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Lemma 2.3 Forx € {X, Y, Z}, let Vec, denote the category of vector bundles on .

(a) The pullback functor Vecx — Vecy is fully faithful.

(b) The pullback functor Vecy — Vecy is fully faithful.

(c) For F € Vec, and M := H°(x, F), the adjunction morphism M|, — Fisan
isomorphism.

Proof For convenience, we write O instead of O, hereafter. To deduce (a), note that
by (2.2.1),
H°(X,0)=HY,0)=H"Z,0) = A.

To deduce (b), choose z € A whose image in A/(7r) is a nonzero element of m, so
that
Spec(A) =U UV, V :=Spec(A[z~']);

then note that z is invertible in B, and within B[z ~!] we have
Alz ", 7 "IN B = A[z7"].

To deduce (c), note that in case * = Y, the injectivity of the maps

H'U,0)— HUNV,0), HV,0)— HUNV,0)
implies the injectivity of the maps

H'(U,F) - H'UNV,F), H'V,F)—> HUNV,F)
and hence the injectivity of the maps

M — HU,F), M — HV,F).
It follows easily that the maps
M®r H'(U,0) - H'(U,F), M®rH"(V,0)— H(V,F)

are isomorphisms. The case * = Z is similar. (I

The following lemma is taken from [17, Lemma 14.2.3].

Lemma 2.4 Let k be the residue field of A, which is also the residue field of 0. Let d
be a nonnegative integer. Let N be an o-submodule ode. Then dim, (N ®, k) < d,
with equality if and only if N is a free module of rank d.

Proof By induction on d, we reduce to the case d = 1. We then see that dim, (N ®,
k) equals 1 if the set of valuations of elements of N has a least element, in which
case N is free of rank 1, and O otherwise. O
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Lemma 2.5 For F € Vecy of rank d, ifthe elements vy, ..., v, € H*(Z, F) gener-
ate both H(U, F) and HO(SpeC(L), F), then they also generate M = H(Z, F).

Proof Chooseanyv € M.Sincevy, ..., Vv, generate H O(U, F), there exists a unique
tuple (rq, ..., rq) over A[m~!] such that v = Zflzl r;v;. In particular, there exists a
nonnegative integer m such that 7”ry, ..., 7"ry; € A.If m > 0, then 7" v is divisible
by 7 in M, so it maps to zero in HO(Spec(L), JF).Sincevy, ..., vy formabasis of this
module, 7”7, ..., 7"r, must be divisible by w in A and so ™'y, ..., " ry €
A. By induction, we deduce that ry, ..., r; € A. This proves the claim. |

Lemma 2.6 For F € Vecy of rank d, the module M := H%(Z, F) is free of rank d
over A.

Proof By Lemma 2.3(c), M[n~'] = H°(U, F) is a projective A[r~']-module
of rank d, so we can find a finite free A[7 !]-module F and an isomorphism
F = M[x~'] @ P for some finite projective A[7~']-module P. By rescaling by a
suitably large power of 7, we may exhibit a basis of F' consisting of elements whose
projections to M [ ~'] all belong to M. This basis then gives rise to an isomorphism
F = Fy[w~!] for Fy the finite free A-module on the same basis. View

GrMz~'] = P Wiz~ 1N 7" Fo)/ Mz~ 1N 7"+ Fy)

nez

as a finite projective graded module of rank d over the graded ring

GrA[n~']:= @n”A/n”“A ~ o((T)),

nez

then put
V = (Gr M[n ")) ®o(r) k().

Note that for the 77 -adic topology, the image of M in Gr M [m ~']is both open (because
M contains a set of module generators of M[7 ~']) and bounded (because the same
holds for the dual bundle). Consequently, the image T of M in V is a k [ | -sublattice
of V. Choose vy, ..., v, € M whose images in V form a basis of T'; the images of
Vi, ..., Vgin M ®4 k are linearly independent, so by Lemma 2.4, vy, ..., v, project
toabasisof M ® 4 o.Itfollowsthatvy, ..., v;alsoprojecttoabasisof M ®4 A/ (")
for each positive integer n.

Again by considering the dual bundle, we see that the image of Fy in M [z ']
contains 7" M for any sufficiently large integer n. Let ey, .. ., e, be the images in
M of the chosen basis of Fy; using the previous paragraph, we can find elements
€,...,e € Av;+ -+ Avy such that ef]- = >, Xije; for some matrix X over A
withdet(X) — 1 € 7 A C p. The matrix X is then invertible, whence vy, .. ., v, gen-
erate M[7~!]. By Lemma 2.5, vy, ..., v; generate M, necessarily freely. |

Theorem 2.7 The pullback functors Vecy — Vecy — Vecy are equivalences of
categories.
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Proof By Lemma 2.3(a), the functors Vecy — Vecy — Vecy are fully faithful, so
it suffices to check that Vecy — Vec is essentially surjective. For F € Vecy, by
Lemma 2.6, M = H°(Z, F) is a finite free A-module. By Lemma 2.3(c), we have
M|z = F, proving the claim. O

3 Adic Glueing

We next show that vector bundles on Spec Aj,r can be constructed by glueing not
just for a Zariski covering, but for a covering in the setting of adic spaces; this result
is used in [17] as part of the construction of mixed-characteristic local shtukas. In
the process, we prove a somewhat more general result. Along the way, we will use
results of Buzzard—Verberkmoes [4], Mihara [16], and Kedlaya—Liu [13].

We begin by summarizing various definitions from Huber’s theory of adic spaces,
as described in [10]. See also [12, Lecture 1].

Definition 3.1 We say that a topological ring A is f-adic if there exists an open
subring Ao of A (called a ring of definition) whose induced topology is the adic
topology for some finitely generated ideal of A (called an ideal of definition). Such
aring is Tate if it contains a topologically nilpotent unit; in certain cases (as in [12,
Lecture 1]), one may prefer to instead assume only that the topologically nilpotent
elements generate the unit ideal, but we will not do this here.

We will only need to consider f-adic rings which are complete for their topologies,
which we refer to as Huber rings. Beware that this definition is not entirely standard:
some authors use the term Huber ring as a synonym for f-adic ring without the
completeness condition.

For A a Huber ring, let A° denote the subring of power-bounded elements of A;
we say that A is uniform if A° is bounded in A. (This implies that A is reduced, but
not conversely.) A ring of integral elements of A is a subring of A° which is open
and integrally closed in A.

A Huber pair is a pair (A, A1) in which A is a Huber ring and A" is a ring
of integral elements of A. To such a pair, we may associate the topological space
Spa(A, A™) of equivalence classes of continuous valuations on A which are bounded
by 1 on A™T. This space may be topologized in such a way that a neighborhood basis
is given by subspaces of the form

{veSpa(A, A") 1 v(f), ..., v(fy) < v(g) # 0}

for some fi,..., fu, g € A which generate an open ideal; such spaces are called
rational subspaces of Spa(A, AT). (When A is Tate, every open ideal of A is the
unit ideal, and so the condition v(g) 7 0 becomes superfluous.) For this topology,
Spa(A, A™) is quasicompact and even a spectral space in the sense of Hochster [9].

In addition, Huber defines a structure presheaf O on Spa(A, A™); in the case
where A is Tate and U is the rational subspace defined by some parameters
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fi,.-., fn, & the ring O(U) may be identified with the quotient A <%, R %> of
the Tate algebra A(Ty, ..., T,) by the closure of the ideal (¢77 — f1,..., 8T, — f).

We say that A is sheafy if O is a sheaf for some choice of A*; with a bit of work
[12, Remark 1.6.9], the same is then true for any A™. For example, by Proposition 3.3
below, this holds if A is stably uniform, meaning that (again for some, and hence
any, choice of A™) for every rational subspace U of Spa(A, A™), the ring O(U) is
uniform.

Proposition 3.2 Let (A, A™) be a Huber pair with A Tate.
(a) Choose f € A and suppose that

(x,y)>x—y
—

0—A— A(f)@®A(f) A(f*) =50
is exact without the dashed arrow. (It is then also exact with the dashed arrow;
e.g., see [12, Lemma 1.8.1].) Then the functor

Vecspee(a) = VeCspec(A () X Veeg, y 41, YECSpec(A(f 1))

is an equivalence of categories.

(b) The conclusion of (a) holds whenever A is (Tate and) uniform.

(c) If A is (Tate and) sheafy, then the pullback functor Vecspec(a)y — VeCspa(a,a+)
is an equivalence of categories, with quasi-inverse given by the global sections
functor.

Proof For (a), see [12, Lemma 1.9.12]. For (b), see [13, Corollary 2.8.9] or [12,
Lemma 1.7.3, Lemma 1.8.1]. For (c), see [13, Theorem 2.7.7] or [12, Theorem
1.4.2]. O

Using Proposition 3.2(a,b), one can deduce the following. However, we give refer-
ences in lieu of a detailed argument.

Proposition 3.3 (Buzzard—Verberkmoes, Mihara) Any stably uniform Huber ring
is sheafy.

Proof The original (independent) references are [4, Theorem 7] and [16, Theo-
rem 4.9]. See also [13, Theorem 2.8.10] or [12, Theorem 1.2.13]. O

With these results in mind, we set some more specific notation.

Hypothesis 3.4 For the remainder of §3, let R be a Huber ring which is perfect of
characteristic p and Tate, and let R™ be a subring of integral elements in R (which
is necessarily also perfect). For example, we may take R = K, Rt = o in case K
is complete for a rank I valuation. Let X € R be a topologically nilpotent unit; note
that necessarily x € R™.

For the geometric meaning of the following definition, see the proof of
Theorem 3.8.
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Definition 3.5 Topologize
A= WRHIPp']L Ay = WRDIET', A = WERH[(p[xD ']

as Huber rings with ring of definition W (R™) and ideals of definition generated by
the respective topologically nilpotent units p, [x], p[x]. Then put

B, = A, <@>, B, := A2<4>, By = A12<@, £>v
p [x] p [x]

note that there are canonical isomorphisms of topological rings

B, = By <4> =B <@>
[x] p

Also put

N L A AT
BI_A2<p>’Bz'_A1<[Y]>’

note that there are canonical isomorphisms of underlying rings
B = Bi[[X]7'], B, = Ba[p~']

but these are not homeomorphisms for the implied topologies. For example, in the first
isomorphism, the rings of power-bounded elements coincide, but on this common
subring the induced topology from Bj is the %—adic topology while the induced
topology from B;[[x]~'] is the p-adic topology.

Proposition 3.6 The following statements hold.

(a) The Huber rings C = Ay, A1z, Bi, By, Bi2, B} are stably uniform, and hence
sheafy by Proposition 3.3.

(b) The Huber ring C = A, is uniform. (The same is true for C = B}, but we will
not need this. See also Remark 3.7.)

Proof To prove (a), note that for C = Ay, Az, By, Biz, B}, p is a topologically
nilpotent unit in C. In these cases, by [13, Theorem 5.3.9], taking the completed
tensor product over Z, with Z,[p? " ] yields a perfectoid ring in the sense of [13]
(which must be a Q,-algebra). By splitting from Z,, [p? "1to Z » using the reduced
trace, we deduce that C is stably uniform; see [13, Theorem 3.7.4] for further details.
For C = B,, p is no longer a unit in C but is still topologically nilpotent, and a
similar argument applies using perfectoid rings in the sense of Fontaine; see [14,
Corollary 4.1.14] or [12, Lemma 3.1.3].

To prove (b), note that A5 is p-adically saturated in A,, W (R°®) is contained in A3,
and the image of A5/(p) — A2/(p) = R is contained in R°. These facts together
imply that A5 = W (R°®), which is evidently a bounded subring of A,. (]
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Remark 3.7 We believe that A, is stably uniform, which would then imply that B{
is stably uniform; but we were unable to prove either of these statements. One thing
we can observe is that if B] were known to be stably uniform, then combining the
preceding results with Proposition 3.2(a) and [12, Theorem 1.2.22] would imply that
Aj is sheafy (and then stably uniform).

‘We now obtain a comparison between algebraic and adic vector bundles.

Theorem 3.8 Put A := W(R™") and let X (resp. Y) be the complement in Spec A
(resp. Spa(A, A)) of the closed subspace where p = [x] = 0. Then pullback along
the morphism Y — X of locally ringed spaces defines an equivalence of categories
Vecxy — Vecy.

Proof For Ay, A,, A2, By, By, Bia, B, B) as in Definition 3.5, we have the follow-
ing coverings of adic spaces by rational subspaces.

vuv | u | v | UnvV
Y Spa(Bj, BY) | Spa(Ba, BS) |Spa(Bi2, BS,)
Spa(A;, AS) |Spa(Bi, By) |Spa(B;, BY)|Spa(Bi2, B},)
Spa(Az, A3) |Spa(Bj, BY°)|Spa(B,, B3) |Spa(Bi2, B},)
Spa(Aya, AS,) |Spa(B], B°)|Spa(B;, BY)|Spa(Bi2, BS,)

Fori e {1, 2, 12}, we may apply Propositions 3.2(c) and 3.6(a) to see that the pullback
functor Vecspec(s,) — Ve€spa(s;, B?) is an equivalence. We may also apply Proposi-
tions 3.2(a,b) and 3.6(b) to obtain an equivalence

9 Bj ] €l

VecSPCC(Ai) - VecSpec(Bf) X VeCspecs,,) VecSpec(Bg)’ Bj = B jé¢i;
J ’

using the fact that A; — B;. factors through B; (at the level of rings without topol-
ogy), it follows that

VecCspec(a;) X Vecspeoin,,) YECSpec(dz) = VeCSpec(B)) X Veespeeisy, YECSpec(By)

is an equivalence. In the 2-commutative diagram

Vecy Vecy

VecSpec(Al) XVecspcc(Alz) VecSpec(Az)

|

VeCspec(B1) X Veespcis, Y€CSpec(Br) —> VeCspa(By. By) X Veesyuny, e, YECSpa(By.B)
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every arrow except Vecy — Vecy is now known to be an equivalence; we thus obtain
the desired result. (I

As a corollary, we obtain the following theorem.

Theorem 3.9 Let vy be the valuation on W (o) induced by the trivial valuation on
the residue field of ox. Put A := W(og), X := Spa(A, A), Y := X \ {vo}. LetMOd;f
be the category of finite free A-modules. Then the categories Modg, Vecy, Vecy are
equivalent via the functor Modg — Vecy taking M to M, the pullback functor
Vecx — Vecy, and the global sections functor Vecy — Modf/{.

Proof Combine Theorem 2.7 with Theorem 3.8. O

One might like to parlay Theorem 3.9 into a version with K replaced by R. However,
one runs into an obvious difficulty in light of the following standard example in the
category of schemes.

Example 3.10 Let £ be a field, put S := k[x, y, z], and let M be the S-module
ker(S3 — S:(a,b,c) — ax + by + cz).

PutX :=Spec S,Y := X\ {(x,y,2)},Z := X \ {(x, y)};then M ¢ Vecybut M|, €
Vec, forx € {Y, Z}. Since X \ Y has codimension 3 in X and Y \ Z has codimension
2inY, M |z has a unique extension to an S, sheaf (in the sense of Serre) on either X
or Y, namely M itself. In particular, M does not lift from Vec; to Vecy.

With a bit of care, this argument can be translated into an example that shows that
Theorem 3.9 indeed fails to generalize to the case where K is replaced by R.

Remark 3.11 For (R, R") as in Hypothesis 3.4, let p be the radical of the ideal
(p, [x]); it is generated by p and [x]7" for all n. Put

X :=Spec(W(R")), Y :=X\{p},
and let Z be the algebraic stack which is the colimit of the diagram
Spec(W(RF)[p~'1) < Spec(W(R)[p~']) — Spec(W (R)).

As in Lemma 2.3, we see that the functors Vecy — Vecy, Vecy — Vec are fully
faithful, and thatfor % € {Y, Z}, F € Vec,, M = HO(x, F), the adjunction morphism
M|, — F is an isomorphism. However, one may emulate Example 3.10 so as to
produce an object of Vecy and Vec; which does not lift to Vecy; see Example 3.14
below.
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Lemma 3.12 With notation as in Remark 3.11, for F € Vec, and M = HO(x, F),
the natural homomorphism MY — H°(x, FV) is an isomorphism. Consequently, the
map M — MY is an isomorphism, i.e., M is reflexive.

Proof From Remark 3.11, we see that the map is injective. To check surjectivity,
note that any f € HO(x, FV) restricts to maps M — W(RT)[p~'], M — W(R)
which induce the same map M — W (R)[p~']. We again deduce the claim from the

equality W(R)[p~'1N W(R) = W(R"). O
Remark 3.13 Recall that for any ring S, a regular sequence in S is a finite sequence
S1,...,8csuch that fori =1, ..., k, s; is not a zero-divisor in S/(sy, ..., si—1). If
S1, ..., Sk 1s a regular sequence in S, one computes easily that

Tor,f(S/(sl,...,sk), S/(S1s -y 8k) = S/(s1, .00, 8%) O

in particular, S/(sy, ..., sx) has projective dimension at least (and in fact exactly) k
as an S-module.

Example 3.14 Let k be a perfect field of characteristic p. Let R be the (7, z)-adic
completion of the perfect closure of k[y, z]. Put X := yz € R™. This notation is
consistent with Hypothesis 3.4, so we may adopt notation as in Remark 3.11.

Put/ := ([¥], [z], p) W(R™); note that the generators of / form aregular sequence.
By Remark 3.13, W(R™)/I has projective dimension at least 3, I has projective
dimension at least 2, and

M :=ker(W(RT)} = I : (a,b,c) — a[y] + b[Z] + cp)

has projective dimension at least 1. In particular, M is not projective.
For x € {Y, Z}, the sequence

0> M, —> 0% 5> 0->0 (3.14.1)

of sheaves is exact, so M|, € Vec,.Because HO(x, O) = W(R™), applying the func-

tor H(x, ) to (3.14.1) yields an isomorphism H°(x, M|) =M.

However, if M |« could be extended to an object 7 € Vecy, we would have F = N
for some finite projective W (R™*)-module N, and per Remark 3.11 we would have
N = HOx, F) = H°(x, M|,) = M. This yields a contradiction.
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Sur une g-déformation locale de la ®)
théorie de Hodge non-abélienne en Rty
caractéristique positive

Michel Gros

Abstract Pour p un nombre premier et ¢ une racine p-ieéme non triviale de 1, nous
présentons les principales étapes de la construction d’une g-déformation locale de
la “correspondance de Simpson en caractéristique p”’ dégagée par Ogus et Vologod-
sky en 2005. La construction est basée sur 1’équivalence de Morita entre un anneau
d’opérateurs différentiels g-déformés et son centre. Nous expliquons aussi les liens
espérés entre cette construction et celles introduites récemment par Bhatt et Scholze.
Pour alléger 1’exposition, nous nous limitons au cas de la dimension 1. For p a
prime number and ¢ a non trivial pth root of 1, we present the main steps of the
construction of a local g-deformation of the “Simpson correspondence in character-
istic p” found by Ogus and Vologodsky in 2005. The construction is based on the
Morita-equivalence between a ring of g-twisted differential operators and its center.
We also explain the expected relations between this construction and those recently
done by Bhatt and Scholze. For the sake of readability, we limit ourselves to the case
of dimension 1.

Keywords p-adic Hodge theory - g-deformation + Rings of differential operators

1 Introduction

1.1. Ogus et Vologodsky ont dégagé dans [13] un analogue en caractéristique p > 0
de la théorie de Hodge non-abélienne, i e. de la correspondance de Simpson com-
plexe. Soient S un schéma plat sur Z/ p X, X’ deux S-schémas lisses de réduction
modulo p notées X et X, et F: X — X’ un §- -morphisme. Supposons que ces don-
nées constituent un relévement au-dessus de S du morphisme de Frobenius relatif
Fx/s : X — X'associéa X vu comme schéma au-dessus de S = S xz,,2 Z/ p. Elles
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permettent alors a Ogus et Vologodsky d’étendre ([13], Theorems 2.8, 2.26) aux O -
modules munis d’une connexion intégrable dont la p-courbure est supposée seule-
ment quasi-nilpotente a la fois le théoréme de descente de Cartier ([10], Theorem
5.1) et’existence d’une décomposition du complexe de De Rham obtenu par Deligne
et [llusie ([5], Remark 2.2(ii)) induisant 1’opération de Cartier ([10], Theorem 7.2).
L’exposé oral d’A. Abbes et le notre ont été consacrés aux travaux d’Oyama [14],
Shiho [17] et Xu [19] qui ont permis de relever “modulo p"” cette correspondance
d’Ogus et Vologodsky. C’est ici une autre direction qui est explorée.

1.2. Sans rapport avec ce qui précede, Bhatt, Morrow et Scholze ont dégagé
([4], Theorem 1.8) un raffinement entier des théorémes standards de comparai-
son entre cohomologies cristalline, de De Rham et étale p-adique pour un schéma
formel propre et lisse sur I’anneau des entiers d’une extension non-archimédienne
algébriquement close de C,,. Dans I’élaboration de celui-ci apparait un relévement
de I’isomorphisme de Cartier ([4], Theorem 8.3) sur la cohomologie d’un objet ([4],
Definition 8.1) d’une certaine catégorie dérivée. Dans des situations géométriques
locales bien adaptées ([4], 8.5) auxquelles les auteurs se rameénent pour établir cet iso-
morphisme, I’existence de ce relevement découle de I’étude de certains g-complexes
de De Rham ([4],7.7) avec g une racine p-ieéme non triviale de I’unité dans C,,. Ces
derniers sont de vrais complexes qui “réalisent” ([4], Sect. 8) les objets des caté-
gories dérivées évoquées ci-dessus. Ils ont eux-aussi une cohomologie se calculant
par un releévement de 1’opération de Cartier ([16], Proposition 3.4, (iii); voir aussi
[15], Proposition 2.8) qui explique donc localement I’existence de la précédente. Il
nous semble plausible que 1’extension espérée du théoréme de comparaison entier
([4], Theorem 1.8) a des coefficients non constants [18] donne quelque intérét a
essayer d’expliciter une g-déformation locale de la théorie de Hodge non-abélienne
incluant 1’étude de ce type de complexes et les propriétés de leurs cohomologies.
Cela devrait peut-étre éclaircir un peu d’éventuels liens entre les théories [13] et [4]
puis, ultérieurement, ceux avec la correspondance de Simpson p-adique [1].

1.3. Le but de ce rapport est d’esquisser, dans ces situations géométriques
locales bien adaptées, une telle variante. Les deux résultats principaux sont, d’une
part une g-déformation locale (Théoréme 4) de la correspondance développée par
Ogus—Vologodsky (Théoreme 2) et, d’autre part, sa compatibilité aux cohomologies
naturelles du but et de la source (Proposition 8). Un corollaire facile (Corollaire 1)
de notre résultat est I’existence de 1’opération de Cartier “relevée” ([16], Proposition
3.4 ; voir aussi [15], 2.2). Dans le type de situation géométrique que nous consid-
érons, les résultats principaux d’Ogus—Vologodsky qui nous intéressent ici découlent
immédiatement d’une équivalence de Morita, a savoir celle associée a la neutralisa-
tion d’une algebre d’opérateurs différentiels vue comme algebre d’ Azumaya sur son
centre ([13], Theorem 2.11). Nous développons simplement un g-analogue de tout
le tableau. Plusieurs choix doivent &tre faits lors des constructions et il est peu prob-
able que ces résultats puissent se globaliser par les techniques standards, purement
schématiques, de recollement (voir par exemple [16], Conj. 1.1 et infra, [15], 2.2 et
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3.4 pour une discussion de problemes analogues, [4], Rem. 8.4).

1.4. Pour pallier ces difficultés de globalisation des g-complexes de De Rham,
Bhatt et Scholze ont introduit trés récemment dans [3], a beaucoup d’autres fins
aussi (dont celle de réinterpréter les théoremes de comparaison entiers évoqués plus
haut ainsi que les décompositions de Hodge-Tate, ...), de nouvelles techniques, en
particulier celles du site prismatique et du site g-cristallin. Ils utilisent pour ce faire
la théorie des d-anneaux et leurs avancées fournissent pour nous un espoir de mon-
trer I’'indépendance de tout choix auxiliaire (en particulier d’une coordonnée) dans
nos constructions, au moins a isomorphisme pres. De toute fagon, vu la généralité du
cadre dans lequel ils se placent et le potentiel d’applications, il nous a paru indispens-
able d’en tenir compte et de reconsidérer avec leurs nouveaux outils les questions
que nous nous posions au moment de la conférence et de la premiere version de cet
article puis d’indiquer les progres réalisés depuis lors.

1.5. Ce rapport ne contient pas de démonstrations, pour lesquelles on renvoie a
[8] et a [9]. Nous insistons plutdt ici sur la mise en parallele des théories modulo p
([8]) et g-déformées ([9]) en spécialisant cette derniere au cadre familier (notations,
hypotheses, terminologie, ...) de la théorie de Hodge p-adique, ce qui en allege tres
largement la présentation. Nous résumons tres succintement tout d’abord au §2 les
principales étapes suivies dans [8] pour établir la neutralisation (loc. cit., Theorem
4.13) mentionnée ci-dessus. La seule nouveauté par rapport a [8] est le résultat de
comparaison cohomologique contenu dans la Proposition 1. Nous passons ensuite au
§3, apres avoir précisé le cadre géométrique, a la définition des opérateurs différen-
tiels g-déformés. Bien qu’on puisse les définir plus directement (cf. 3.6), c’est par un
processus de dualité et donc via la définition de parties principales g-déformées que
nous procédons afin de pouvoir raisonner comme dans la théorie modulo p. Dans le
§4, nous déterminons le centre de I’algebre des opérateurs différentiels g-déformés
et montrons comment on peut diviser I’action induite par le “Frobenius” (Proposition
5) sur les modules de parties principales g-déformées. Que ceci soit possible est pour
I’instant I’aspect le plus miraculeux de toute cette théorie. Nous en déduisons enfin
la neutralisation (Théoreéme 3) d’une complétion centrale de I’algebre des opérateurs
différentiels g-déformés. Le §5 reformule alors 1’équivalence de Morita standard
qu’on déduit de cette neutralisation en termes de modules munis d’une g-dérivation
quasi-nilpotente et de modules de Higgs quasi-nilpotents (5.1) et les conséquences
cohomologiques (Proposition 8). Nous terminons enfin au §6 par quelques observa-
tions et questions en relation avec [3].

1.6. Ces résultats sont le fruit d’une collaboration avec B. Le Stum et A. Quirds
que l'auteur dégage de toute responsabilité pour les erreurs ou imprécisions qui
pourraient apparaitre. L’ auteur remercie tres sincérement la Fondation Simons et les
organisateurs de la session Simons Symposium on p-adic Hodge Theory (8-12 Mai
2017), Bhargav Bhatt et Martin Olsson, de lui avoir donné I’opportunité d’avancer
sur toutes les questions soulevées par ce projet.
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2 Rappels sur la théorie d’Ogus et Vologodsky

2.1. Nous conservons dans cette section les notations et hypotheses de 1.1, résumées
par les deux diagrammes suivants :

NN
j I
Z/ p* Z/p

dont celui de droite est donc la réduction modulo p de celui de gauche. Dans ce
qui suit, nous allégerons la notation Fx/s en simplement F mais en attirant bien
I’attention du lecteur sur le fait que cet allégement n’est pas tout a fait compatible
avec les notations adoptées dans [8] (dans loc. cit., F est noté Fy et F' y désigne le
Frobenius absolu de X). Nous supposerons de plus S noethérien pour raccourcir la
preuve de la Proposition 1 ci-dessous.

2.2. Nous noterons également simplement Dy la Ox-algebre Dgf) des opérateurs
différentiels de X /S de niveau m = 0 introduite par Berthelot ([2], 2.2.1) et utilisée
dans ([8], Definition 2.5), parfois dénommeée algebre des opérateurs PD-différentiels
ou algebre des opérateurs différentiels cristallins. Elle est engendrée par Oy et par
les S-dérivations de Oy (cf. [2], p. 218, Rem. (i)). Nous noterons ZDx (resp. ZOx) le
centre de Dy (resp. le centralisateur dans Dy de sa sous-algebre Oy ). Nous noterons
enfin S(7x) la Oy -algebre (graduée) symétrique du Oy -module 7y des fonctions
sur le fibré cotangent de X’/S. L’application de p-courbure permet (cf. par exemple
([8], Proposition 3.6)) de construire un isomorphisme de Ox-algebres

¢:S(Ty) = F.ZDy ; D € Ty > DP — D'7!, )
On peut, de méme (cf. loc. cit.), identifier ZOx a F*S(7x) = Ox ®o,, S(Tx").

2.3. L’algebre Dy agit de maniére naturelle de facon Oy -linéaire sur Oy.
Soit Kx le noyau de la surjection canonique Dy — Endp,, (Ox). Cest un idéal
bilatere de Dyx. Nous noterons 5} (resp. Z/ZX, resp. S/(j'\x/), resp. Z/O\X, resp.
Ox ®o,. STT\xr)) le complété adique de Dy (resp. ZDyx, resp. S(7x), resp. ZOx,
resp. Ox ®p,, S(7x)) relativement a I’idéal bilatere ICx (resp. Kx N S(Tx'), resp.
ICX N ZOX, resp. ICX n (OX ®Ox’ S(TX/)))



Sur une g-déformation locale de la théorie de Hodge ... 147

2.4. Dans cette situation restrictive d’existence de 15, plusieurs des résultats
généraux de ([13], e.g. Theorem 2.8) découlent immédiatement du résultat suivant
([8], Theorem 4.13) que nous avons appris de P. Berthelot et dont nous rappelerons
briévement le principe de preuve ci-dessous (2.8, 2.9).

Théoréme 1 (/8], Theorem 4.13) Toute donnée de (X, X', F: X — X') comme
précédemment définit canoniquement un isomorphisme de Ox-algébres

Dy > Endg=—(Ox Qo,, S(Ty)). 3)

On remarquera, en prévision de (6), que le but de (3) est simplement £ ”dﬁ)\x (Z/O\X).

2.5. Un lemme classique d’algebre linéaire ([8], Lem. 5.6) montre alors que les
anneaux 5} et ST\’TX) sont, d’une maniere compleétement explicite, équivalents au
sens de Morita : les deux foncteurs suivants entre les catégories de modules sur ces
anneaux, Mod (5}) et Mod (S/(7-'\Xr), correspondantes sont quasi-inverses 1’un de
I’autre

H : Mod (Dx) — Mod (S(Ty)): € = Homp (F'S(Ty).£), (4
M : Mod (S(Zx)) - Mod (Dx); F > F @ F'S(Tx).  (5)

Ce résultat fournit, une fois réinterprété (cf. [8], Proposition 5.2) les objets de ces
catégories, le résultat suivant :

Théoréme 2 (/8], Theorem 5.8) Toute donnée de (X, X', F: X — X') comme
précédemment définit canoniquement une équivalence entre la catégorie des Oy-
modules munis d’une connexion intégrable de p-courbure quasi-nilpotente (cf. [8],
Proposition 5.5) et la catégorie des Oy -modules munis d’un champ de Higgs quasi-
nilpotent (cf. [8], Proposition 5.4).

On vérifie que dans cette équivalence, Ox muni de sa connexion canonique d, cor-
respond & Ox muni du champ de Higgs nul.

2.6. Le complexe de Higgs d’un Oy ,-module de Higgs F € Mod (@) est, par
définition, le complexe (avec F placé en degré 0)

0> F -5 Foo, 2L XL Feo, 22 24 ... ©6)

avec 0 I’application Oy -linéaire provenant de la structure naturelle de S(7y)-module
sur F et, pour alléger, .Qé( le Og-module des différentielles relatives de de degré i
de X'/S (noté 24, ;s lorsque une ambiguité est possible). On en donnera ci-dessous
(10) une autre description. Il résulte facilement de cette équivalence la
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Proposition 1 Si £ € Mod (7/)}) et F € Mod (STT\X/)) se correspondent par I’ équi-
valence ci-dessus, alors ’image directe par F du complexe de De Rham de £ est
quasi-isomorphe au complexe de Higgs de F.

Le principe de démonstration est le suivant. Pour calculer RHom g, (Ox, &), on
utilise la résolution de Spencer de Oy par des O x-modules localement libres sur Dy

[... = Dx ®o, A*Tx — Dx ®o, Tx — Dx] — Ox — 0. (7)

On tensorise alors la partie entre crochets par 75} en préservant I’exactitude de (7) car
ﬁ} est plat sur Dy puisque c’est le complété de Dy relativement a un idéal bilatere
engendré par une suite centralisante. On a alors, notant §25 pour alléger le complexe
2% /s des différentielles relatives de X /S, des isomorphismes

RHomz-(Ox, ) = Homzp-(Dx ®oy A*Tx, E) ~ € Qo, 2% (8)
Pour le complexe de Higgs, on utilise la résolution de Koszul de Oy
[... > S(Tx) ®o,, ATy > S(Tx) ®0,, Tx — S(Tx)] > Ox — 0. (9)
que I’on tensorise par ST’T\X/) au-dessus de S(7x) en la laissant exacte. On obtient

RHomgz—(Ox, F) = Homgz— (S(Tx) @0, AT, F) = F @0, 25 (10)
Les deux foncteurs dérivés (8) et (10) pouvant se calculer a 1’aide de résolutions
injectives du second argument, la proposition s’ensuit grace a I’équivalence de caté-
gories donnée par H et M.

2.7. Notons ici que, par définition de ICx et grace au lemme d’algebre linéaire
qu’on vient d’évoquer, les anneaux Dy /Ky et Oy sont équivalents au sens de Morita.
C’est, réinterprété dans ce langage, le classique théoréeme de descente de Cartier ([10],
Theorem 7.2). D’autre part, la Proposition 1 fournit exactement, une fois précisé les
isomorphismes, la décomposition du complexe de De Rham obtenue par Deligne-
lusie ([S5], Rem. 2.2(ii)).

2.8. La démonstration du Théoréme 1 procede par dualité. Soient Z C Oxy,x
I'idéal définissant I'immersion diagonale X — X x5 X, Px son enveloppe a puis-
sances divisées (notée Py s o) dans [8], 2.4), Z C Px le PD-idéal engendré par Z
et, pour n un entier > 0, Py = Py /I On a, par définition,

DX,n = HOm(QX(,P;, OX) 5 DX = UnZODX,n' (1 1)

On remarque alors qu’on a simplement un isomorphisme

Dy = Homo, (Px, Ox). (12)
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et que Z/D} n’est autre que ce qui est classiquement appelé 1’algebre des opérateurs
hyper-PD-différentiels. D’ autre part, notons I' (§2 )1(,) la Oy -algebre (graduée) a puis-
sances divisées canoniquement associée au O x--module £2 )1( ([8], Theorem 1.2). Une
vérification d’algebre linéaire ([8], preuve de Theorem 4.13) fournit un isomorphisme

Endsi7(Ox ®0, S(Tx)) = Homo, (Oxsyx ®o, T(24), Ox)  (13)

de sorte que le théoréme 1 se réduit a la construction d’un isomorphisme d’algebres
de Hopf

Oxxvx ®0, T(£2y) — Px. (14)

2.9. Cette construction procede selon les principales étapes suivantes :

e L’application canonique Z — Py ; f — fP! composée avec la projection canon-
ique Px — Z'Px est une application F*-linéaire nulle sur 72 ([8], Lem. 3.1). Elle
induit donc ([8], Proposition 3.2) par passage au quotient et linéarisation une
application Ox-linéaire

F*Q2y — Px/IPx (15)

e L’application (15) s’étend en un isomorphisme de Ox-algebres a puissances
divisées ([8], Proposition 3.3)

F*T(2}) = Px/TPx. (16)

e La donnée de (f( X F: X —> X ") permet de factoriser le morphisme (15) en un
morphisme de Ox-modules
F*Q2y — Px. (17)

C’est I’application Frobenius divisé, notée l,f:* dans (Proposition 4.8, [8]). On
p!

prendra garde ici que la surjection canonique Py — Px/IPx n’est pas compatible
aux puissances divisées.
e L’application (17) s’étend en un morphisme de Ox-algebres a puissances divisées
([8], Proposition 4.8)
FT(£2y) — Px (18)

factorisant I’isomorphisme (16).
e L’application (18) s’étend alors canoniquement ([8], Proposition 4.13)
en I’isomorphisme de Ox-algebres de Hopf (14) recherché.
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2.10. II peut étre utile au lecteur de savoir que si I’on composait la projection
canonique Px — Px/IPx avec I'inverse de (16) et qu’on dualisait 1’application
obtenue, on retrouverait la composée S(7x/) — F,Dx de I’application (2) de p-
courbure c et de I’application canonique ZDx < Dy.

3 Opérateurs différentiels g-déformés

3.1. Soient R un anneau commutatif supposé muni d’un relévement qu’on notera ici
simplement F du Frobenius absolu de R/p et g € R. Soient également A une R-
algebre munie d’un morphisme étale f : R[¢t] — A (i.e. d’unframing ausensde [16],
§3;[4], §8, ...). On munit R[¢] des deux morphismes de R-algebres o et F* induits par
o(t) = qt et F*(¢t) = t”. On supposera également, par simplicité, qu’il existe deux
morphismes de R-algebres notés encore g : A — AetF*: A" := R\p Qr A — A,
tels que respectivement o(x) = gx et F*(1 ® x) = x? avec x := f(¢) (élément par-
fois appelé coordonnée sur A). Signalons immédiatement, pour fixer les idées, un
exemple particulierement intéressant pour nous ol une telle situation se manifeste.
Soient Q » une cloture algébrique de Q,, g € Q p une racine p-ieéme de 1 non triviale,
K I’extension finie totalement ramifiée de Q, engendrée par g et R := Ok I’anneau
des entiers de K muni de F = Idgr. Alors, la simple donnée de f étale comme ci-
dessus et des arguments standards suffisent a produire, par passage a la complétion
p-adique de A, une situation comme précédemment pour cette derniere.

On s’est limité au cadre de la dimension 1 mais tout ce qui précede et suit vaut
en dimension supérieure. On a également fixé une fois pour toutes ce dont on aura
besoin mais les données ne seront utilisés qu’au fur et 2 mesure (la donnée de Frobe-
nius n’est pas requise avant §4).

. , . ’ . n__
3.2. Pour u une indéterminée et n un entier > 0, on pose (n), = L;_ 11 € Zu] ;

. n | . . 212
() = T2 D € Zu] ; (k) = m € Z[u]. Si maintenant ¢ est un élé-
u

ment de R comme dans 3.1, les notations (n), ; (n),! ; (Z) signifient qu’on a
q

évalué les quantités précédentes en u = ¢ afin d’obtenir des éléments de R. Ayant
a éviter plus bas une possible confusion avec la notation standard des puissances
divisées par des crochets, nous avons adopté la notation (1), avec des parentheses
plutot que la notation [n], de ([6] ou ([16], §1)).

3.3. Soient A comme dans 3.1 et fixons y € A. On va définir tout d’abord
I’analogue g-déformé des sections de Py (2.8) sur un ouvert affine dans ce cadre.
Soit A(£),,y le A-module libre de générateurs abstraits notés § ey avec n € N (cf.
[9], §2). On abrégera, lorsqu’aucune confusion n’en résulte, £ par 1, £Mer par ¢
et ¢y par €71, On notera 71" le sous-A-module libre de A(£),., engendré par
les ¢loy avec k > n.
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Proposition 2 (/9], Proposition 2.2) Soient m, n € N. La regle de multiplication

m 1

min(m,n) ey (mAn—i m . .
glnl glml Z (-Dig 7 ( ) ( . > y! glmtn=il (19)
i=0 a K

permet de munir A(), , une structure de A-algébre commutative et unitaire.
L’ensemble 1" est un idéal de A(€), ..

On dira alors que A({£),,, est 'anneau des polynoémes sur A a puissances divisées
q-déformées. Cette terminologie est justifiée par I’égalité, valide pour toutn € N,

n—1

gl =TT €+ (i)gy) = €™ (20)

i=0
et le fait que les €™ forment, pour n € N, une base de A[¢] ([9], Lem. 1.1).

3.4. Soitencore A comme dans 3.1. Supposons désormaisque y = (1 — g)x € A.
Le lecteur remarquera que lorsque g = 1, I’algébre A(), , n’est autre que la A-
algebre des polynomes a puissances divisées usuelles en &.

Définition 1 ([9], Definition 4.2) Soit n € N. Le A-module des parties principales
q-déformées de A d’ordre au plus n (et de niveau 0) et le A-module des parties
principales g-déformées de A sont, respectivement,

P = AL/ 1", @
PR = m A(€) g,/ T e, (22)

neN

]?ans la suite, nous allégerons les notations Pg)/) Roon €t Pi?/) R.o €NP4 5, €tPy , respec-
tivement.

3.5. On conserve les hypotheses et notations de 3.4. Rappelons qu’il découle de
([12], Proposition 2.10) qu’il existe un unique endomorphisme R-linéaire J, de A
tel que, pour tous z1, zo € A, on ait

05(2122) = 2105(22) + 0(21)05(22), (23)

i.e. une o-dérivation canonique. Afin de construire les opérateurs différentiels g-
déformés par dualité, nous aurons besoin de la définition suivante.

Définition 2 ([9], Definition 4.5) L application de Taylor g-déformée (de niveau 0)
est I’application
T:A— Py, (24)
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définie par 7 (z) = >[5 9% (2)€™! pour tout z € A.

On peut en fait définir 7 de maniére plus formelle (cf. [9], Definition 4.5) et vérifier
que c’est un morphisme d’anneaux, puis décrire cette application grice a 0, comme
on vient de le faire.

Si maintenant M est un A-module a gauche, 1’écriture P4 , , ®', M signifie que
nous regardons P4 , , comme un A-module via I’application 7 (24). Autrement dit,
pourtousz € A,s e M,k e N,ona:

@z =T & s (25)
Ceci permet de définir, pour chaque n € N,

DO

A,o.n

= HomA (PA,(TJI ®24 A’ A) (26)

Pour n € N, ces A-modules forment un systeme inductif et permettent donc de
considérer

DY, =lim DY, . 27)
=
On vérifie alors que la comultiplication
PA,U - PA,(T ®£q PA,(/' (28)

définie par (M — Y7 ¢l @' ¢lil permet de munir Dﬁ?}a d’une structure d’anneau
(cf. [9], Proposition 5.6).

3.6. L’anneau (27) ainsi construit par dualité n’est autre (cf. [9], Proposition 5.7)
que I’extension de Ore D,z » de A par o et 0,, c’est-a-dire le A-module libre de
générateurs abstraits 9% (k > 0) avec lareégle de commutation 9,z = 0(2)0, + 9, (2)
pour tout z € A. Dans la suite, on utilisera cette notation D4 , pour I’anneau Di?,)a

(27) si aucune confusion n’en résulte.

4 p-courbure et Frobenius divisé g-déformés

4.1. On garde dans tout ce § les notations et hypotheses de 3.1 et 1’on suppose de plus
que (p), = O dans R et que R est g-divisible, ¢’est-a-dire (cf. [9], 0.3) que pour tout
m € N, (m), est inversible dans R s’il est non nul. Ces deux conditions (qui ne sont
pas nécessaires simultanément dans tous les énoncés) sont réalisées, par exemple,
dans le cas o R = Ok (3.1) et g # 1 une racine p-iéme de I’'unité. On continue de
poser y = (1 — g)x comme dans 3.4. Soient alors ZD4 ,, le centre de I’anneau Dy ,
et ZA . le centralisateur dans Dy , de sa sous-algebre A.
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Proposition 3 (/9], Proposition 6.3, Definition 6.5) Il existe une unique application
A-linéaire de A-algébres
Al0] > D4y ; 0 02 (29)

dite de p-courbure q-déformé (ou simplement p-courbure tordue). Elle induit un
isomorphisme de A-algébres entre A[0] et ZA4 , et de A’-algébres entre A'[0] et
ZDy ;.

Cette application est construite par dualité & partir des applications canoniques
PA.a,np - PA,J,np/(g)-

4.2.1. analogue g-déformé du calcul local crucial permettant de prouver 1’existence
de I’isomorphisme (16) est I’énoncé suivant.

Proposition 4 (/9], Definition 2.5, Theorem 2.6) L’unique application A-linéaire
AWy = A(E)gy 3 WM > ¢IPH (30)

est appelée Frobenius divisé q-déformé (ou simplement Frobenius divisé tordu). C’est
un homomorphisme d’anneaux induisant un isomorphisme de A-algébres

Alw)1yr = AlE)gy/(©). (31)

4.3. Pour n et i des entiers > 0, on définit (cf. [9], Definition 7.4, Proposition 7.9)
des polyndémes A, ;(u), B, ;(u) € Z[u] par les formules

Ay 1= 3 (1T (,;) <€j> )

Jj=0

et
() Ani (W) = (n)ur!(p)y, Bu.i (). (33)

Les polynémes A, ; (u) s’introduisent naturellement dans la description de 1’ action
induite par F sur les modules de parties principales g-déformées (cf. [9], Proposition
7.5). La possibilité de définir les polyndmes B, ;(#) vient, quant a elle, de I’examen
des coefficients des A, ; (1).

Proposition 5 (/9], Proposition 7.12) L’application
on .o
[F]: Alfw)ry > A(€)qy 3 [FI@M) =) By ilgx™ ¢l (34)
est un homomorphisme d’anneaux.

Grace a cette application, on montre, comme pour I’étape finale de (2.8) la
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Proposition 6 (/9], Proposition 7.13) L’application [F*] induit un morphisme de
A-algeébres
[F*] : ALE/(€P) @4 Al(w)iy = A)g.ys (35)

qui est un isomorphisme.

C’est I’analogue g-déformé du calcul local crucial permettant de prouver 1’existence
de I’isomorphisme (14) ([8], Theorem 4.13).

4.4. Par dualité, on déduit de la Proposition 6 la g-déformation suivante de ([8],
Proposition 4.8).

Proposition 7 (/9], Proposition 8.1) L’application [F*] induit, par dualité, un mor-
phisme de A-modules

®po:Dag—> ZArys <> Day i 05> Y Beal@x" "0, (36)
k=0

4.5. Soient, respectivement, 6;, ZT);,, Z/AA\J les complétés adiques de D4 ,,
ZDy 5, ZA, 5 (4.1) relativement a I’élément central 97 € ZDy ,.

Théoreme 3 (9], Theorem 8.7) L’application ® 4 , induit un isomorphisme de A-
algébres
Dy, — End;5—(ZA4 o). (37)

4.6. Pour ¢ = 1, réduisant modulo p, cet isomorphisme redonne 1’isomorphisme
(3). A un choix de normalisation pres (correspondant exactement a la g-déformation
de la différence entre diviser par p ou par p! dans la construction du Frobenius
divisé en caractéristique p), pour A = R[¢t], f = Id, I'isomorphisme (37) se décrit
explicitement comme dans ([6], §4).

5 Théorie de Hodge non-abélienne g-déformée

On conserve dans ce § les hypotheses et notations générales du §4.

5.1. Le lemme classique d’algebre linéaire ([8], Lem. 5.6) déja évoqué en 2.5
montre alors que les anneaux Dy , et ZDy4 , sont équivalents au sens de Morita. On
va traduire cette conséquence en termes plus explicites.

Définition 3 ([9], §8) Soit M un A-module. Une o-dérivation (de niveau 0) ou sim-
plement o-dérivation de M est une application R-linéaire 0,y (=: 0, };”) vérifiant,
pour tous r € A, m € M, I’égalité (régle de Leibniz g-déformée)
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05 m(rm) = Oy (rym + o(r)0y p(m). (38)

On a une notion évidente de morphismes entre modules munis de o-dérivations.
Rappelons maintenant qu’on dit qu’un endomorphisme u¢ d’un groupe abélien G
est dit quasi-nilpotent si pour tout g € G, il existe n € N tel que uy;(g) = 0.

5.2. Dans le cadre géométrique du §4, 1’analogue g-déformé de la correspondance
d’Ogus—Vologodsky (4), (5) est I’énoncé suivant.

Théoreme 4 (9], Corollary 8.9) La catégorie des A-modules M munis d’une o-
dérivation quasi-nilpotente oy est équivalente a la catégorie des A'-modules H
munis d’un endomorphisme A-linéaire quasi-nilpotent uy.

L’équivalence est donnée explicitement (comparer avec [8], Proposition 5.7 pour la
situation en caractéristique p) par les deux foncteurs suivants quasi-inverses I’un de
I’autre

H, : (M,on) — (H :={m e M| ®,,(0%)(m) = 6 (m) pour tout k € N}, 97),
(39)
M, : (H,ug) = (M :=A @4 H,0,n) (40)

avec 9, y 1’unique o-dérivation de M telle que 9, 5 (1 ® h) = t"~' @ uy (h) pour
tout & € H. Dans cette équivalence, (A, 0,) (3.5) correspond a (A’, 0).

5.3. Formulons maintenant les conséquences cohomologiques de cette équiva-
lence en termes analogues a ceux de la Proposition 1. Si M est un A-module muni
d’une o-dérivation 0, j, on lui associe son complexe de De Rham ¢-déformé ou,
s’inspirant de la terminologie de [16], complexe de g-De Rham de M

g-DR(M/R):0— M 5 M ®4 2}, — 0 (A1)

avec M placéendegré Oet Vo, (m) = 0, (m) ® dx.Bienque celane joue pas derdle
a ce niveau, signalons ici qu’il serait beaucoup plus canonique dans cette définition
d’utiliser le R-module des différentielles q-déformées £} /r.o de ([11], Definition
5.3) plutot que £2} s (qui lui est seulement non-canoniquement isomorphe).

D’autre part, pour H un A’-module muni d’un endomorphisme u 4, on peut lui
associer son complexe de Higgs

Higgs (H/R) : 0 > H > H ®u 2}, — 0 42)

avec H placé endegré O et 0y (h) = uy(h) @ dx.

Proposition 8 (/9], Corollary 8.10) Si (M, O, x) est un A-module muni d’une déri-
vation q-déformée quasi-nilpotente et (H, uy) un A’-module muni d’un endomor-
phisme quasi-nilpotent se correspondant suivant les foncteurs H, et My, alors le
complexe g-DR(M /R) est quasi-isomorphe au complexe Higgs (H/R).
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Corollaire 1 1 existe un isomorphisme (“de Cartier q-déformé”) de R-modules
Cy : H'(¢-DR(A/R)) - 2}, x (43)

pour tout i.

Un suivi des différents morphismes permet de vérifier qu’il s’identifie bien a celui
donné dans [16], Proposition 3.4, (iii) pour ’exemple R = Ok de 3.1.

5.4. La condition de g-divisibilité de 4.1 garde un sens lorsque p est remplacé par
une puissance de p et I’hypothese de g-divisibilité de R correspondante est cruciale
pour généraliser a ce cadre les principaux résultats ci-dessus (cf. [9]). On notera ici
qu’elle n’est, en général, pas vérifiée pour R = Ok et ¢ # 1 une racine p"-iéme
(n > 1) de I’unité comme dans 3.1.

6 Questions-Travaux en cours

6.1. Pour ce qui est du lien avec [3], les questions que nous nous posons sont
toutes celles motivées par I’espoir suivant, dont les termes seront précisés le moment
venu :

L’équivalence de catégories du Théoreme 4 est un corollaire de I’explicitation
locale d’une équivalence canonique, compatible (a torsion pres en général) au pas-
sage a la cohomologie, entre une catégorie convenable de cristaux sur un site q-
cristallin ([3], 16.2) et une autre de cristaux sur un site prismatique ([3], 4.1).

Indépendamment de [3], une premiere étape pourrait consister a reformuler le
Théoréeme 4 comme un cas particulier d’une équivalence entre des catégories de D-
modules g-déformés convenables, le modele “non g-déformé” étant le point de vue
proposé par Shiho ([17], Theorem 3.1) consistant a voir la correspondance d’Ogus
et Vologodsky comme cas particulier d’un résultat plus général. Pour ce faire, il
devrait étre utile d’introduire (suivant les mémes lignes que celles utilisées pour
définir (26)) un anneau d’opérateurs différentiels q-tordus de niveau -1 (avec g
“générique”’) déformant celui introduit par Shiho ([17], §2) et intervenant dans sa
généralisation de [13].

Ensuite, dans une seconde étape, pour faire le lien entre [3] et nos constructions,
I’idée la plus naturelle est de généraliser la classique équivalence entre catégories de
cristaux et catégories de D-modules et sa compatibilité au passage a la cohomologie
au cadre des sites évoqués ci-dessus et des anneaux d’opérateurs différentiels g-
déformés qui leur correspondent.

Enfin, il restera, dans une derniere étape, a définir dans un cadre géométrique non
nécessairement “local”, le foncteur canonique entre cristaux qu’on espere pouvoir
s’expliciter comme “Frobenius divisé” au niveau des algebres d’opérateurs différen-
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tiels g-déformés de niveau O et -1. Ce foncteur devrait simplement étre celui induit
par le morphisme image inverse déduit du morphisme de sites décrit dans ([3], début
de la preuve du Theorem 16.17).

6.2. Donnons, en conservant les notations de 3.1 et en supposant que R modulo
(p)q soit g-divisible, quelques indications sur la premiere étape et sur la définition

de I’anneau Dﬁ;i) d’opérateurs différentiels g-tordus de niveau -1 (d’autres niveaux

négatifs, comme dans [17], sont évidemment possibles). La définition de DX},)

suit

celle de Dﬁf)a (27) en remplagant formellement partout A(§),, , par A(%)qp, yeten
’ q

modifiant en conséquence (2), etc. On montre alors que la donnée d’une structure de

Di\_,},) -module sur un A-module M est équivalente a la donnée d’une o”-dérivation

de niveau -1, i.e. (comparer avec (3)) d’une application R-linéaire 8;1;4‘ M- M
telle que, pour tous r € A, m € M, on ait.

Oyt (rm) = (p)g 0o (PYm + o (1), 31 (m). (44)

11 est facile de voir qu’il existe un foncteur “image inverse par Frobenius (relatif)”,
analogue g-déformé de ([17], Theorem 3.1), de la catégorie des D(T,lﬁ)-modules dans

celle des Diﬁ)a-modules dont nous pensons savoir démontrer ([7]) que c’est une
équivalence de catégories sur les objets quasi-nilpotents.

En particulier, lorsque g7 = 1, un D;Tyl(,)—module M n’est pas autre chose qu’un
A’-module de Higgs et le théoréme 4 serait alors un cas particulier de cette équiva-
lence de catégories plus générale.

6.3. Reprenons les notations de 3.1 et supposons de plus que R soit une algebre
au-dessus de Z,[[g — 1]] munie d’une structure de §-anneau ([3], Definition 2.1)
telle que d(¢) = 0 (comme pour Z,[[g — 1]]). Supposons également A munie d’une
structure de 0- R-algebre telle que d(x) = 0, structure qu’on étendra a A[£] en posant

1 .
5O= Y ;(f)x'“&'. (43)

1<i<p-1

Le premier site qui nous intéresse dans 6.1 est le site g-cristallin'([3], 16.2) de
A/(q — 1) relativementa (R, (g — 1)).Le point crucial dans la seconde étape espérée
dans 6.1 est une identification de (A(€),,.,, I!1+>) (3.3) avec la g-PD-enveloppe ([3],
Lemma 16.10) de (A[£], (€)). Précisons le résultat auquel nous parvenons. Pour
définition d’une g-PD-paire (B, J) (comparer [3], Definition 16.2) ne retenons ici

ICAVEAT : Nous empruntons ici et plus bas, abusivement, la terminologie de [3] mais ignorons
dans nos rappels certaines des propriétés additionnelles sur les objets requises dans loc. cit. si elles
ne jouent pas de role dans ce que 1’on veut expliquer ici (voir d’ailleurs, a ce sujet, les commentaires
sur leur éventuel caractére provisoire sous la définition 16.2 de [3]). Les ajustements précis avec les
hypotheses de [3], particulierement ceux nécessitant de prendre en compte complétions et topologies
(ne serait-ce que dans la définition des sites) seront donnés dans [7].
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(cf. ') que 1a donnée d’une §-algebre B au-dessus de (R, §), sans (p) p-torsion, munie
d’un idéal J tel que ¢(J) C (p), B avec ¢(b) := bP + pd(b) pour toutb € B.Si C
est une 0- R-algebre et I un idéal quelconque de C (auquel cas, on dira que (C, I) est
une &-paire, cf. ([3], Definition 3.2)), sa g-PD-enveloppe, notée (C!!, I, est pour
nous ici la g-PD-paire universelle (dont la proposition ci-dessous prouve, pour le cas
qui la concerne, I’existence et I’unicité a isomorphisme pres) pour le prolongement
(unique) a (CU, 111y de tout morphisme (C, I) — (B, J) d’une §-paire dans une
q-PD-paire. On a alors la

Proposition 9 ([7]) Si A est une 0-R-algebre sans (p)q-torsion, alors la q-PD-
enveloppe' de la 6-paire (A[€], (€)) s’identifie (A(&)q.y TMayy (3.3).

La démonstration consiste a se ramener au cas R = Z,[[qg — 1]] et A = R[x]
puis, utilisant I’écriture p-adique de n =) _,k.p", de montrer que les v, :=
& [0 (6" ([@1(©)) ! forment, pour n € N, une base, comme A-module, de
A(€)g.y. Ici

pn
(9] : AE)gy = Al€)gy 5 [B1EM) =Y " By i(g)x?"'¢ller (46)

i=n

tient compte, par rapport a [F*] (34), de 'usage du Frobenius absolu dans [3]
plutdt que relatif dans [9]. Si maintenant (B, J) est une g-PD-paire, tout mor-
phisme de J-paires u : (A[£], (§)) — (B, J) s’étend alors uniquement & A(&),
par un morphisme d’anneaux envoyant v, € A(£),, , sur fho [T200" @)kt e B
avec [ :=u(§) et g € B unique tel que ¢(f) = (p)y8. -

Signalons que le cas ¢ = 1 est celui traité dans ([3], Lem. 2.35) et, pour le lecteur
intéressé, I’existence d’un analogue ([15], Lem. 1.3), au moins lorsque ¢ — 1 € R*,
pour les A-anneaux.

6.4. Conservons les notations de 6.3 et supposons que (R, (p),) soit un prisme
borné ([3], Definition 3.2) pour pouvoir réferer a [3]. Notons A le quotient
A'/(p)4A’. Le second site qui nous intéresse dans 6.1 est le site prismatique de AV
relativement a (R, ((p),)). Comme dans 6.3, le point crucial dans la seconde étape
espérée dans 6.1 est de disposer d’une description adéquate (que nous appliquerons in
finea A’ plutdt qu’a A) de I’ enveloppe prismatique ([3], Corollary 3.14) de (A[£], (£))
relativement a (R, ((p)4)). Reprenant les termes de la construction donnée dans loc.
cit., considérons donc juste ici la question du prolongement universel d’un morphisme
de J-paires (au-dessus de la d-paire (R, ((p)g)) u : (A[], (§)) = (B, ((p)y)) avec
B sans (p),-torsion a une §-paire de la forme (C, ((p),)). Nous montrons qu’un
tel objet universel existe et nous ’appellerons (cf. ') dans la proposition qui suit
enveloppe prismatique de (A[£], (£)).

Proposition 10 ([7]) Si A est une 0-R-algebre sans (p),-torsion, alors I’enveloppe
prismatique’ de la §-paire (A[€], (€)) s identifie a (A(%)ql’,ys ((p)g)) (6.2).
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En effet, la variante de (30) utilisant le Frobenius absolu de A plutot que relatif
comme dans [9] fournit une application (dont (46) est la variante “divisée”)

pn

¢ AlE)gy = All)gy ; dEM) =" Ay i(g)x? ¢, (47)
L’équation (33) suffit alors a voir (rappelons au passage que ¢(g) = g”) que
A(%)q,ﬁ y est bien muni d’un relevement de Frobenius et, par suite, d’une structure
de 6-anneau. Enfin, le méme argument que pour la Proposition 9 (avec u(§) = (p),8)

donne le prolongement cherché de u : (A[£], (§)) — (B, (p)¢B) a (A(ﬁ)qp,y,
((P)g))-

6.5. Pour terminer, remarquons que les arguments de Shiho ([17]) ne nécessi-
taient pas d’interprétation de ses D"V-modules (loc. cit §2) quasi-nilpotents en
termes de cristaux sur un site mais que, lorsque ¢ = 1, le site prismatique ([3], 4.1)
en fournit une, qui dans ce cas particulier est juste une variante “avec §-structures”
de celle déja établie dans ([14], Definition 1.3.1, [19], Definition 7.1) (1I’ajout de §-
structures évitant précisément les puissances divisées additionnelles sur les anneaux
d’opérateurs différentiels considérés des ces articles). Enfin, compte tenu des con-
sidérations topologiques délicates a développer sur les sites considérés dans 6.3-
6.4 nous laissons pour ailleurs la discussion d’une possible approche alternative
a I’équivalence cherchée dans 6.1 qui serait I’analogue de ([14], Theorem 1.4.3)
(équivalence de topos).
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Crystalline Z ,-Representations )
and Aj,r-Representations with Frobenius | @i

Takeshi Tsuji

Abstract In the late ’80s, Faltings established an integral p-adic Hodge theory
with coefficients, in which he generalized Fontaine—Laffaille theory of crystalline
Z,-representations of the absolute Galois group of a p-adic field to the fundamen-
tal group of a non-singular algebraic variety over a p-adic field with good reduc-
tion. In this paper, we study the theory of coefficients above in the framework of
integral p-adic Hodge theory via Ajs-cohomology recently introduced by Bhatt,
Morrow, and Scholze. We give a local theory (i.e. a theory on an affine open) of Aj¢-
cohomology for a p-torsion free crystalline Z ,-representation of the fundamental
group by constructing the associated Ajy¢-representation with Frobenius, which is a
variant of the construction by N. Wach of the (¢, I")-module associated to a crys-
talline Z ,-representation of the absolute Galois group.

Keywords Integral p-Adic Hodge Theory - Relative Fontaine—Laffaille Theory -
Ains-Cohomology

Mathematics Subject Classification (2010) 14F30 - 14F20 - 14F40

1 Introduction

Let O be the ring of integers of a complete algebraically closed nonarchimedian
extension C of Q,, let k be the residue field of O, and let Aj,r be the period ring
associated to O defined by Fontaine (see Sect.2). Let X be a proper smooth formal
scheme over O. In [7], Bhatt, Morrow, and Scholze introduced a new cohomology
theory RI4, (X) lying in the derived category of Aj,r-modules, and opened a way
to compare the integral p-adic étale cohomology H ét(X ¢, Zp) with the crystalline
cohomology Hg,, (Xx/ W (k)) and the integral de Rham cohomology H, (X/O) for

any i. In all related preceding work, we can deal with integral p-adic cohomolo-

T. Tsuji ()

Graduate School of Mathematical Sciences, The University of Tokyo,
3-8-1, Komaba, Meguro, Tokyo 153-8914, Japan

e-mail: t-tsuji@ms.u-tokyo.ac.jp

© Springer Nature Switzerland AG 2020 161
B. Bhatt and M. Olsson (eds.), p-adic Hodge Theory, Simons Symposia,
https://doi.org/10.1007/978-3-030-43844-9_6


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-43844-9_6&domain=pdf
mailto:t-tsuji@ms.u-tokyo.ac.jp
https://doi.org/10.1007/978-3-030-43844-9_6

162 T. Tsuji

gies only when i is smaller compared to p, and we may say that their theory is a
breakthrough in the study of integral p-adic cohomologies. However the theory is
developed only for the constant coefficients, while an integral p-adic Hodge theory
with coefficients (for small i) was established by Faltings [10] in the late *80s. There-
fore it is natural to ask whether we have a similar theory for the Aj,f-cohomology.
The purpose of this paper is to give a partial positive answer to this question.

Let K be a complete discrete valuation field of mixed characteristic (0, p) with
perfect residue field k, and let Ok be the ring of integers of K. We assume that
p is a uniformizer of Og. Let X be a proper smooth scheme over Og. In [10],
as a theory of coefficients, Faltings generalized the theory of Fontaine—Laffaille on
p-torsion crystalline representations of the absolute Galois group of K to locally
constant constructible p-torsion sheaves on Xk ¢. More precisely, he introduced
the category DJT{S’[Va’bLmr(X) (0 <b—a < p—2) consisting of “p-torsion filtered
Frobenius crystals of level with in [a, b]”, and constructed a fully faithful functor
Terys to the category of locally constant constructible p-torsion sheaves on X ¢.
We have an obvious analogue of the theory for smooth Z,-sheaves on X ¢. In this
paper, we show that there exists a hopeful local theory of Aj,f-cohomology for a
torsion free smooth Z,-sheaf contained in the essential image of the functor Tty as
follows.

We fix some notation used throughout this paper. Let K, k, and Ok be as above.
Let X = Spec(A) be an affine smooth scheme over Spec(Ok) such that the special
fiber Spec(A ®o, k) is non-empty and geometrically connected, let A be the p-
adic completion of A, which is a noetherian regular domain, and assume that there
exist coordinates t,...,f; € A* of A over Og. We choose and fix an algebraic
closure K of K, O denotes its ring of integers, and G ¢ denotes the Galois group
Gal(K/K). Let K be the field of fractions of .4, let K be an algebraic closure of X
containing K, and let X" be the union of all finite extensions £ C K of K such that
the integral closure of A[%] in L is étale over .A[%]. We define G 4 (resp. A 4) to be

the Galois group Gal(KC"*" /KC) (resp. Gal(K™ /K K )), which is the fundamental group
of the generic fiber (resp. the geometric generic fiber) of Spec(.A) with base point
Spec (K). Let A be the integral closure of A in I, and let Ajy¢ (A) be the Fontaine’s
period ring associated to A (see Sect. 2 for details).

For a “free” object M of the category E)J?S[VOA, p—21(A), we construct a semilinear
A,-nf(./Tl)-representation T Ains (M) of G 4 with Frobenius structure (Sect. 8), general-
izing some arguments (Sects. 6 and 7) used in the proof of the theorem of Wach [20]
relating (¢, I')-theory and Fontaine-Laffaille theory. For the free Z ,-representation
Terys(M) of G 4 associated to M, the representation T Ajs (M) is eventually char-
acterized as a unique free G 4-stable “lattice” of Torys(M) ®z, Aint(A)[1] “trivial”
modulo 7 (see Proposition 76, Theorem 70 and Lemma 64). Here 7 is the element
denoted by p in [7] and is defined in the paragraph after (1). We prove that the functor
T Ajys is fully faithful (Theorem 63 (1)), and together with the above characterization,
we obtain a new proof of the fully faithfulness of the functor Ty (Theorem 77).

The Ajyr-cohomology RI4,(X) is defined as the cohomology of a complex of
Ainr(O)-modules on Xz, denoted by AS2%, and its (derived) section on a (small)
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affine formal scheme Spf(R) is given by “A$2x = L7, RI"(A, Ainf(ﬁ))”. A natural
candidate of an analogue of A2g for M is A2 4(M) := Ln;RI"' (A4, T Ains(M))
(Sect.15). We see that this has the following relation to the Z,-representation
Terys (M) of G 4 and to the de Rham complex of M similarly to [7, Theorem 14.1]. For
the former, the characterization of T' A, (M) as alattice of Terys (M) ®z, Ajnt A [%]
immediately  implies that A£24(M) is isomorphic to RI(Au,
Terys(M) ®z Aint (A)) after inverting 7 (Theorem 106). As for the latter, there exists
a canonical isomorphism independent of the choice of 7y, .. ., t; (Theorem 204)

Aays(0g) B0 M @4 2% — Acrys(of)e@jm(oﬂfxg A(M)

in the derived category of Acrys(Og)-modules with semilinear action of Gg(:=Gg
with the discrete topology). We can apply the construction of 7 Ajys (M) also to the
period ring Amf(.A) associated to a framing (i.e. t1, ..., t;) considered in [7, Sect.
9], and obtain an Amf(.A) representation with Frobemus TAmf (M) (Sect. 13). Then
we can describe A2 4(M) in terms of the Koszul complex associated to TAEf(M )
similarly to [7, Sect. 9], and it allows us to construct the isomorphism above with
G g-action forgotten (Sect. 15). This construction of the isomorphism heavily relies
on the framing, and we prove the independence by giving an alternative construction
(different from [7, Sect. 12]), to which the last five sections (Sects. 17-21) are devoted,
and which recovers G g -action as well.

2 Period Rings

Let o be the unique lifting of the absolute Frobenius of k to K. As in Sect. 1, let K
be an algebraic closure of K, and let O be the ring of integers of K. Let C be the
completion of K, let O¢ be the ring of integers of C, and let vc be the valuation of
C normalized by ve(p) = 1.

Let A be a normal domain containing O%. Assume that A/p A # 0 and the abso-

Iute Frobenius of A/pA is surjective. Let R, be the inverse limit of A/pA L

A/pA L A/pA L A/pA L. , where F denotes the absolute Frobenius. Then
the absolute Frobenius of R 4 is bijective. We regard R 4 as a k-algebra by the homo-
morphism k — R; x — (x?"),en. We define the Ox = W (k)-algebra Aj,r(A)
to be the ring of Witt vectors W(R,), which is p-torsion free, and p-adically
complete and separated. It has a canonical lifting of the absolute Frobenius of
W(RA)/p = R, compatible with o, which is an automorphism and is denoted
by ¢ in the following. We have a ring homomorphism 6: Ay (A) — A charac-
terized by 6([a]) = lim,_, Eyfn for a = (an),,eN € Ry, where A denotes the p-
adic completion hm A/p™ A of A and @, denotes a lifting of @, in A for each
neN((12, 1.2. 2] [lO II (b)]). By the assumption that the absolute Frobenius of
A/ pA is surjective, we see that 6 is surjective ([12, 1.2.2], [10, IT (b)], [18, Lemma
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A1.1]). The homomorphism 6 is compatible with the Ok -algebra structures because
O([(x? " nen]) = limy, oo[x? 17" = [x] for x € k.

Choose a compatible system of p"throots 3, (n € N) of p in O: 37 n=06ne
N), By = p, and define the element p of R4 tobe (8, mod p),cn. The projection to
the firstcomponent Ry — A/pA; (_an),,eN > ag is surjective, its kernel is generated
by p, and p is not a zero divisor in R4 ([10, I (b)], [18, Lemma AZ2.1]). This
1mphes that the projection to the (I + 1)th component Ry — A/pA; (ay)nen — @
is surjective and its kernel is generated by pp because its composition with the /th
power of the absolute Frobenius of R, coincides with the projection to the first
component and the absolute Frobenius of R, is bijective. The element £ := p — [p]
of Aijpr(A) is a non-zero divisor and generates the ideal Ker(d) ([10, II (b)], [18,
Corollary A2.2]). This implies that an element a of Ker(6) generates Ker(6) if and
only its image in A, (A)/p = R, is contained in pRj (12, 5.1.2], [18, Corollary
A2.4]). We define Fil” Ains (A) (r € N) to be Ker()” if r > 0 and Aiye(A) if r < 0.

For a = (a,)nen € Ro, we put vg(a) = ve(0([al)). Then vg is a valuation of
Ro,, with which Ro, is a complete valuation ring, and its field of fractions is
algebralcally closed. We have vg(p) = p because 6([p]) = p. This implies that, for
any non-zero element a of Ro,, we have p" € aRo for some 1 € N, and therefore
the image of a in R, is regular.

Lemma 1l Let a be an element of Ain(Of), and assume that its image a in
Aint(O%)/pAint(Og) = Ro, is neither zero nor invertible.

(1) The (p, a)-adic topology of Ains(A) coincides with the (p, [ p])-adic topology.

(2) Aint(A) is (p, a)-adically complete and separated. N

(B) Ainr(A)/aAins(A) is p-torsion free, and p-adically complete and separated.

4) Apns(A) and Aine(A)/ p"* (n € N.g) are a-torsion free, and a-adically complete
and separated.

Lemma 2 Let R be a flat 7 ,-algebra p-adically complete and separated, and let a
be an element of R such that R/pR is a-torsion free, and a-adically complete and
separated.

(1) R s (a, p)-adically complete and separated.

(2) R/a"R (n € N.g) are p-torsion free, and p-adically complete and separated.

(3) Rand R/p"R (n € N.y) are a-torsion free, and a-adically complete and sep-
arated.

Lemma 3 Let R be a commutative ring.

(1) Let M be an R-module, and let a and b be two elements of R regular on M.
Then we have a canonical isomorphism (M /aM)[b] = (M /bM)[a].

(2) Let0 — M, — My — M3 — 0bean exact sequence of R-modules. Let a be an
element of R regular on M. Then, if two of the three R-modules M; (i € {1,2,3})
are a-adically complete and separated, then the remaining one is also a-adically
complete and separated.
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Proof (1) We obtain the claim by applying the snake lemma to the multiplication by
b on the short exact sequence 0 — M 5M— M/aM — 0.

(2) Since a is regular on M3, the exact sequence in the claim induces exact
sequences 0 — M;/a" — M,/a" — M3/a" — 0 (n € N). By taking the inverse
limit over n, we obtain the following homomorphism of short exact sequences

0 M, M, M3 0

| / |

0 ——lim M,/a" —1lim M,/a" — lim M;/a" — 0.
<—n <—n <—n

If the two of the three vertical homomorphisms are isomorphisms, then so is the
rest. ]

Proof of Lemma 2 Since R/p is a-torsion free, and R is p-torsion free and p-
adically complete and separated, we see that R/ p” is a-torsion free by induction on
n, and that R is a-torsion free by taking the inverse limit. Since a and p are regular
in R, we have R/a"[p] = R/pla"] = 0 by Lemma 3 (1). By applying Lemma 3 (2)

to the exact sequence 0 — R SRR /a™ — 0, we see that R/a" is p-adically
complete and separated.

We have an exact sequence 0 — R/p" R R/p"!' — R/p — 0 since R is p-

torsion free. Since R/p is a-torsion free and a-adically complete and separated
by assumption, we see that R/p" is a-adically complete and separated by induc-
tion on n by applying Lemma 3 (2) to the above exact sequence. Now we have
R=1im R/p" =lim (im R/(p",a™) =lim “R/(p",a™), ie. Ris (a,p)-
adically complete and separated. Finally we have R = 1im (lim R/(a", p™)) =
. . . <—n_ <—m

1(&1” R/a" because R/a" is p-adically complete and separated. (]

Proof of Lemma 1By the assumption ona, there exists m € Nsuchthata™ € pRo,
andg’" € aRo,.Sincea — [a] € pAi(Og), we have the equality (p, a) = (p, [a])
of ideals of Ainr(O%), which implies the following inclusions of ideals of Aj,(A):
(p,a)™ C (p,[p] and (p, [p])™ C (p,a). Hence the claim (1) holds. The image
of @ in R is regular as observed before Lemma 1. As the kernel of the projection
Ry — A/p; (ap)nen > a; is generated by p”[ forl e N, Ajps(A)/p = Ry is p-
adically complete and separated. Since a”™ E_ERO? and E’” € aRo,, Aint(A)/ p_is
a-adically complete and separated. Thus we can apply Lemma 2 to Aiys(A) and a,
and obtain the claims (2), (3), and (4). O

Lemma 4 Let A’ be another normal domain containing A such that A'/p A’ # 0
and the absolute Frobenius of A'/pA’ is bijective. Assume that the homomor-
phism A/pA — A'/pA’ is injective. Let a and a be the same as in Lemma 1.
Then the natural homomorphism Ay (A) — Ains(A’) and its reduction modulo p™
(m € N.y), modulo a, and modulo (a, p™) (m € N.g) are injective. In particu-
lar, Aing(A) = Aing(A') is strictly compatible with the filtrations Fil®. (Note that
& € Aine(Ox) (r € Nyy) satisfy the condition on a in Lemma 1.)
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Proof We assert that the claim for the reduction modulo (a, p) implies those for
the other ideals as (a, p) = (a, p™) = (p™), (@) = (0). One can prove the first
implication by induction on m using the exact sequence 0 — A, (A”)/(a, p™) EN
At (AD) /(a, p"t) = A (AD)/(a, p) — 0 (Lemma 1 (3)). As for the second
one, we note that a” (n € N.() also satisfy the condition on a in Lemma 1. Then
the claim follows from the fact that Aj,s(A)/p™ (resp. Ay (AP)/a) is a (resp. p)-
adically complete and separated (Lemma 1 (4) (resp. (3)). Similarly the last implica-
tion is a consequence of the fact that A;,;(A”) is p-adically complete and separated.

Let us prove the claim for the reduction modulo (a, p). Put a = (a,),en (@, €
O%/ p), and choose an integer m such that a,, # 0, which implies vg(a) < vr(pP")

and BmeOE C aRp, because we have an isomorphism ROY/BPM = Ox/pO%:
(Xp)neN > xn. Let a, be a lifting of a,, in Og. Then we have isomorphisms
Aint(A?)/(p,a) = Ryo/a = Rpo/(pP", @) = AV /(p,ay) = A” /a,, induced
by Rpo — AY/p; (xp)nen +> Xn. The injectivity of A/p — A’/ p implies that of
A/a, — A'/a,, because the multiplication by pa,! on A induces an injective
homomorphism A" /a,, < A”/p. This completes the proof. ]

We endow A;ns(A) with the (p, [ p])-adic topology. In the following, we assume
that we are given a subring Ao of A over which A is integral and that Frac(A)/
Frac(Ay) is a Galois extension. Let G (A /Ap) denote the Galois group Gal(Frac(A)/
Frac(Ag)). Then A is a G(A/Ap)-stable subalgebra of Frac(A), and therefore we
have a natural action of G(A/Ag) on Aje(A) with ¢ and Fil”". The homomorphism
0: Apr(A) — Alis G (A/Ap)-equivariant.

Lemma 5 The action of G(A/Ag) on Ains(A) is continuous.

Proof Let n and m be positive integers, and put [ = m + (n — 1). Then the homo-
morphism W, (R,) — W,,(RA)/[EI’M] factors through W,,(RA/BPI) because

n—1
! ! [ v —v l—v mn
(@op” . arp”,....an1p?) =Y p“lal p" 1€ [p” IWa(Ra)
v=0

fora, € Ry (v € NN [0,n — 1]). The action of G(A/Ag) on Wn(RA/BP[) with the
discrete topology is continuous because R 4/ E”' = A/p; (@p)nen > ay. O

Before introducing another period ring A¢rys(A), we give two preliminary lemmas.
Let v be the unique PD-structure on the ideal p Ok of Ok.

Lemma 6 Let S be an Ok-algebra, and let (Is, vs) be a PD-ideal of S for which
p € Is and ~ys is compatible with the unique PD-structure vy on pOg. Let R be an
S-algebra, let I be an ideal of R, and let (R, 1,0) be the PD-envelope of (R, I)
compatible with ~s ([4, I Définition 2.4.2], [5, 3.19 Theorem]).
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(1) The Ok-algebra R with the ideal T:=T+ PR equipped with the PD-structure
0" compatible with § and v is the PD-envelope of (R, I + pR) compatible
with ys.

Suppose that we are given liftings ps: S — S and r: R — R of the absolute
Frobenius of S/pS and R/pR compatible with o: Ox — Ok such that g is a
PD-morphism with respect to (Ig, vs) and pg o f = f o g for the structure homo-
morphism f: S — R.By (1), pg and s induce an endomorphism o of the PD-ring
(R, 7/, 0") compatible with py.

(2) The reduction mod p of ¢y is the absolute Frobenius of R.
(3) Forr e NN [0, p — 1), the rth divided power T of T ([4, I Définition 3.1.1],
[5, 3.24 Definition]) satisfies @E(T/[r]) C P'R.

Proof The claim (1) is obvious by the construction of the PD-envelope in the proof
of [4, I Théoreme 2.4.1] (see [5, 3.20 Remarks (1)]). The R-algebra R is generated
by d,(x) (x € I + pR, n € N.y) by [4, I Proposition 2.4.3 (ii)] (or [5, 3.20 Remarks
(3)]), and the ideal 7/[” (r € N.o) is generated by d;, (x)--- 5”“ (xg) (x1,...,x4 €
I+ pR,ny+---+ng >r) by [4, I Propositions 2.4.3 (ii), 3.1.3’]. Letx € I 4+ pR.
Then there exists y € R such that pg(x) = x” + py. Hence, for n € Ny, we
have (6, (x)) = 8,(x” + py) = 7 (p)((p — D!6,(x) + y)" € pmn=r=UR, and
o (x)P = p!é}, 6/ (x)) € pR. This implies the claims (2) and (3). O

Lemma 7 Let (M,),en., be an inverse system consisting of flat 7./ p" -modules such

that the transition map induces an isomorphism M, .1 ®z 1 Z/p" > M, forevery
n € Nog. Then the inverse limit M .= l(ir_nn M, is flat over Z,, and the natural homo-
morphism M /p™ — M, is an isomorphism for every n € N.. In particular, M is
p-adically complete and separated.

Proof Let m be a positive integer. By assumption, the multiplication by p™ on M,,,,
induces an exact sequence 0 - M, — M,.,, - M,, — 0. By taking the inverse

m

limit over n, we obtain an exact sequence 0 — M LAQY N M, — 0. |

Let m € N.o. We define Ay, (A) to be the divided power envelope compatible
with v of Ajps(A)/p™ with respect to the kernel of (6 mod p™). In Acrys m(A),
we have [p]” = (p — &) = pi(=OW + p Y 7_ (D) p" (=" € pAcrysm(A).
The action of G(A/Ap) on Ajnr(A) induces its action on the PD-ring Acrys i (A),
which is continuous with respect to the discrete topology of Acrys m (A) by Lemma 5
because the homomorphism  Ai(A)/p™ — Acrysm(A) factors  through
A (A)/(p™, [p]"™) and Acrys i (A) is generated by divided powers of the image of
§in Acrysm (A) over Ayt (A)/ p™ ([4,1Proposition 2.4.3 (ii)], [5, 3.20 Remarks (3)]);
the image E € Acrys,m(A) of £ is invariant under an open subgroup H of G(A/Ag)

by Lemma 5, and we have g(E[”]) = g(©" = E[n] forn e N.gand g € H.

We define Fil" Acrys m(A) (r € Nog) to be the rth divided power of the divided
power ideal of Acys, ., (A) ([4, 1 Définition 3.1.1], [5, 3.24 Definition]), which is gen-
erated by £ (s € NN [r, 00)) as an ideal and also as an Aj,;(A)/p™-module ([4, I
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Propositions 2.4.3 (ii), 3.1.3 (i)]). It is stable under the action of G(A/Ap). We set
Fil" Acrys,m (A) = Acrys,m(A) foranintegerr < 0. By Lemma 6 (1) and (2), the canon-
ical lifting of the absolute Frobenius on Ajs(A) induces a lifting ¢ of the absolute
Frobenius of Acrysm(A)/p t0 Acrys,m(A) compatible with the G(A/Ap)-action and
the PD-structure on pAcrys m(A) + FillAcryS,m(A) defined by the PD-structure on
FillAcrysqm(A) and . By Lemma 6 (3), we have @(Fil" Acrys i (A)) C p" Acrys,m(A)
(r e NN[0, p —1]). We define Acys(A) to be the inverse limit of Acrysp(A)
(m € N.o) endowed with the inverse limit topology of the discrete topology of
Acrys,m (A). Itis naturally endowed with a continuous action of G(A/Ap), a decreas-
ing filtration Fil" A¢rys(A) and a o-semilinear endomorphism ¢.

The algebras Acrysm(A) and Acrys(A) with Fil”, ¢ and G(A/Ap)-actions can
be explicitly constructed as follows. Let WFP(R ) be the divided power envelope
of W(R,) with respect to Ker(f) compatible with . The action of G(A/A() on
W (R ) induces its action on WFP (R 4). We define Fil' WP (R 1) (r € N.) to be the
rth divided power of the divided power ideal of WP (R 4), which is stable under the
action of G(A/Ag). We define Fil’ WFP (R 4) to be WFP(R ) for aninteger r < 0. By
Lemma 6, ¢ of W(R ) induces a G (A /Ag)-equivariant endomorphism of WFP (R 4)
compatible with o, which is denoted again by . We have a unique PD-structure on
Ker(é))[%] C W(RA)[l] defined by x > % (n e N) ([4,11.2.1], [5, 3.2 Examples
2]), and it is Compatibfe with . Hence, by the universal property of divided power
envelopes, the homomorphism W(R,) — W(R A)[%] induces a PD-homomorphism

WPP(R,4) — W(R A)[%] compatible with ¢ and G (A/Ag)-actions. This homomor-
phism is injective, and therefore we may identify WFP (R ,) with its image, which

is the W (R 4)-subalgebra of W(RA)[%] generated by i—: (n e N) ([12,2.3.3], [10, 11
(b)], [18, Proposition A2.8]). We have Fil’ W*P(R ) = WPP(R,) N Fil’W(RA)[%]
for r € Z ([18, Lemma A2.9]). In particular, Fil* WFP(R ) /Fil’ WP (R,) (r,s €
Z,s > r) is p-torsion free. Thus we obtain an explicit construction of WFP(R ).
Since p"™ Ok is a sub PD-ideal of pOg, divided power envelopes compatible
with ~ are compatible with taking the reduction mod p™ ([5, 3.20 Remarks (8)]).
Therefore the homomorphism W(R,s) — Ajr(A)/p™ induces an isomorphism
of PD-algebras WFP(R,)/p" = Acrys,n(A) compatible with ¢ and G(A/Ap)-
actions. Since WFPP(R,)/Fil" WFP(R,) is p-torsion free, we see that the surjec-
tive homomorphism Fil’ WFP(R )/ p™Fil' WPP (R 4) — Fil" A¢rys m (A) is an iso-
morphism for r € Z. Since WFP(R,) is p-torsion free, the above description of
Acrys,m(A) implies that Ay(A) and Fil" Aeys(A) (r € Z) are p-torsion free, and
p-adically complete and separated, and we have isomorphisms Acrys(A)/p™ =
Acrys,m(A) and Fil" Aqry(A)/ p™ > Fil" Acrys m(A) (r € Z) by Lemma 7. We then
obtain @(Fil" Acrys(A)) C p"Acrys(A) forr e NN [1, p — 1] from @(Fil" Ay (A))
C p"Acrys,r(A) =0, and see that the topology of Acys(A) coincides with the
p-adic topology. For r € N, the multiplication by £ induces an isomorphism

il
A= W(RL)/Fil'W(RA) > grfy WPP(Ry) ([18, Proposition A2.9 (2)]). Therefore
grt WP (R,) (r € Z) is p-torsion free and p-adically complete and separated, and
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we obtain an isomorphism griy WP (R4) = griy Acys(A) (r € Z) by taking the
p-adic completion of the exact sequence 0 — Fil’ "' WPP(R 4) — Fil' WPP(R,) —
fo o WPP(R,) — 0 ([10, II (b)], [18, Lemma A2.11 (1)]). This implies that
Acrys(A)/Fil" Acrys (A) (r € N.o) is p-torsion free, and therefore p-adically com-
plete and separated by Lemma 3 (2).

Lemma 8 Let A’ be the same as in Lemma 4. Let m and r be positive integers,
and let a (resp. a') be one of the ideals (p™), Fil", (p™, Fil"), and (0) of Acrys(A)
(resp. Acrys(A")). Then the natural homomorphism Acys(A)/a — Agys(A)/d is
injective.

Proof Since Acrys(A), Acrys(A), Acrys(A)/Fil", and Acrys(A")/Fil” are p-torsion
free, and p-adically complete and separated, it suffices to prove the claim for (p) and
(p, Fil"). The homomorphism IF,[T] — R; T +— p = (£ mod p) is flat because
it factors through IF,[[T']] and p isregularin R, (Profosition 143 (1)). Therefore, by
[5, 3.21 Proposition], we see that Acrys(A)/p = Acys,1(A) is afree R4 /pP-module
with a basis (¢! mod p) (m € N). Note that the PD-polynomial ring F,(T) is
a free F,[T]/(T?)-module with a basis T'»"! (m e N). Combining with the same
claim for A’, we are reduced to showing that R, /p* — R /p* (s e NN [1, p]) is
injective, which has been verified in the proof of Lemma 4. O

In the following, we assume, in addition, that
A is integral over a noetherian normal subring. (1)

For s € N, let I° Ajpr(A) (resp. I° Agys(A)) be the ideal of Ajpr(A) (resp. Acrys(A))
consisting of x such that ¢”(x) € Fil’ for all v € N. They are stable under the action
of G(A/Ap) and . We have I" - I* C I'** (r,s € N). Let € = (g,,) be a basis of
Z,(1)(Ox) = 1<ir_nnGN ppr (O%), and let g denote the element (¢, mod p) of Ro,.
We have pp(e — 1) = # because ve((e, — DP") = ﬁ for every n € N_. This
implies (¢ — 1)?~! p- R(X)?.

The element 7w := [g] — 1 € Ajy(A) is anon-zero divisor and the ideal 7* Ajpe(A)
is generated by 7* ([12, 5.1.3 Proposition (i)], [18, Proposition A3.12]). We have
Pl e DPAcys(A) ([18, Lemma A3.1]). For s € N, we have the inclusion
OUI* Acrys(A)) C p*Acrys(A), and if s € [0, p — 1], the natural homomorphism
Aint (A)/I° Aint (A) = Acrys(A) /17 Aerys(A) is an isomorphism by [12, 5.3.1 Propo-
sition] and [18, Proposition A3.20]. For the latter, note 7 = Y~ _, ¢! = ¢ mod /'
Acrys(Ox). This congruence together with [18, Proposition 'A3.23 and Exam-
ple A2.7] also implies that, for r,s e NN [0, p — 1] with s <7, (I7Agys(A) N
Fil’Acrys(A))/(I”lAcrys(A) N Fil" Agys(A)) is generated by " 7% as an W (R ,)-
module. Since £"*7° € Fil” Ay (A), we obtain isomorphisms

Fierinf(A)/ISAinf(A) — Fiercnys(A)/ISAcrys(A) (2)
r,seN,O<r<s<p-1).
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Fors € N, Ajut(A)/ 17 Aing (A), I* Aje (A), Acrys(A)/IXAcrys(A) and IXACWS(A) are
p-torsion free, and p-adically complete and separated ([18, Lemmas A3.11, A3.19
and A.3.27)).

Putqg := Zue]}?,,[i[a]] € Apr(A), mp:=qg — pandq’ := <p_1(q), Wheregb = (sﬁ
mod p)uen for b € Z,. Then the ideal Fil' Ajps (A) is generated by ¢’ ([12, 5.2.6
Proposition (ii)], [18, Example A2.7]), which implies that g(q) € q - Ajnr(A)* for
g € G(A/Ap).

Lemma9 (1) For a € Z,, the series ZHGN( )7r converges to [?] in A (Ox)
with respect to the w-adic topology.
(2) The ideal 1"~ Ajps (A) is generated by o, and we have eI’ lAcrys(A)

Proof (1) Since Ainr(O%) is m-adically complete and separated, and Aix(Og)/ !
is p-adically complete and separated by Lemma 1 (3) and (4), it suffices to prove
[e] = Znemm 1 ( )7r mod 7 A,m(OK) + p" Aini (Og) for every I, m € N..
Put N :=max{v,(n!);n e NN[0,! — 1]} +m. Then for any b € Z,, we have

[T = 1= Yoy (3 )T = D" € 7' At (Og) + p" A (Ox)  because
[?]1—1 € I"Aini(Og) = TAint(Og). Hence [e] = [e”] mod 7! Ainr(Og)+
p" Aing (Of) for any a’ € N such that a = @’ mod pNZ »- This completes the proof
because (“) € Z, (n € NN [0, — 1]) converges to (‘) € Z, as a’ € N tends to a.
(2) The second claim follows from the first one and p~'77~! € 171 Agy5(A). For
neNN[l,p—1], thesumZaeF [a]*isequaltoOif ]l <n < p—2,and p — 1if

n = p — 1. Therefore Zae]F ( ) vanishes if 1 <n < p — 2, and is equal to ﬁ
if n = p — 1. Hence (1) implies that 7y is of the form ﬁw”’l(l + mc), ¢ €
Aint(Og). We have 1 4 7c € Aijnr(Ox)™ because Aiy(Ox) is m-adically complete

and separated (Lemma 1 (4)). This completes the proof. U

Lemma 9 (2) implies g(my) € 7o - Ains(A)* for g € G(A/Ap). We have p(mg) €
mogP ™! - Ainr(A)* because my € 7P Ajpr(A)* and ﬁ generates the ideal
Fil' Aips (A) ([12,5.1.2], [18, Example A 2.6]). This implies

PP Aine (A)) C qP 7 Aie(A). A3)

Let A, I, K", G A, and A be as in Sect. 1. Then we see that the absolute Frobe-
nius of A/ p.A is surjective by showing that the equation xP - px = a has a solu-
tion in A for every a € A as follows: Put £ = K(a), which is a finite extension
of K, and let A(a) be the integral closure of A in £. Then A(a) is p-adically
complete and separated as it is ﬁnite over A, and we have a € A(a). The finite
free .A(a) algebra C := A(a)[X]/ (X P pX — a) is étale after 1nvert1ng p because
(Xp —pX—a) =p—1+ pX?” ’1) and theimage of —1 + p X? *~1inCisinvert-
ible. Hence, for any solution x € KC, the image of the .A(a)-homomorphism C — K
defined by X > x is contained in A. Thus we may apply the above construction of
Aint(A) and Agrys(A) to A = Aand Ag = A.

Let B be a flat Og-algebra p-adically complete and separated such that the
homomorphism Ok /p™ — B/p™ is smooth for every m € N. . Put B,, := B/p",
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m

that there exist sy, ..., s, € B* suchthatd logs; (i € NN[1, e]) form abasis of 25,
for every m € N., and that we are given a surjective Og-homomorphism B — A
and a lifting pp: B — B of the absolute Frobenius of B; compatible with o of Ok .
Put g, = v ®z Z/p"Z for m € N..

We introduce a period ring “rys, 5(A) associated to B — A and A/A. It is an
Acrys (A) ®o « B-algebra equipped with an action of G 4, a decreasing filtration, and
an integrable connection, and will be used to describe explicitly the Z ,-representation
of G 4 associated to an object M of MF[VO’ p—21.free (A, @) (Sect.4) in terms of the “eval-
uation” of M/ p™ on the PD-envelope of Spec(A/p™) < Spec(B/p™) (Lemma 37,
(38)). See [8, Sect. 6.1] for the case B = A.

We begin by introducing the PD-envelope mentioned above. Recall that v denotes
the unique PD-structure on the ideal pOg of Og. Put A,, := A/p™ for m € N.,.
For m € N.(, we define P, to be the divided power envelope compatible with
of B,, with respect to the kernel of the homomorphism 5,, — A,,. We define the
decreasing filtration Fil"P,, (r € Z) of P,, by ideals to be the rth divided power
of the divided power ideal of P,, if r > 0 ([4, I Définition 3.1.1], [5, 3.24 Defini-
tion]) and P,, if r < 0. We have Fil'P,, - Fil*P,, C Fil't*P,, (r, s € Z). The Ok -
algebra P, is naturally endowed with an Ok ,-linear derivation Vp, : P, — P,
®pB, §25, compatible with the derivation d: B,, — §25, and integrable as a con-
nection with respect to B,,/Ox ., ([4, IV Sect. 1.3]). We have V(x[") = xI""!l @
dx for x € Fil'P,, and n € N.¢ ([4, IV (1.3.6)]). This implies Vp, (Fil'P,,) C
Fil'"'P,, ® B, §28, (r € Z). By Lemma 6 (1), (2), the lifting of the absolute Frobe-
nius g, induces a lifting of the absolute Frobenius ¢p, on P, compatible with
Vp,. We have pp, (FiI"P,) C p"P,, forr e NN [0, p — 1] by Lemma 6 (3). The
ring P,, and their ideals Fil"P,, (r € Z) are flat over Ok ,,, ([14, I Lemma (1.3) (2)]).

We have natural PD-isomorphisms P11 ®oy,.., Ok.m 5 ‘P, compatible with ¢

Ok := O /p", 825, = 825,04, form € Nog,and 25 := l(ir_nm 2, . Weassume

and V, and isomorphisms Fil" P, 11 ®o, .., Ok m S Fil'P,, form € Nogandr € Z
(loc. cit.). We define the Og-algebra P and its filtration by ideals Fil"P (r € Z) to
be lim 7P, and lim Fil"P,,. By Lemma 7, the ring P and its ideals Fil"P (r € Z)
are%tm over Ok, (aﬁcin p-adically complete and separated, and we have isomorphisms
P/p™ = P,, and Fil"P/p™Fil"P = Fil'P,, form € N_g and r € Z. By taking the
inverse limit of Vp, and ¢p,, we obtain Vp: P — P ®p £25 and pp: P — P.
We have pp(Fil'P) C p"P forr e NN [0, p — 1].

We first introduce a period 1ing Hrys 8,m (71) defined over Ok ,,, and then take
the inverse limit over m. Put A, := 71/ p™ for m € N . For m € N.(, we define
Derys, B,m (A) to be the divided power envelope compatible with v of (Ajns (A) Roy
B)/p™ with respect to the kernel of the surjective homomorphism to A, induced
by (¢ mod p™): Aint(A)/p™ — A, and B,, = A,. The homomorphism from
B,, (resp. Aint (A)/ p™) to (Aint (A) ®o, B)/p™ induces a homomorphism P,, —
ﬂcrys,g_m(ﬂ) (resp. Acws,m(Z) — &Q{crys,lg,m(ﬁ)) of PD-algebras over Ok ,,. The
action of G4 on Ajy¢ (71) induces its action on the PD-ring Zrys, B,m (Z), which is con-
tinuous with respect to the discrete topology of Zrys B.m (A) by Lemma 5 because the
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composition (Ajyr (A) ®o, B)/P" = Acrysm (A) ® 0k Pn = Derys,B.m (A) factors
through the quotient modulo [p]?™ (see the paragraph after Lemma 7) and
Lerys, B (A) is generated over (Ajnr(A) ®o, B)/p™ by divided powers of ele-
ments of the kernel of (Ainr(A) ®o, B)/p™ — Ay ([4, 1. Proposition 2.4.3 (ii)], [5,
3.20 Remark (3)]). The homomorphism P, = rys, B.m (A) (Xesp. Acrysm(A) —
erys, Bm (A)) mentioned above is G 4-stable (resp. G 4-equivariant). We define the
decreasing filtration Fil" rys 5, (A) (r € Z) of Derys, B,m (A) by ideals to be the
rth divided power of the divided power ideal if r > 0 and &ys 5,m (A if r <0.
The filtration Fil" rys B,m (A) (r € Z) is G 4-stable, and we have Fil" Aorys B.m (A) -
Fil* Aays 8.m (A) C Fil' Ays g (A) for r,s € Z. The homomorphisms P,, —
Lerys, B (A) and Acrys,m (A — Lerys, Bon (A) are compatible with the filtrations
because they are PD-homomorphisms. The ring rys 8,m (A) is naturally endowed
with a G 4-equivariant Acrysym(Z)-linear derivation  V: @y B,m(Z) —
erys, Bm (A) ®s, §2p, compatible with V: P,, — P, ®g, §25, and integrable as

m m

a connection with respect to B,,/Ok.n ([4, IV Sect. 1.3]). We have the inclu-
sion V (Fil" Ferys 5.m (A)) C Fil' ™ Ay 5.m (A) @5, 25, (r € Z). By Lemma 6 (1),
(2), the lifting of the absolute Frobenius ¢y and the Frobenius of Aint (A) induce
a lifting of the absolute Frobenius ¢ on Hirys Bm (7\) compatible with V and
the action of G 4. The homomorphisms P, — ,chrys,gym(Z) and Acrys,m(ﬁ) —
Lerys, Bm (A) are compatible with ¢’s. By Lemma 6 (3), we have the inclusion
OFil Arys 5. (A)) C P" Herys.5.m(A) for r e NN [0, p — 1]. We have a natural
PD-homomorphism &Zys B, m+1 (A) — Derys, B,m (A compatible with the G 4-action,
Fil", ¢, and the homomorphisms from P, and Acrys,.(.?l).

The ring Hirys, B,m (A) with the G a-action, Fil", V and ¢ is explicitly described
as follows. Let sy, ..., s, be elements of B> such that d logs; (i € NN[1, e]) form
a basis of §2p, for every m € N.. For each i € NN[1, e], choose a compatible
system of p"throotss; , € A" (n € N) of the image of 5; in A*, let 5; be the element
(5in mod p),en of R, and let u; ,, be the image of [s;] ® si_1 — 1in Hrys Bm (.71).
Then we have u;,, € Fillmfcrys, B.m (.7() and an isomorphism of PD-algebras over
Acrysm (A) ([15, Lemma 1.8])

Acrysm AN U1, -, Uy —> iys pn(A): Uy > i, )

where the left-hand side is the PD-polynomial ring with variables U;. This further
gives the following explicit description of the filtration on s 5. (A), Where |n| =

Zlgige”i'

P Fl " Aayu( [] UM = il s (D r€Z) (5)

n=(n;)eN¢ I<i<e
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Lete = (g,) € Z,(1)(Og) and € € Ro C Rz be as in the definition of 7 after (1).
For each i € NN [, e], we define the continuous map 7;: G4 — Z, by g(s;,) =
Si, nEM 1(9) (n € N). Then the action of G 4 on u; ,, is given by

GWim) = [E"PTujm + ([€7P] = 1) (g € G ). (6)
For V and ¢, we have

V") = —ul M + 1) @ dlogs;, 7
im) = Wim+ DPsTop(s) ™ =1 (8)

fori e NN[1,e]. Since u;,, +1 € ;zfcrys,g,m(.?l)x forevery i e NN[1,e], (5) and
(7) imply . .
Fil" Forys, 5.m (A= = Fil" Acrysm (A) (r € Z0). ©)

The description (4) implies that &y 3,m (.7() is flat over Ok ,, and the natural homo-
morphism J%crys,B,mjtl(-/Tl) ®0K‘m+1 OK,m - JZZCrys,B,m (Z) is an isomorphism-

We define oys, 5(A) to be the inverse limit of Lerys, Bum (A) (m € N.), which is
naturally equipped with a continuous action of G 4, a decreasing filtration Fil" (r €
Z7),V: %rys B(A) g chrys B(A) ®pB 25, ¢: v‘%rys B(A) g %rys B(A) and homo-
morphisms from P and ACWS(A). We obtain an explicit description of @y, 5(A)
just by taking the inverse limit of the description of iy B (A) given above. We
write u; (i € NN[1, e]) for the element of ,;zfcrys,g(ﬁ) defined by the compatible
system (4; m)meN.,- By Lemma 7, the ring %WS,B(Z) is flat over Ok and p-adically
complete and separated, and its reduction mod p™ is isomorphic t0 Hrys B,m (71).
The last fact together with gp(Filerfcrys,B,,(./?l)) =0 (r e NN[1, p —1]) implies
PF Sorys 5(A)) C P’ Horys 5(A) forr e NN [0, p — 1].

When B = A and the surjective homomorphism B — A is the identity map, we
write Firys m (A) and Forys (A) for irys 5.m (A) and Frys 5(A), respectively. In this
case,wehave P,, = A,,,Fil'P,, =0(r € No(),Vp, =d: A, — 24,,andpp, =
.4, - By taking the inverse 11m1t over m € N, we obtain P = A, Fil'P =0 (r €
N.¢o),Vp =d: A — §24,and pp = ¢ 4. When we consider the explicit description
(4) of Hrysm (A) and its inverse limit for szcrys(.?l) by using 74, ..., t; € A* such
that d logt; is a basis of §2 4, for every m € N, we write 1 ,, t;, v; , and v; for the
elements corresponding to s; ,,, S, U; ,, and u;.

_[’

3 Filtered Crystals

We define filtered crystals on a big crystalline site, and give an interpretation of
filtered crystals in terms of modules with integrable connections simply generalizing
that for crystals. See Remark 19 for the relation with the work of Ogus in [17].
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We first introduce some terminology concerning filtered modules over filtered
rings used throughout this paper.

Definition 10 Let E be a topos or site.

(1) A filtered ring on E is a pair of a (commutative) ring R on E and a decreasing
filtration Fil’R (r € Z) of R by ideals such that Fil’R = R and Fil'R - Fil’'R C
Fil'*R for all r, s € Z. If E is the topos of sets, it is simply called a filtered ring. A
homomorphism of filtered rings (R, Fil*R) — (S, Fil*S) on E is a homomorphism
of rings f: R — S such that f(Fil"R) C Fil"S for every r € Z.

(2) A filtered module over a filtered ring (R, Fil*R) on E is an R-module M with
a decreasing filtration Fil"M (r € Z) by R-submodules such that Fil"R - Fil' M C
Fil"™ M forallr, s € Z.A homomorphism of filtered modules over (R, Fil°*R) is an R-
linear homomorphism sending Fil” into Fil” for every r € Z.For s € Z, we define the
filtered module R(s) over (R, Fil*R) by R(s) = Rand Fil"R(s) = Fil' R (r € Z).

(3) We say that a filtered module (M, Fil®* M) over a filtered ring (R, Fil*R) on E
is finite filtered free if there exists an isomorphism @, ennp1, v R () > M of filtered
modules over (R, Fil*R) for some N € Nandr, € Z (v € NN [1, N]). For integers
a,b € Z with a < b, we say that (M, Fil* M) is finite filtered free of level [a, b] if
a<r,<bforeveryr e NN[I, N].

(4) Let f: (R, Fil*R) — (S, Fil*S) be a homomorphism of filtered rings on E,
and let (M, Fil* M) be a filtered module over (R, Fil* R). We define the scalar exten-
sion of (M, Fil*M) by f tobe M ®p, ; S with the decreasing filtration Fil" (M ®g s
S) defined by the sum of the images of Fil"*M ®g ; Fil'S (s € Z). This construc-
tion is compatible with compositions of homomorphisms of filtered rings.

Definition 11 (1) A filtered ringed topos is a pair (E, (R, Fil*R)) of atopos E and a
filtered ring (R, Fil*R) on E. Let MF(E, (R, Fil*R)) denote the category of filtered
modules over (R, Fil*R).

(2) A morphism of filtered ringed topos f = (f,v): (E’, (R',Fil*R’)) —
(E, (R, Fil*R)) is a pair of a morphism of topos f: E’ — E and a morphism of
filtered rings : (f~'(R), f~'(Fil°R)) — (R', Fil*R’).

(3)Let f = (f,¥): (E', (R,FilI°R")) — (E, (R, Fil*R)) be a morphism of fil-
tered ringed topos, and let (M, Fil*M) be a filtered module over (R, Fil*R). We
define the pull-back f*(M, Fil* M) of (M, Fil* M) by f to be the scalar extension of
the filtered module (f~'(M), f~'(Fil*M)) over (f~'(R), f~'(Fil*R)) by ¢ (Def-
inition 10 (4)). This construction is compatible with compositions of morphisms of
filtered ringed topos.

Remark 12 Let (E, (R, Fil*R)) be a filtered ringed topos, and let Mod(E, R) be the
category of R-modules on E. Then we have a fully faithful functor Mod(E, R) —
MF(E, (R, Fil*R)) defined by M — (M, Fil*R - M). This functor is compatible
with the pull-back by a morphism of filtered ringed topos.

Lemma 13 Let f = (f,¢): (E’, (R',Fil*R)) — (E, (R, Fil*R)) be a morphism
of filtered ringed topos.
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(1) We have f*(R(s)) = R'(s) for every s € 7.
(2) Let a and b be two integers satisfying a < b. If a filtered module (M, Fil* M)
over (R, Fil*R) is finite filtered free of level [a, b), then so is f*(M, Fil*M).

Proof The claim (2) follows from (1). The claim (1) is reduced to the case s = O by
shifting the filtration, and then it follows from ¢( f ~' (Fil"™* R))Fil’R’ C Fil"*R’ -
Fil' R’ C Fil' R’ and o(f~!(Fil’R))Fil'R’ = Fil'R’ for r, s € Z. O

Lemma 14 Let f = (f, v): (E’, (R',Fil*R’)) — (E, (R, Fil*R)) be a morphism
of filtered ringed topos, and let f*: MF(E, (R, Fil*R)) — MF(E’, (R, Fil*R")) be
the pull-back functor (Definition 11 (3)). Then f* is canonically regarded as a left
adjoint of the functor f,: MF(E’, (R',Fil*R")) — MF(E, (R, Fil*R)) defined by
f.(M' FlI*M') = (f.M', f.Fil*M’).

Proof Let (M, Fil*M) (resp. (M’', Fil*M")) be a filtered module over (R, Fil*R)
(resp. (R, Fil*R’)). Let a: M — f,M’ be an R-linear homomorphism, and let
B: f*M = f~Y (M) ® s-1(ry R" = M’ beits left adjoint. Then we have a(Fil" M) C

f:Fil" M’ for all r € Z if and only if the image of f*Fil'M — f*M LA M’ is con-
tained in Fil" M’ for all r € Z. The latter condition is equivalent to G(Fil" (f*M)) C
Fil" M’ for all r € Z because Fil'*R’ - Fil* M’ C Fil"M’ for every r, s € Z. O

Definition 15 (1) A PD-ringed topos is a pair (E, (R, J, 7)) of a topos E and a
PD-ring (R, J, ) on E ([4, I Définitions 1.9.1, 1.9.3]).

(2) For a PD-ringed topos (E, (R, J, y)), we define the ideal Fil"R (r € Z) of R
to be the rth divided power J'1 of J if » > 0, and R if r < 0. Then (R, Fil°R) is a
filtered ring. By a filtered module on (E, (R, J, 7)), we mean a filtered module over
(R, Fil*R).

(3) A morphism of PD-ringed topos is a pair f = (f, ¢): (E',(R', J', 7)) —>
(E, (R, J,7)) of a morphism of topos f: E’ — E and a morphism of PD-rings
w: fYR, J,v) = (R, J', ) ([4, I Définition 1.9.3]). It induces a morphism of
filtered ringed topos (E’, (R, Fil*R’)) — (E, (R, Fil*R)). We define the pull-back
of a filtered module on (E, (R, J, 7)) by f to be the pull-back by this morphism of
filtered ringed topos (Definition 11 (3)).

Let (T, Jr,vyr) be a PD-scheme ([4, I Définition 1.9.6]). Then the Zariski
topos Tz, with (Or, Jr, vr) is a PD-ringed topos. By a filtered Op-module on
the PD-scheme (T, Jr,~yr), we mean a filtered module on (Tz,, (Or, Jr, 1))
(Definition 15 (2)). Let f: (T, I, vr) — (T, Jr,vyr) be a morphism of PD-
schemes. It induces a morphism of PD-ringed topos fz.: (T,,,, (Or, T/, vr1)) =
(Tzar, (Or, Jr, 7). For a filtered Or-module (M, Fil* M) on (T, Jr, yr), we
define the pull-back f*(M, Fil*M) by f to be that of (M, Fil* M) by this mor-
phism of PD-ringed topos (Definition 15 (3)).

Let (S, Js, vs) be a PD-scheme on which p is locally nilpotent, and let Z be an
S-scheme such that the PD-structure g extends to Z. Let CRYS(Z/(S, Js, 7s))
(resp. (Z/(S, Js, ¥s))crys) be the big crystalline site (resp. topos) of Z over
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(S, Js, vs), which is equipped with a PD-ring (Ogz/s, Jz/s). We abbreviate
Z/(S,Js, vs) to Z/S if there is no risk of confusion.

Similarly to the case of Oz,s-modules on CRYS(Z/S) ([4, III 4.1.2]), we see,
by using Lemma 14, that the category of filtered modules on the PD-ringed topos
(Z/S)crys is canonically equivalent to the category of data (F7, 7,) consisting of a
filtered module F7 on T for each object T of CRYS(Z/S) and a morphism of filtered
modules 7, : u*(Fr) — Fr on T’ for each morphism u: T’ — T of CRYS(Z/S)
satisfying 3¢ = id and the cocycle condition for compositions of u’s, and being an
isomorphism when u is an open immersion and the PD-ideal of 7" is the pull-back
of that of T. We say that a filtered module F on CRYS(Z/S) is a filtered crystal if,
for the corresponding data (Fr, 7,) as above, 7, : u*(Fr) — Fr: is an isomorphism
of filtered modules on T’ for every u.

Suppose that we are given a closed immersion ¢ of Z into a smooth scheme Y over
S.Let Y (r) (r € N) be the fiber product of r + 1 copies of Y over S, and let D(r) be
the PD-envelope compatible with g of the immersion Z — Y (r) induced by ¢. Put
D := D(0). Let p;: D(1) - D (i € {1,2}) (resp. ¢;: D(2) — D (i € {1,2,3}))
be the PD-morphism induced by the ith projection Y (1) — Y (resp. Y (2) — Y).
Let A: D — D(1) (resp. pi;j: D(2) — D(1) (G, j) € {(1,2),(2,3),(1,3)})) be
the PD-morphism induced by the diagonal morphism Y — Y (1) (resp. the mor-
phism Y (2) — Y (1) defined by the ith and jth projections). The closed immersion
Z — D(r) is a nilimmersion because p is locally nilpotent on S. Hence we may
regard a Zariski sheaf on D(r) as a Zariski sheaf on Z, and then also on Y. We have
a canonical derivation V: Op — Op ®o0, §2y,s which is compatible with the uni-
versal derivationd : Oy — 2y/s, and is an integrable connection on Op regarded as
an Oy-module ([4, IV Sect. 1.3]). We have V(Fil"Op) C Fil'~'Op ®o, 2y/s. The
connection V induces morphisms V¢: Op Qo, .Q;’,/S — Op ®o, .Q;’,;”Sl (g eN)
defined by a ® w — V(a) A w + a ® dw, and the integrability of V means V4¢*! o
V% =0 (¢ € N). We also have Vit (w A n) =Viw) An+ (—Diw A V"'(n) for
w e Op Ro, .Q;ﬂ/s andn € Op ®p, .Q;/S.

We have the following interpretation of a filtered crystal in terms of a filtered
module on D with an HPD-stratification, and a filtered module on D with a quasi-
nilpotent integrable connection satisfying the Griffiths transversality. See [5, 6.6
Theorem] for the corresponding theorem for crystals on the small crystalline site
Crys(Z/(S, Js, vs)). First let us introduce objects appearing in the interpretation.

Definition 16 (i) We define CF(Z/(S, Js, vs)) (or CF(Z/S) for short) to be the
category of filtered crystals on CRYS(Z/(S, Js, 7s)).
(ii) We define the category StratF (D (e)) as follows. An object is a filtered module

M on the PD-scheme D equipped with an isomorphism e o1 : p3 (M) =4 P (M) of
filtered modules on D(1) satisfying the following conditions.

(ii-a) The morphism M = A*p% (M) ﬁ A*pi(M) = M is the identity
* EM

morphism.
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(ii-b) The following diagram is commutative.

PPIM=GIM = plspi M — o Pl I M = g I M = plopi M
Phm

o~ o~

P33(Er) Pipt fad @M -~ phLPEM Pha(er)

A morphism is a morphism of underlying filtered Op-modules compatible with
EM ’S.

(ili) We define the category MFY (Z — Y/S) as follows. An object is a fil-
tered module M on the PD-scheme D with a quasi-nilpotent integrable connec-
tionV: M - M ®o, Q2y,ssuchthat V(ax) = aV(x) +x ® V(a) fora € Op and
x € M, and V(Fil' M) C Fil'"'M ®o, 2y,s for r € Z (Griffiths transversality).
A morphism is a morphism of underlying filtered Op-modules compatible with V.

Theorem 17 The three categories CF(Z/(S, Js,7s)), StratF(D(e)), and
MFY(Z < Y/S) are naturally equivalent.

Proof The construction of the equivalence between CF(Z/S) and StratF(D(e))
is completely parallel to the case without filtrations: For a filtered crystal F on
CRYS(Z /S), the ﬁltered module M := Fp on D with the composition of p; M =
P> Fp —> Fpay —> piFp = pfMisanobject of StratF (D (e)), and this construc-
7'p|
tion is functor1al in F. The quasi-inverse of this functor is constructed as follows.
Suppose that we are given an object (M, e ) of StratF(D(e)). Let T = (U —
T,z: U — Z) be an object of CRYS(Z/S) such that T is affine. Since U — T is
a nilimmersion and ¥ — S is smooth, there exists a PD-morphism g: T — D over
S compatible with the morphism z: U — Z. The pull-back of the filtered module
M on D by g is independent of the choice of g up to canonical isomorphism as fol-
lows. For two PD-morphisms g;: T — D (i € {1, 2}) over S compatible with z, their
compositions with py: D — Y induce a morphism (py o g, py o g2): T — Y (1)
and hence a PD-morphism gj,: T — D(1) over S, which satisfies p; o g;o = g;.

The filtered isomorphism €, induces an isomorphism g5 M = gf, p3 M ﬁ
12&EM

95, P M = gi M of filtered modules on T'. This is the identity morphism if g; = g»
by the condition (ii-a) on € in Definition 16 because g, is the composition of
g1 =¢g» and A: D — D(1). For three PD-morphisms g;: T — D (i € {1, 2, 3}),

the composition of the isomorphisms g M = g3 M and g5 M = gi M associated
to the pair (¢, g3) and (g;, g») coincides with the isomorphism associated to the
pair (g1, g3) by the condition (ii-b) on £ o in Definition 16. Note that the morphism
(pyo g1, progs, progs): T — Y (2) induces a PD-morphism gi3: T — D(2),
and we have p;; o g123 = g;j for (i, j) € {(1,2), (2,3), (1,3)}. Here g;;: T — D(1)
is defined in the same way as g1, using g; and g;. For each object T of CRYS(Z/S),
we can glue the above pull-backs on all affine open subschemes 7 and obtain
a filtered module Fr on T. By construction, we have a canonical isomorphism
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T u*(Fr) = Fp of filtered modules on T’ for each morphism u: 7’ — T in
CRYS(Z/S). It is straightforward to verify that the data (Fr, 7,) is functorial in M
and gives the desired quasi-inverse.

Next let us prove the equivalence between StratF(D(e)) and MFY (Z — Y/S).
Let (M, Fil*M) be a filtered module on D. By [5, 6.6 Theorem], we know
that there is a canonical bijection between the set of Opj)-linear isomorphisms
e: pyM = piM satisfying the conditions (ii-a) and (ii-b) in Definition 16, and
the set of quasi-nilpotent integrable connections V: M — M ®op, £2y;s on M
satisfying V(ax) = aV(x) +x ® V(a) (a € Op, x € M). Suppose that € and V
correspond to each other. It suffices to verify that ¢ is a filtered isomorphism if and
only if V satisfies the Griffiths transversality. First note that the former is equiv-
alent to e(Fil"(p; M)) C Fil"(pfM) for r € Z because the inverse of ¢ is given

*

by piM = *piM % *piM = ps M, where ¢ is the automorphism of D(1)
(e

induced by the automorphism of Y (1) = Y xg Y exchanging the two components.
(See the proof of the independence of g*M in the first paragraph.) Since the ques-
tion is Zariski local on Y, we may assume that there exist 1, ...,2; € I'(Y, Oy)
such that dt,, (v € NN [1, d]) form a basis of £2y/s. Put 7, := pzy(ty) - piy®)
for v e NN[1, d], where p;y denotes the composition D(1) 2 D — Y. Then

we have an isomorphism of algebras Op(T\, ..., Ty) — Opq) sending a € Op
to pi(a) and T/ to 7" for n € Nog. For n = (n,) € N, put |n| = 3¢_, n,,
T = [1¢_, /™1, and 7 = []¢_, 7). Then the above isomorphism induces an

isomorphism @, cneFil' "2 Op - T 3 Fil’Op ) for r € Z. Hence we have an iso-
morphism

P Fil' M = Fil' (pjM) = Fil'(M 0, Opay)

neNd

sending (xp)pene t0 ), e X, ® 7. (The image is obviously contained in
Fil" (p} M). The opposite inclusion follows from Fil’ =~ 2/Op 72! . Fil’ M C 712!
Fil' M in M ®0, Op(1).) On the other hand, the Opj)-linear isomorphism
e: piM = Op) ®o, M = piM = M ®p, Opq) is described in terms of V
as

d
c1en= Y [J[@)mer™ xeMm, (10)

n=(n,)eNd v=1

where V, (v € NN[1,d]) are the endomorphisms of M defined by V(y) =
Zizl V. (y) ®dt, (y € M). Since the Griffiths transversality is equivalent to
V, (Fil' M) C Fil'"! M (v € NN [, d]), the above observations imply that V satis-
fies the Griffiths transversality if and only if e(p, Y(Fil" M))) c Fil' ( piM), where
p> ' denotes the morphism M — psM = Op(y ®p, M; x > 1 ® x. The latter
condition is equivalent to e(Fil" (p5.M)) C Fil" (p}.M) by the definition of the filtra-
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tion on p3 M. (We may also apply Lemma 14 to (M, Fil*M), p} (M, Fil*M), and
p2: D(1) — D.) This completes the proof. ]

Remark 18 Let (M, V) be an object of MFY(Z < Y/S), and let (M, €) be the
object of StratF(D(e)) associated to (M, V) by the equivalence of categories in
Theorem 17. Suppose that there exist ¢, ...,t; € I'(Y, Oy) such that dt, form
a basis of £2y,s, and define the endomorphisms V, (v € NN[1,d]) of M by
Vix) =), V,(x)®dt,. Let (U — T,z: U — Z) be an object of CRYS(Z/S),
and suppose that we are given two PD-morphisms g;, g»: T — D compatible with
z. Then, by using (10), we see that the filtered isomorphism

91 GGM =27 (M) ®:1(0,).g; Or —> 27 (M) @101 Or = GIM

considered in the first paragraph of the proof of Theorem 17 is given by

r@le Z 1_[ Vlr’ly(x) ® l_[ (gik(tu) - gik(l‘y))["“], (11)

Q:(l’l,,)ENd l<v<d I<v=<d

Note that the differences g3 (t,) — g7 (¢,) are contained in the PD-ideal of Or. We
will also use the following logarithmic variant of the above formula. Suppose that
t, € I'(Y, Oy). Then we can define the endomorphisms V,l,og (v e NN[1,d]) of M
by V(x) = ZV V,l,og(x) ® dlogt,, where dlogt, = t;ldt,,. We have Vll,og =1V,
and see 1} V), = ]_[;;(l)(VLOg — j) (n € N) by induction on n. Hence (11) is rewritten
as

n,—1

@l > ] [TV -hwe [] @ega) ™ -l a2

Q:(llV)ENd l<v<d j=0 1<v<d

Remark 19 Let (S, Js, vs) be a PD-scheme on which p is locally nilpotent, let
X be a smooth scheme over S, and let Crys(X/S) be the small crystalline site of
X over (S, Js, vs). We can define filtered crystals on Crys(X/S) in the same way
as those on the big crystalline site, and prove an analogue of Theorem 17. In [17,
3.1.2 Theorem], an interpretation of a filtration Griffiths transversal to an integrable
connection in terms of crystals is given. We see that these two claims coincide, i.e.
a filtered crystal = a crystal with a filtration G-transversal to (Jx/s, 7), as follows.
Let E be a crystal of Ox,s-modules endowed with a decreasing filtration A*E by
Ox/s-submodules. If the filtration A*E satisfy the condition 1in [17, 3.1.1 Lemma],
then (E, A*E) is a filtered crystal in our sense. (Note that the condition for f = idy
implies JI'VAKE; < AKEp for r > 0.) Therefore, by the last claim in [17, 3.1.1
Lemma], the G-transversality of A® to (Jx/s, ) implies that (E, A*E) is a filtered
crystal in our sense. We can prove that the converse is also true as follows. Suppose
that (E, A*E) is a filtered crystal in our sense. By the definition of a filtered crystal,
the filtration A® E7 on E7 is saturated with respect to (Jr, ) ([17, 2.1.2 Definition])
for each object T of Crys(X/S). For any object U < T in Crys(X/S), there exists,
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Zariski locally on T, amorphism (U — T) — (id: U — U) in Crys(X/S) because
X — Sissmooth. This gives a splitting Oy = Oy & Jr, whichinduces E; = Ey &
(Ey ®o, Jr).Since AX Er is the sum of the images of A*™" Ey Qo J}"] (r e N),we
see that A* E7 is the direct sum of A¥Ey; and the sum of the images of A*™" Eyy ®¢,
J7[~r] in EU ®0U Jr forr € N>(). Hence AkET NJrEr = AkET N (EU ®0U JT) is
contained in Z,,EN>0 J;r]Ak”ET, ie., Ar is G’'-transversal to (Jr, ) ([17, 2.1.2
Definition]). Thus we see that (E, A*E) is G-transversal to (Jx,s, ). This argument
does not work for the big crystalline site, because the source of an object of the big
crystalline site CRYS(X/(S, Js, s)) is not an open subscheme of X in general.

We obtain the following lemma from Lemma 13 (1) and the Proof of Theorem 17.

Lemma 20 Let (M, V) be an object of MFY(Z — Y/S), and let F be the fil-
tered crystal on CRYS(Z/(S, Js, vs)) associated to (M, V) by the equivalence of
categories in Theorem 17. Suppose that the filtered O p-module M is isomorphic to
Brenni.NOp(ry) for N € Nandr, € Z (v € NN [1, N]) (Definition 10 (2)). Then,
forany object (U — T,U — Z) of CRYS(Z/(S, Ts, vs)) such that T is affine, the
filtered Or-module Fr is isomorphic to @,ennpi, N0 (7).

Definition 21 We define the categories C(Z/(S,Js,7s)), Strat(D(e)),
and MY (Z < Y/S) by replacing filtered modules with modules in Definition 16
(1), (ii), and (iii), respectively.

By simply forgetting filtrations in the proof of Theorem 17, we obtain the follow-
ing.

Theorem 22 The three categories C(Z/(S,Js,7s)), Strat(D(e)), and
MY (Z < Y/S) are naturally equivalent.

We discuss the functoriality of the equivalences of categories given in Theorems
17 and 22.

Letk: (S', Js,vs') — (S, Js, vs) be a PD-morphism of PD-schemes on which
p is locally nilpotent. Let f: Z — S and f': Z’' — S’ be morphisms of schemes
such that g and vy extend to Z and Z’, respectively, and let g: Z' — Z be a
morphism of schemes such that f o g = k o f’. Then g induces a morphism of PD-
ringed topos gcrys: ((Z'/S")crys, Ozys) = (Z/S)crys, Ozs) ([4, 11 (4.2.2)]).
The inverse image functor of the underlying morphism of topos is simply given by
Gepys FNGr: T > T, 200 T = Z)=Flip: T < T gozp: T — Z).
By applying Definition 15 (3) to gcrys, we obtain a functor

9gerys: CF(Z/(S, Ts, vs)) —> CF(Z'/(S", Ts, 7s)- 13)
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Suppose that we are given a commutative diagram of schemes

Z/IH-Y/$-S/

Tk

Z—sy—"1s5,

where i and i’ are closed immersions, & and 4’ are smooth, f = h o i,and f = h’ oi
We define Y (r), D(r) (r € N), and D as before Definition 16 by using Z Sy —> S

and (Js, vs), and construct Y'(r), D'(r), and D’ similarly from Z’ Ly S" and
(JIs', vs').Letip,ipe),ip andip - denote the canonical closed immersions Z — D,
Z—> D(@r),Z — D',and Z' — D'(r).

We further assume that we are given a morphism

:D — Y

over the morphismk: §" — S suchthat £ o ip =i o g. (Note that we do not assume
that £ is induced by a morphism Y’ — Y.) If Y’ is affine, then D’ is affine. Hence,
in this case, a morphism £ as above always exists because iy is a nilimmersion and
h:Y — Sis smooth. For r € N, let £(r): D'(r) — Y (r) be the unique morphism
over k such that the composition with the vth projection Y () — Y coincides with
that of the vth projection D’(r) — D’ and ¢ for every v € NN [1, r + 1]. We have
£(r) oipy =iyq) © g, where iy is the immersion Z — Y (r) induced by i, and
the morphisms £(r) define a morphism of simplicial schemes D’(e) — Y (o). Hence
£(r) (r € N) induce a morphism of simplicial PD-schemes £p): D'(e) — D(e).
We write £ p for £p(0).

Let (M, e ) be an object of StratF(D(e)). Let M’ be the filtered Op/-module
M’ = £},(M). Then, by taking the pull-back of €5 by the morphism £p():

D'(1) — D(1), we obtain an isomorphism of filtered O p/(jy-modules e oy : p5F M’ =
pi"M', where p| and p; denote the first and second projections D'(1) — D’. By
using the fact that £ p(,) is a morphism of simplicial PD-schemes, we see that the pair
(M, eaq) is an object of StratF (D’ (e)). This construction is obviously functorial in
(M, e ), and we obtain a functor

Ch): StratF(D(e)) — StratF(D’(e)). (14)

Next we will construct a functor
0*: MFY(Z < Y/S) — MFY(Z' — Y'/§") (15)
Let A': D — D(1)! and A"': D' — D’(1)' be the closed immersions defined by

PD-squares of the ideal defining the diagonal maps D — D(1) and D’ — D’(1).
Then the morphism £y D’'(1)! — D(1)! induced by £p(1y gives a morphism
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i 6,1 (Op ®o, 2y)s) = €5 (Ker(A™: Opay — Op))
[*
D!

—— Ker(A"*: Opy = Op) = Op ®o, Ryys,  (16)

and the following diagram is commutative.

1 6'V) 1
£, (Op) £, (Op Qo, 2y/s) (17)
| |
Op v Op ®o,, Rys

Note that the derivations V on Op and Op are defined as the differences of the pull-
backs by the two projections D(1)! = D and D’(1)! = D’, and that the projections
are compatible with £y and £p.

Let (M, V) be an object of MFY(Z < Y/S). Let M’ be the filtered Op -
module £7,(M), and let Kg{M (¢ € N) be the morphism KBI(M o, .Q;f/s) —
M ®o,, .Q;{,/S, induced by EBI(M) - M' = 0Op Q1 (o) 651 M)y,a—1Qa
and (16). The morphism Op x Z;,l (M) - M’ ®o,, 2ys defined by (a, x) —
aly (€5 (V)(x) +x ® V(a) is €5'(Op)-bilinear and induces a connection
VM — M Qp,, 2y g satisfying V'(ax) = aV'(x) + x ® V(a) (a € Op, x €
M'’). We see that V' satisfies the Griffiths transversality by using V(Fil"Op/) C
Fil''Op ®o,, 2ys. As for the integrability of V', we have a commutative dia-
gram

M v M ®o,, .Qll,,/sl M ®o,, ‘le/’/S’
KBO.MT Z’S‘M¢ ‘37)2.1\/4
-1 ') -1 1 'V -1 2
tp M) tp M®o, ‘QY/S) tp M®o, ‘QY/S)’

where V!isdefinedby VI(x ® w) = V(X) Aw + x ® VI(w) (x € M,w € Op R,
£2}/5), and V'! is defined similarly. The composition of the lower horizontal mor-
phisms is 0, and that of the upper one is Op -linear as V! o V = 0 on Oy . Hence
V1oV =0,ie., V is integral.

Proposition 23 Under the notation above, let (M, ¢e) denote the object of
StratF(D(e)) corresponding to (M, V) by Theorem 17, let (M, ') be Chey M, )
(14), and let (M, V") be the object of MEY (Z' < Y'/S’) corresponding to (M', €')
by Theorem 17. Then we have V' = V”. In particular, V' is quasi-nilpotent.

Proof We define D(1)!, D'(1)!, and £p;, as before (16). Let ! (resp. €'') be
the pull-back of £ (resp. ') by the morphism D(1)! — D(1) (resp. D'(1)! —
D’(1)). Then the homomorphisms KBI(OD(I)I ®o, M) = Opay ®o, M’ and
551 M ®o, Opay) > M' ' ®0,, Opqy induced by £y are compatible with
¢,'(¢") and €' by the definition of &'. Hence the diagram
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1 oo
0y (M) —— €, (M ®o, 2y/s)
|80 [ ae

-
M M ®o,, 2y/s

is commutative because V on M is given by £!| o4 minus the inclusion map M —
M ®p, Opqy and similarly for V" on M’. This implies the claim. O

By Proposition 23, (M’, V') is an object of MFY (Z’ < Y’/S’) and obtain the
desired functor (15).

Proposition 24 The following diagram is commutative up to canonical isomor-
phisms, where the horizontal arrows are the equivalences of categories constructed
in the proof of Theorem 17.

CF(Z/(S, Js,vs)) == StratF(D(e)) =——= MF"(Z < Y/S)
(13)J/g(*ZRYS (14)V’B(.> (IS)W*
CF(Z'/(S', Tg,7s)) =—— StratF(D'(e)) ——= MFY(Z' — Y'/S)

Proof Proposition 23 means that the right diagram is commutative. The commuta-
tivity of the left diagram follows from the construction of the functor £7,,, and the
explicit description of g¢gryg recalled above.

By forgetting filtrations on underlying modules in the proof of Proposition 24, we
obtain the following.

Proposition 25 The following diagram is commutative up to canonical isomor-
phisms, where the horizontal arrows are the equivalences of categories constructed
in the proof of Theorem 22, and the three vertical functors are defined by forgetting
filtrations in the construction of (13), (14), and (15).

C(Z/(S, Ts, vs)) =——= Strat(D(e)) —=M"(Z < Y/S)

\Lgékvs J/YI‘?(.) \LZ*

C(Z'/(S', Ts,vs)) = Strat(D'(e)) =—=M"(Z' — Y'/S’)

Finally we discuss the quasi-coherence of filtered crystals and crystals. Note that,
for a PD-scheme (T, Jr, vr), Fil'"Or (r € Z) are quasi-coherent ideals of Oy .

Definition 26 (1) We say that a filtered Or-module (M, Fil®* M) on a PD-scheme
T is quasi-coherent if M and Fil" M (r € Z) are quasi-coherent O7-modules.

(2) We say that a crystal F (resp. a filtered crystal (F, Fil*F)) on CRYS(Z/S)
is quasi-coherent it Fr (resp. (Fr,Fil*Fr)) is quasi-coherent for every objet
T of CRYS(Z/S). We write Cyc(Z/(S, Js,vs)) (resp. CFq(Z/(S, Ts, 7s))) for
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the category of quasi-coherent crystals (resp. quasi-coherent filtered crystals) on
CRYS(Z/S).

(3) We say that an object of MY (Z < Y/S) (resp. MFY (Z < Y/S)) is quasi-
coherent if its underlying O p-module (resp. filtered Op-module) is quasi-coherent.
‘We write M(YC(Z — Y/S) (resp. MF(YC(Z < Y/S)) for the full subcategory consist-
ing of quasi-coherent objects.

Lemma 27 (1) Let T be a PD-scheme whose underlying scheme is affine. Then
the functor I' (T, —) induces an equivalence of categories between the cate-
gory of quasi-coherent filtered Or-modules and that of filtered modules over
(I’ (T, Or), I'(T, Fil*Or)).

(2) Let f: T' — T be a morphism of PD-schemes. Then the pull-back of quasi-
coherent filtered Or-modules by f is a quasi-coherent filtered O -modules.

(3) Let f: T' — T be a morphism of PD-schemes whose underlying schemes are
affine. Then the equivalence of categories in (1) for T and T’ are compatible with
the pull-back by f and the scalar extension by f*: I'(T, Or) — I'(T', O}).

Proof (1)Let (M, Fil* M) be aquasi-coherent module with a decreasing filtration by
quasi-coherent Or-submodules. Then, as Fil" Oy is a quasi-coherent ideal of Or, we
see that Fil’Or - Fil> M C Fil'** M if and only if I'(T, Fil'Or) - I'(T, Fi* M) C
(T, Fil'™S M).

(2), (3) Let (M, Fil*M) be a quasi-coherent filtered Or-module, and put
M=I(T, M) and Fi' M = I'(T,Fil'" M) (r € Z). Then, as Fil*Oyr is a quasi-
coherent ideal of O7, the image of Fil'Or ®c,, f*(Fil'* M) — f*(M) is quasi-
coherent. If T and T’ are affine, then I'(T’, —) of the image coincides with
the image of Fil' R ®g,, (Fi' M ®g, Rr) — M ®g, Ry, where Ry = Or(T),
Ry = Op(T'), and Fil" Ry = Fil" O7/(T"). These imply the claims. O

We immediately obtain the following corollary from Lemma 27 (2).

Corollary 28 The functors gcrys and £* appearing in Propositions 24 and 25 pre-
serve quasi-coherent objects.

By the proof of Theorem 17, we also obtain the following from Lemma 27 (2).

Theorem 29 (1) The equivalence of categories in Theorem 17 induces that of
CFo(Z/(S, Ts,7s)) and MFy(Z < Y /).

(2) The equivalence of categories in Theorem 22 induces that of Coc(Z/(S, Ts, Vs))
and MCTC(Z — Y/9).

Assume that Z and Y satisfy the following conditions.

The schemes Z and Y are affine (18)
There existty, ..., t; € I'(Y, Oy) such thatdr;(1 < i < d) form

. (19)
a basis of the Oy -module £2y/s.

The condition (18) implies that D is also affine. Put Rp := I'(D, Op),Fil'Rp :=
I'(D,Fil"Op), B :=TI'(Y, Oy),and 25 := I'(Y, Q2y,s). Let Vg, be the derivation
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Rp — Rp ®p 2p induced by V: Op — Op ®o, 2y/s. Choose and fix #, ..., 1,
satisfying (19).

Definition 30 We define the category MF" (R, V) as follows. An object is a fil-
tered module M over (Rp, Fil* Rp) with an integrable connection V: M — M ®p
2p satisfying V(ax) =aV(x)+x @ Vg,(a) (a € Rp,x e M), V(FiI'M) C
Fil'"'M ®p 25 for r € Z (Griffiths transversality), and the following nilpotence:
For any x € M, there exists N € N such that [[,_,., VI"(x) = 0 forall (n,) € N4
with ZV n, > N, where the endomorphisms V,, (1; eNN[l,d ]) of M are defined by
V(x) =), V.,(x) ®dt,. A morphism is a homomorphism of filtered Rp-modules
compatible with V.

We define the category MY (Rp, Vg, ) by replacing filtered modules with modules
and removing Griffiths transversality.

Proposition 31 Under the conditions (18) and (19), we have the following equiva-
lences of categories defined by taking the global sections I' (D, —).

MFY(Z = Y/S) —> MEY(Rp, Vg,), (20)

C

My (Z = Y/S) = MY(Rp, Vg,). (1)

Proof Let (M, V) be an object of M(YC(Z < Y/S§). Then the quasi-nilpotence
of V implies the nilpotence of I'(D, V) in Definition 30 because Z is quasi-
compact. We also see that V is determined by I"(D, V) because the Op-module
M is generated by I' (D, M). Therefore we obtain fully faithful functors by tak-
ing the global sections on D. Let (M, Fil*M, V) be an object of MF" (Rp, Vr,)-
By Lemma 27 (1), we have a quasi-coherent filtered module (M, Fil* M) on D
whose global sections are (M, Fil*M). For any affine open subscheme Spec(R’)
of D,themap M x R" — M Qg R' ®p 25; (x,a) — aV(x) + x ® Vg (a) is R-
bilinear and induces M @ R’ — M ®r R’ ®p 25. Here Vp : R’ — R ®p 25 is
the sections of V: Op — Op ®p, 2y,s on Spec(R’). These are compatible with
restrictions and define a morphism V: M — M ®¢, $2y,s. By using V(Fil"Op) C
Fil''Op ®0, 2y /s, and the integrability and quasi-nilpotence of the connection V
on Op, we see that (M, Fil* M, V) is an object of MFY(Z — Y/S), whose global
sections are (M, Fil* M, V) by construction. The same argument applies to an object
of MY (Rp, Vg,). Thus we see that the two functors in the proposition are equiva-
lences of categories. (]

Let notation and assumption be the same as before Proposition 24, and assume
thatZ — Y — Sand Z' — Y’ — §’ satisfy the conditions (18) and (19). We define
the categories 'MF" (R, Vg, ) and MY (Rp, V&, ) by removing the nilpotence
condition on V in the definition of MFY (Rp, Vg,,) and MY (Rp, Vg,) (Defini-
tion 30), respectively. Then one can construct functors E};D: MFY(Rp, Vr,) =
'MFY(Rp/, Vg, ) and €h, MY(Rp, Vr,) = MY (R, Vi,,) similarly to the con-
struction of (15), and obtain the following.
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Proposition 32 The functor €3 = for MFY (<) is compatible with £* (15) via the
equivalence of categories (20)forZ — Y — SandZ' — Y’ — §'. The same claim
for MY (=) holds with respect to (21) and £* appearing in Proposition 25. In partic-
ular, the functors E’;D factor through MFV(RD/, Vg,,) and MY(Rp, Vg, )-

4 The Relative Fontaine—Laffaille Theory by Faltings

We define MF[VOq p—21 free (A, @) to be the full subcategory of the abelian category
MF 0.2 (A) introduced by Faltings [10, II (d)] consisting of (M, Fil'M, V, ®)
such that gry, (M) (r € Z) are free A-modules. Let £24 be the inverse limit of
82a/pa) /0% pm0x) (0 € Nog), and let d: A — §2 4 be the inverse limit of the uni-
versal derivations d: A/p" A — §2(a/p»ay/0x/pr0x) (N € Nxg). Then an object of
MF[VO, p—21.free (A, @) is given by the following quadruple (M, Fil'M, V, ®):

(1) A free A-module of finite type M.

(i) An integrable connection V: M — M ® 4 §24 such that (V mod p") is
quasi-nilpotent for every n € N., i.e., for any x € M, [],_;., Vi"(x), (n;) € N
converges to 0 as ), n; — oo with respect to the p-adic topology. Here V; (i € NN
[1, d]) denotes the endomorphism of M defined by V(x) = >, _,_, Vi(x) ® dt;.

(iii) A decreasing filtration Fil'M (r € Z) of M by A-submodules satisfying the
following conditions:

(ili-1) Fil°M = M and Fil”~'M = 0.

(iii-2) gry; M is a free A-module of finite type for every r € Z.

(iii-3) (Griffiths transversality) V(Fil' M) C Fil'"'M ®4 2.4 (r € Z).

For m € N.o, we define Fil), (M/p™M) (r € Z) to be the sum of the images of
pUIFil" M (s € N),and V,,on M/p" tobe (V mod p™).PutX,, = Spec(A/p™A)
and ¥,, = Spec(Ok/p™ Ok) for m € N.y. Then, by (ii) and (iii-3), we see that
(M/p"M, Fil;(M/p’”M), V,») defines an object ofMFZC(Xl — X,,/2,) (Defini-
tion 26 (3), (20)). Let : A — A be a lifting of the absolute Frobenius of A/pA
compatible with ¢ of Og. Then, by applying Propositions 24 and 32 to the abso-
Iute Frobenius of X, and its lifting to X,, defined by ¢ for each m € N, we see
that the pull-back (¢*(M), p*(V)) of (M, V) by ¢ with the decreasing filtration
Fill, (p*(M)) := Y .y PVl*(Fil' M) (r € Z) is independent of the choice of ¢
up to canonical isomorphisms (see Remark 33 below). Let F*(M) denote the filtered
A-module with the integrable connection thus obtained.

(iv) An A-linear homomorphism @ : F*(M) — M satisfying the following con-
ditions:

(iv-1) @ is compatible with the connections.

(iv-2) @ (Fil,(F*(M))) C p"F*(M) forr e NN [0, p —2].

(@iv-3) ZreNm[O,p—z] p @ (Fil,(F*(M))) = M.
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Remark 33 Let ¢ and ¢’ be two liftings of the absolute Frobenius of A/pA
to A compatible with o of Og. Then, by using (11), we see that the canoni-

cal A-linear isomorphism ¢*M = M @ 4, A =4 ©*M =M @4, Ais given by
x®1 Y Ty Vi) @ [Ti<i2g(0(t) — ¢ (6)", where V; (i e NN
[1,d]) are defined by V(x) = leisd Vi(x) ® dt;, x € M. Note p(t;) — ¢/ (t;) €
pA.

Choose and fix a lifting of the absolute Frobenius ¢ 4: A — A compatible with
o of Ok, and define ¢ of @y (A) as in Sect. 2. For an object (M, Fil"M, V, @) of
MF[VO, ple,free(.A, @), let T;, (M) be _the Z,-module Hom 4.iin Fit,p, v (M, Herys(A))
of A-linear maps from M to /;y(A) compatible with the filtrations, ¢, and V,

where ¢ of M is defined to be the composition of M — % (M) = F*(M) g M.
Then T} ((M) is a free Z,-module whose rank is the same as the .A-module M
(Proposition 66), and the natural action of G 4 on TC*;yS(M ) is continuous because

the action of G 4 on ,chrys(ﬁ) is continuous and ,dcrys(Z) /Fil" (r € Z) is p-torsion
free by (5). Thus we obtain a contravariant Z ,-linear functor

Tctys: MF[VO,p—Z],free(‘A’ (p) - Repfree(GA’ Zl’)’

where Repy,.. (G 4, Z),) denotes the category of free Z,-modules of finite type with
continuous action of G 4. Furthermore the functor T, . is fully faithful (see Theorem
77), and is independent of the choice of ¢ 4 up to canonical isomorphisms (see
Remark 38).

5 Acrys-Representations with ¢ and Fil

In this section, we introduce a free Acys (A)-module T Acrys (M) of finite type with
an action of G 4, a filtration and a Frobenius endomorphism associated to an object
M of MF[VO,[,,Z]’free(A, @) ([10, II (e)]).

For m € N, put X, := Spec(Ok/p™), A, := A/p™, and X,, := Spec(A,,),
and let y denote the canonical PD-structure on p(Og/p™). To simplify the notation,
we write CRYS(X,,/X,) and (X,,/X,)crys (resp. CRYS(X,/%,) and
(X1/X)crys) for the big crystalline site and topos of X,, (resp. X;) over X, with
the PD-ideal (p(Og/p™),y). Let Fx, : X, — X, be the lifting of the absolute
Frobenius of X defined by 0: Ox — Ok, It is a PD-morphism with respect to .
The absolute Frobenius Fx, of X; and Fy, define a morphism of PD-ringed topos
Fx,/5,.crys: (X1/Zm)crys = (X1/Zm)crys-

Let (M,Fil*M, V, ®) be an object of MF[V(),p_z]ﬁee(A, ®). For m € N, let
(M, FiI*M,,,, V, @) denote the reduction mod p™ of (M, Fil*M,V, ®). Then

(M,,, Fil*M,,, V) defines an object of MFqVC (X, cg X/ 2n) (Definition 26 (3)) by
(20). By Theorems 17 and 29, this object gives a quasi-coherent filtered
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crystal (F,, Fil*F,,) on CRYS(X,,/X,,). Since (M, Fil* M) is finite filtered free of
level [0, p — 2] (Definition 10 (3)), sois (I'(T, F,,), ' (T, Fil*F,,)) for any object
U~ T,U— X,) of CRYS(X,,/X,,) with T affine, by Lemma 20. The pair
(M,,, V) defines an object of M(YC(XI — X,,/ %) (Definition 26 (3), (21)), which
gives a quasi-coherent crystal G,, on CRYS(X,/X,,) by Theorems 22 and 29. The
reduction mod p™ of @: F*M — M equip G,, with a morphism @¢,,: Fy /5 crys
(Gn) — G,. By Propositions 25 and 32, we have

i,;:,CRYS(JTm) = gm (22)

for the morphism of ringed topos i, crys : (X1/2Xm)crys = (Xm/Zm)crys induced
by the closed immersion i,,: X; — X,, over idx, . By Propositions 24 (resp. 25)
and 32, the pull-back of (F, 41, Fil*F,41) (resp. (Gn+1, Dg,,.,)) by the morphism of
ringed topos induced by X,, — X,,+1 (resp. idy,) and X,, — X,,1; is canonically
identified with (F,,,, Fil*F,,) (resp. (G, D¢, ))- This identification is compatible with
i crys (Fm) = Gn (22) in the obvious sense.

For m € N, put D,, := Spec(Acrys,m (A)) and X,, := Spec(A,,), and let Fp,:
D,, — D,, be the lifting of the absolute Frobenius of D, defined by ¢ of Acrys,m (.71).
The closed immersion X,, < D,, (resp. X, — Bm) is naturally regarded as an
object of CRYS(X,,/ %) (resp. CRYS(X,/X,,)) endowed with a right action of
G 4. We define an Agpys (Z)—module T Acrys,n (M) by

T Acysm(M) :=I'(X,y = Dy, Fn) % I'(X; < Dy, Gn)- (23)

For the second isomorphism, note that 7, is a crystal on CRYS(X,,/,,). The right
action of G 4 on D,, induces its left action on T Acrys,m (M). The filtration on F,,
gives a filtration Fil” (r € Z) by Acrysm (A)-submodules on T Acrys,m (M), which
is stable under the G 4-action. The Acrys m (Z)-module T Acrys,m (M) with Fil® is a
filtered module over the filtered ring Acrys (71) which is finite filtered free of level
[0, p — 2]. The Frobenius @g, of G,, and the lifting of Frobenius Fp, on D,, define
a semilinear G 4-equivariant endomorphism of I” (X; = D,,, G) and hence that
of T Acrys,m (M) as

= = = = @ m = =
Xy = Dy, Gn) — I'X1 = Dy F, crys(Gn)) —= I'(X1 <> Dy, G).

Here the first homomorphism is induced by Fy, and Fp .

Let 7 denote the PD-structure on the ideal pAcrys,m(.,Tl) —i—Fi]lAcrys,m(Il) of
Acrysm(A). We write CRYS(X,,/D,) and (X,,/D)crys (resp. CRYS(X /D)
and (X, /Bm)CRYs) for the big crystalline site and topos of X (resp. X,) over
D,, with the PD-ideal (p Acrys m (A) + Fil' Acrys 1 (A), 7). By taking the pull-back of
(Fu, Fil*F,) (resp. (G, Dg,,)) under the morphism of ringed topos (Xn/Dm)crys —
(Xm/Zm)crys (esp. (X1/Dy)crys — (X1/Zm)crys), we obtain a quasi-coherent
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filtered crystal (F o, Fil*F,) (resp. a quasi-coherent crystal G with a morphism

Pg F;] /D, CRYS(Qm) — G,,) endowed with an action of G 4 equivariant with

respect to its action on X,, (resp. X;) and D,,. Here F%, /D, crys denotes the
morphism of E’nged topos (X1/Dy)crys = (X1/Dy)crys defined by the absolute
Frobenius of X; and Fp, . Note that F is a PD-morphism with respect to 7.

Since X,, <> D,, (resp. X; <> D,,) is a final object of CRYS(X,,/Dy)
(resp. CRYS(X /D)), we have canonical Ays m (A)-linear isomorphisms

T Acrysn(M) = T'((Xu/D)cryss Fm) = T'(X1/Dw)crys, Gm)- (24

The filtration (resp. the Frobenius endomorphism) and the action of G 4 on the middle
(resp. the right) term induced by the corresponding structures on F,, (resp. G,,) are
compatible with those structures on T Acrys ., (M) defined after (23).

Let B~ A, ¢, O m A, Bu, 28,, ¢8,, and (P, Fil*P,,, Vp, , ©p,) be as
in Sect.2. For m € N. ¢, let ¥,, be Spec(B,,), and let Fy, be Spec(¢g,,): Y — Yu.
We give a description of T Acrys,m (M) in terms of rys B.m (7\) and the sections of
Fn and G, on X1, X,, = Spec(P,,) (29). The latter sections coincide with M,
when A = B. We use the description for a general B in Sects. 16 and 20. We first
introduce some notation concerning the sections on Spec(P,,). Let (Mp, , Fil*Mp,)
be the sections of (F,,, Fil*F,,) on the object (X,, — Spec(P,,)) of CRYS(X,,/ X.,),
which is a filtered module over (P,,, Fil*P,,) finite filtered free of level [0, p — 2].
Since Y,, — X, is smooth, the proof of Theorem 17 shows that (M,,, Fil*Mp, ) is
equipped with an integrable connection V: Mp, — Mp, ®p, §25, compatible with

m m m

Vp, and satisfying V(Fil’Mp,) C Fil'"'Mp, ®p, 25, . By (22) and the fact that
Fnisacrystal, the P,-module Mp, is canonically isomorphic to the sections of G, on
the object (X < Spec(P,,)) of CRYS(X;/X,,). By applying Propositions 25 and
32to X| < X,, andidy, overidy, , we see that the connection on Mp, associated to
Gm by Theorem 17 coincides with V above associated to F,,. Therefore Propositions
25 and 32 applied to Fx, and Fy, over Fyx, imply that @g, induces a pp, -semilinear
endomorphism ¢: Mp, — Mp, compatible with V,i.e. (9 ® o) oV =V opon
Mp,.

We give a slightly different construction of %ws, B.m (Z). Let Yp, be Y, x5,
D,,, and let E,, be the PD-envelope compatible with 7 of the closed immer-
sion X, — Yy, defined by the morphisms X, D, and X,, = X,, < Y,,.
The right action of G4 on D,, induces its right action on E,. By Lemma 6
(1), (2), the lifting Fy, xf,, Fp :Yp — Yp of the absolute Frobenius of Y5
induces a lifting Fg : E,, - E,, of the absolute Frobenius of E,, X 5, 21. We also
have an Acrysm(A)-linear derivation V: I'(E,, Og ) — I'(E,, Og,) ®s, 28,
([4, IV Sect. 1.3]). The morphism Y — Y,, induces a homomorphism of PD-
algebras P,, —> I’ (E, Ofm) stable under the G 4-action and compatible with
Fil*, V and ¢. Here the filtration (resp. ¢) of the right-hand side is defined by
I (E,,, FilI" Og, ) (tesp. I’ (En, Ffg,))- By using the fact that D,, is the PD-envelope
of Spec(O%/p™) — Spec(Aini(O%)/p™) compatible with the PD-structure v on
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p Ok, we can verify that the PD-thickening X,, = Spec(A4,,) — Spec(erys, B,m (A)
over D,, with 7 satisfies the universal property of the PD-envelope X,, — E,,. This
implies that idy , the morphism Y5 — Spec(B ®o, Aint(Og)/p™), and the PD-
morphism (D,,, 7) = (X, 7) induce a PD-isomorphism

JZ{crys,B,m (Z) = F(Emv OE,,,) (25)

compatible with the G 4-actions, Fil®, V, ¢, and the homomorphisms from P,, and
Acrys,m (-A)

By (25), the sections of (]_-'m, Fil'?m) on the object X, < E,, of the crys-
talline site CRYS(X,,/D,,) give a filtered module (I"(E,,, F.), I'(E,, Fil*F,,))
over the filtered ring (Huys 5,m (A), Fil* Zerys 5.m (A)), which is finite filtered free of
level [0, p — 2] and is naturally endowed with an action of G 4. By Theorem 29,
(20), and Proposition 32, it is equipped with a G 4-equivariant integrable connection
V:T(En Fn) = T(Enp, Fn) ®n, §25, compatible with V on oy, Bm(A) and
satisfying V(F(Em,Fllr]:m)) C F(Em,Fllr Y, ) ®B, 28, (r € Z). By Proposi-
tions 25 and 32 applied to X, — X,, and ldy over id5 D, the Arys Bm (A)-module

r (Fm, f ) with the G 4-action and V is canonlcally _isomorphic to the sections

I'(E,, Gu) of G, on the object X| < E,, of CRYS(Xl/Dm) equipped with the
action of G4 and V defined similarly to I"(E,,, F,,). The Frobenius &g of Gom
and Fg induce a G 4-equivariant endomorphism ¢ of I'(E,, Gn) semilinear with
respect to ¢ of Hrys, 5.m(A). By applying Propositions 25 and 32 to Fx, and Fy,
over Fp , we see that it is compatible with V.

By (24) and the description of global sections of a crystal in terms of horizontal
sections of the corresponding module with an integrable connection on the PD-
envelope of an embedding into a smooth scheme ([4, Proposition 4.1.4], [5, 7.1
Theorem]), we obtain a canonical Arys,m (A)-linear G A-equivariant isomorphisms

T Acrysm(M) = T'(Epy, F) V=" = T'(Epy, Gu) V=" (26)

The filtration (resp. the Frobenius endomorphism) on the middle (resp. right)
term is compatible with that on TACI,yg w(M). Since X,, = D,, and X; < D,,
are final objects of CRYS(Xm /Dm) and CRYS(X I/Dm), respectively, we see,
by using Lemma 27 (3), that the isomorphisms (26) induce “rys B,m (JTl)—linear
G s-equivariant isomorphisms

T Acrys.n (M) ® 1 Gy Fergs.5.n(A) —> T'(Eps F) 2T E. Gu)  Q27)

compatible with V, Fil* and ¢. Here, on the left-hand side, the filtration and ¢ are
defined by the tensor products of those on 7' Acrys m (M) and rys, B,m(jl), and the
connection is defined by id ® V. For the compatibility with V, we use Propositions
24,25, and 32 applied to idy, (n = 1,m), id;; ,and Y5 — D,,.
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Let 1, be the canonical PD-homomorphism P,, — s 5.m(A). We endow
Mp, ®p, .., Derys,B.m (A) with the tensor products of the filtrations, integrable con-
nections and ¢’s on Mp, and JchrySYBVm(Z), and also with the G 4-action via
Lerys, Bm (A). By Propositions 24 (resp. Proposition 25) and 32 applied to X, — 5 m
(resp. X1 — X1), D)y > X, and Yp, — Yu, we can compute the sections of F,,
(resp. G) on X, < E,, (resp. X; < E,,) by pulling back (Mp,, Fil*Mp,, V)
(resp. (Mp,,, ¢p,)) under the PD-morphism E,, — Spec(P,,) induced by Y5 —
Y,,, and obtain Hrys Bm (A)-linear isomorphisms

M'Pm ®'P,,,,1/,,, %rys,B,m(Z) = F(Ema ?m) = F(Em» am) (28)

such that the filtration (resp. the Frobenius endomorphism), the integrable connec-
tion, and the action of G 4 on the middle (resp. the right) term are compatible with
those on the left term. Combining with (26), we obtain the following G 4-equivariant
Acrys,m (A)-linear filtered isomorphisms compatible with ¢.

ms

T Acrysm(M) = (Mp,, ®p,, .1, Perys.B.m(A) V=" (29)

By (27), the isomorphism (29) induces an Hrys B,m (Z)-linear G 4-equivariant fil-
tered isomorphism

TAcrys,m (M) ®Auys,m(j) JZ{crys,B,m(-/Tt) i) MPm ®’Pm,Lm becrys,B,m (-71) (30)

compatible with V and ¢.

We give another description of T Acys (M) as a filtered module over Acrys(7l)
with ¢ (see (32)), which depends on the choice of the coordinates s, ..., s, of B*
over Ok and a compatible system of p"th roots s; , € A (n € N) of the image of
s; in A* (used in the definition of u; € yys, 5(A) in Sect.2).

For any ideal a of Ai,(O%) satisfying (p, [p])" C a C (p, [p]) for some n €
N. o, we have a commutative square of O K—algeb_ras -

B = A/pA 3D
T~ sY
SiHsiT T~ _ T
OkS1, - Sel — > Awr(A)/a,

where the right vertical homomorphism is induced by # and the upper horizontal
one is the composition B — A — A/p. Since the homomorphism of O -algebras
Ok mlS1, ..., Se]l = By Si — s; is étale for m € N, we see that there exists a
unique homomorphism of Og-algebras ﬂgo) B — éinf(./_él) /a such that the two
triangles in £31) are commutative. Since 0([s;]) € A% is the image of s; under

B — A — A, the homomorphism 6((2) ¢ 1s the composition of B — A — A/ p™.
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We define 39 : B — Ay (A) to be the inverse limit of 3 over a. By the above
description of /6’((10)?,,{), the reduction mod p” of 3® induces a PD-homomorphism
Bt P = Acrysm(A). Let §: P — Acrys(A) be the inverse limit of 3, (m € N.o).
By definition, the composition of 3 with Ay (A — Acrys (A)/Fil' = j is the com-
position of P — A — j

Lemma 34 (1) The homomorphism 3 coincides with the composition of the PD-
homomorphism P — Jz{crys,B(Z) and the PD-homomorphism Jz{c,ys,B(Z) —
Acrys(A) over Agys(A) defined by ul" + 0 (i e NN [1, el,n € Noo).

() If pg(si) =s! foralli e NN[1,el, then 3 and 3 are compatible with o,
ie. 0o O =Y owrand pof=popp.

Proof (1) Let m € N.. By the universal property of PD-envelopes, it suffices to
prove that the reduction mod p™ of B — P — Hrys(A) — Acrys(A) coincides

with that of B 25 Aur(A) = Acys(A). Since OgmlSi. ... Sel = Bus S > s
is étale, we see that both of the above homomorphisms are the unique homomor-
phism of Og-algebras B,, = Acrysm (7\) sending s; to [s;] such that the composition
With Agys m(A) = Acys 1(A)/Fil' = A/p coincides with B,, — A,, — A/p.

(2) By the definition of pp : P — P and ¢ of Agpys (A), the claim for £ is reduced
to that for 3. By ¢([s;]) = [s;]” and the compatibility of ¢ of A;,¢(A) with the
absolute Frobenius of .A/p and o: Og — Ok, the commutative square (31) for
a=(p, [B])” is compatible with g, ¢ of Ainf(?l)/a, the absolute Frobenius of
Il/p, and the endomorphism of Ok[Sy, ..., S.] defined by ¢ and §; — Sip. This
implies @ o 5(0) = ﬂ(o) o YB. (I

Let m € N.y. The homomorphism (3,, induces morphisms (X,, < D,,) —
(X, <= Spec(Pp))and (X; < D,,) — (X; < Spec(P,,))inCRYS(X,,/%,,) and
CRYS(X/X,,), respectively. Hence, we may compute T Acys (M) by taking the
pull-back of Mp, viathe above morphisms (Lemma 27 (3)) and obtain the following
Acrys m (A)-linear filtered isomorphism

T Acrys.i(M) = Mp, @7, 5, Acrys.m(A). (32)

This is compatible with ¢ if ¢p(s;) = s/ for alli € NN [1, e] by Lemma 34 (2).
Note that this isomorphism is not G _4-equivariant because (3 is not compatible with
the action of G 4.

The two descriptions (29) and (32) of T Acys ,» (M) are related with each other as
follows. By combining (30) and (32), we obtain a filtered .y m (A)-linear isomor-
phism

Mp, ®p, 5, Derys.Bn(A) —> Mp, @p, .. Derys,B.m(A) (33)
compatible with the integrable connections, and also with ¢ if o (s;) = s! foralli €
NN [1, e]. On the left-hand side, the filtration and ¢ are defined by the tensor products
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of those on Mp, and .,chrysyl;,m(ﬁ), and the connection is defined by id ® V. By
tracing the construction of (30) and (32), we see that the isomorphism (33) is obtained
by taking I'(E,, —) of the canonical isomorphism between the two descriptions
of (?m)ym_)fm (or (Em)yl;)fm) as the pull-backs of Mp, by the PD-morphisms

E, — Dy 2 Spec(P,,) and E,, — Spec(P,,) (induced by Y55 — ¥,,). By

(12) and B(s;) = [s;], the isomorphism (33) and its inverse are explicitly given by

x@l Y v“’g(x)@]_[u,[”m], (34)

n=(n;)eN¢

Yo oveem e[ [wl,)"M «x o1 (35)

n=(n;)eN¢

m =(the image of [5,]7' ® si = 1 in Fry . (A)=(1 +
wim) =1, V% (i € NN [1, e]) denotes the endomorphism of Mp, defined by

m

log og log .
V(x) = Zlgisg i (x) ®dlogs;, and VE = HlsiSe Hosjgn,—l( i 7
‘We take the inverse limit limm of what we have constructed. First we define the

Acrys(A)-module T Arys (M) by

for x € Mp , where u

TAcrys(M) = 1<1I_n TAcrys,m (M). (36)

m

The semilinear action of G4 on T Ay, (M) defines its action on T Acrys(M).
We define the decreasing filtration Fil'T A¢ys(M) (r € Z) to be the inverse limit
1(&1 Fil'T A¢rys,m (M), which is stable under the action of G 4. The pair
(TAcryg(M ), F11'TACW§(M )) is obviously a filtered module over the filtered ring
(Auys(A), Fil* A Cryb(.A)). The Frobenius endomorphism ¢ on each T Acrysm(M)
defines a semilinear G 4-equivariant endomorphism ¢ of T A¢pys(M).

We define the P-module Mp and its decreasing filtration Fil"Mp (r € Z) to be
the inverse limits of Mp, and Fil"Mp, (m € N.y). The pair (Mp, Fil*Mp) is a
filtered module over the filtered ring (P, Fil*P). We define V: Mp — Mp ®p 25
to be the inverse limit of V on Mp, (m € N.(), which is an integrable connection on
Mp compatible with V on P and satisfies V(Fil' Mp) C Fil'"!Mp @5 25 (r €
Z). The Frobenius endomorphism ¢ of Mp, for m € N.( induces a ¢ p-semilinear
endomorphism ¢ of Mp compatible with V,i.e. (¢ ® pp)oV =V o .

Lemma 35 The filtered module Mp over (P, Fil*P) is finite filtered free of level
[0, p — 2] (Definition 10 (3)). Moreover the natural homomorphisms Mp /p™ —
Mp, and FiI'Mp/p™ — Fil'Mp, (r € Z) are isomorphisms for m € N..

Proof Letty, ..., t; € A* be coordinates of A over Ok . Then the homomorphisms
fn: OxmlTi,.... Tyl > Apw; Ti —t;  of Ok n-algebras  have  liftings
gn: Og T, ..., Tq] = Py such that (g,+1 mod p) = g, (m € Noy) because
Fil'P, .1 = Ker(P11 — Anq1) — Fil'P,, = Ker(P,, — A,) (m € No) are sur-
jective. Since f,, is étale, g, extends uniquely to a homomorphism of O ,,-algebras
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Ry Ay — Py osuch that the composition with P,, — A,, is the identity map, and
the uniqueness implies that (4,,41 mod p) = h,, (m € N.(). By Lemma 27 (3), the

ldxm

morphism (X,, < Spec(P,)) - (X,, —> X,,) in CRYS(X,,/X,,) defined by h,,

induces a P, -linear filtered isomorphisms M,, ® 4, 4, Pm — Mp, compatible with
m. We obtain the claims by taking the inverse limit over m and using the fact that M
is finite filtered free of level [0, p — 2]. O

By Lemma 35 and Lemma 13 (2), the scalar extension Mp ®p 3 Acrys(Z) of
the filtered module Mp by [ is finite filtered free of level [0, p — 2], and the nat-
ural homomorphisms (Mp ®p 3 Acrys(.?l)) /p" — Mp, ®p.s, Acrys,m(.?t) are fil-
tered isomorphisms for m € N.o. By Lemma 34 (2), we can define ¢ on Mp ®p 3
Acrys(z) by ¢ ® ¢ if pp(s;) = sf for alli € NN [1, e]. By taking the inverse limit
of (32) over m, we obtain an Ay, (A)-linear filtered isomorphism

T Acrys(M) = Mp ®@p 5 Acrys(A), (37)

which is also compatible with ¢ if pp(s;) = sip (i e NN[1,e]). This implies the
following.

Lemma 36 The filtered module T Acy(M) over (Acys(A), Fil®Aqys(A)) is
finite filtered free of level [0, p — 2]. Moreover, for every m € N., the natural
homomorphisms T Acrys(M)/p" — T Acrysn(M)  and  Fil'T Agrys(M) / p™" —
Fil'T Acrysm (M) (r € Z) are isomorphisms.

Let ¢ denote the canonical homomorphism P — rys B (A). We endow Mp ®p.,
Mcrys,g(Z) (resp. T Aerys(M) ® Aerys (A) JchrySYB(Z)) with the tensor products of V,
Fil*, and ¢ (resp. Fil*, ¢, and the G 4-action), and with the action of G 4 (resp. V)
via Py 8(A). Then, by Lemmas 35, 36, and 13 (2), Mp ®@p, , rys5(A) and
TAuys(M) ® Auys(AD) Derys, 3(.71) are finite filtered free of level [0, p — 2] over
Says,5(A), and  (Mp ®p,, Forys.5(A)/P" — Mp, @, ., Faays.5.m(A)  and
(TAcrys(M) ®Aa,ys(j) JZ{crys,B(A))/pm - TAcrys,m(M) ®ACW5~”’(Z) vQ{crys,B,m (A) are

filtered isomorphisms. Hence,_by taking the inverse limits of (29) and (30), we
obtain a G 4-equivariant Ay (A)-linear filtered isomorphism compatible with ¢

T Acrys(M) = (Mp @p, Herys 5(A) =0, (38)

and see thatitinduces a G 4-equivariant @y (A)-linear filtered isomorphism com-
patible with V and ¢

TAcrys(M) ®Acrys(z) b‘zfcrysﬁB(Z) — M’P ®’P,z, JZ{crys,B(Z)' (39)
By combining (37) and (39), we obtain an s, 5 (A)-linear filtered isomorphism

Mp ®@p.5 Sirgs 5(A) —> Mp ®p., Firgs.5(A) (40)
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compatible with V, and also with ¢ if p(s;) = si” (i e NN[1, e]), where Fil®, ¢, and
V on the left-hand side are defined to be the pull-back filtration of Fil*Mp, ¢ ® ¢
and id ® V. As this is obviously obtained from the isomorphisms (33) by taking the
inverse limit over m, (34) and (35) imply that (40) and its inverse are given by

x@le Yy VeE@e 4", @
n=(n;)eN¢ i
Yo vE@ [ e «x @1 (42)

n=(n;)eN¢

for x € Mp, where u, = (1 +u;)~' — 1 and the endomorphisms v}°g (ieNnN
[1, e]) and Vfg (n € N°) of Mp are defined in the same way as after (35).

Lemma 37 We have a canonical G 4-equivariant isomorphism

Tg:ys M) = HOmAC,yS(I)-lin,Filﬁ"‘z,w (TAcrys (M), Acrys (-/_4))

Junctorial in M. Here Hom 7, j;, gj=r—,,, denotes the Z,-module consisting of

Acrys (Z)-linear homomorphisms sending Fil" into Fil” for r e NN [0, p — 2] and
compatible with ¢. (See Sect. 4 for the definition of T} (M).)

crys
Proof By the definition of T}, (M), we have a functorial G 4-equivariant isomor-
phism

T;YS(M) = Hom,,

rys(Z).nn,Fufﬁfz,%v(M XA f%rys (Z)v fgfcrys(z))- (43)
By (39) for B = A and Hrys (A)V=" = Acrys(A) (9), we see that the right-hand side
of (43) is isomorphic to that of the isomorphism in the claim. (I

Remark 38 Since (39) does not depend on the choice of ¢z, the proof of_ Lemma
37 shows that TC’;YS(M ) regarded as a submodule of Hom 4_jip v(M, ﬂ’crys(A)) does

not dependent on the choice of the lifting of Frobenius ¢ 4 of \A.

6 Filtered (o-Modules

In this and the next sections, we give a general formulation (Proposition 44) derived
from an idea of the theorem of Wach [20, Theorem 3] relating the theory of (¢, I')-
modules and the Fontaine-Laffaille theory for Z,-representations of Gg. We treat
only p-torsion free modules. We apply the formulation to Ajy(A), Acrys(A) and
their variants in Sects. 8, 13, 17, and 18. See Proposition 59, 94, 164, and 172 for the
precise statements.
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Let a be a non-negative integer. Let R be a commutative ring, let g be an element
of R, let ¢ be an endomorphism of the ring R, and let Fil'R (r € NN [0, a]) be a
decreasing filtration of R by ideals such that the following condition is satisfied.

Condition 39 (i) g is not a zero divisor in R.

(i) Fil°R = R, and Fil'R -Fil’R C Fil'™*R for every r,s € N such that
r+s <a.

(iii) pg(Fil'R) C ¢"R forevery r € NN [0, a].

For a negative integer r, we define Fil"R to be R. Then we have Fil'R - Fil’R C
Fil'¥*R forr, s € Z such thatr, s, r + s < a.

Definition 40 We define the category MF[,  s..(R, ¢) as follows. An object is a
triplet (M, Fil" M, ) consisting of the following:

(1) A free R-module M of finite type.

(ii) A decreasing filtration Fil"'M (r € NN [0, a]) of M satisfying the following
condition:

(ii-1) There exist a basis ¢, (N e N,v e NN[1, N]) of M and r, € NN [0, a]
foreachv € NN [1, N]suchthatFil'M = @,ennpi vFil" ™" Re, forr € NN [0, a].

(iii) A @g-semilinear endomorphism ,, : M — M satisfying the following con-
ditions:

(iii-1) oy (FiI'M) C "M forr e NN [0, a].

(ii-2) M = 3, cnypo.a) R -9 om (Fil"M).

A morphism is an R-linear homomorphism preserving the filtrations and compat-
ible with ),’s in the obvious sense.

Lemma 41 Let M, Fil'M, e, and r, be as in Definition 40 (i), (ii). Then a pg-
semilinear endomorphism @y : M — M satisfies the conditions in Definition 40
(iii) if and only if oy (e,) € g M forallv e NN[1, N]and g7 ppy(e,) (v € NN
[1, N]) form a basis of M.

Proof Assume that @), satisfies the conditions (iii-1) and (iii-2) in Definition 40.
Since e, € Fil'"M, (iii-1) implies @y (e,) € g"*M. For r € NN [0, a], we have
puFil" " Re,) = q"pr(Fil'"™R) - g " pp(e,), and q™"pgr(Fil""™"R) C q"R
because pg(Fil’R) C ¢°R (s € NN [0, a]). Therefore the condition (iii-2) implies
that ¢ vy (e,) (v € NN [1, N]) generate the R-module M. Since M is a free R-
module of rank N, we see that they form a basis of M. As for the sufficiency, (iii-1)
follows from the above computation of ,, (Fil"~ Re,), and then (iii-2) is obvious
because the right-hand side of the equality contains ¢ ="y (e,). O

Lemma 42 Let (M, Fil'M, py) and (M', Fil"M’, @) be objects of the category
MF?o,a],free(R’ ). Choose a basis e, (N e N,v e NN[1,N]) of M andr, e NN
[0,a] (w € NN[1, N]) as in Definition 40 (ii-1). Put I := NN[1, N]. By Lemma
41, there exists A = (a,,) € GLy(R) such that oy (e,) = g™ Zye, ayue, for all
p € 1. Choose N', e,, r,, and A" = (a,,,) similarly for (M', Fil'M', o), and put
I' :=NN[1,N']. Let f: M — M’ be an R-linear homomorphism, and define B =
(b,,) € My'y(R) by f(e,) = Zyel, bye, forall e 1.
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(1) We have f(Fil'M) C Fil'M’ forallr € NN [0, alifand only ifb,,, € Fil’»~" R
forall (v,p) el x I.

(2) We have f opy =y o f if and only if BAdiag(q™;v € 1) is equal to
A'diag(q™; v € I ¢r(B).

Proof (1) We can show the necessity by looking at the image of ¢, € Fil""M
under f;foreachpu € I, f(e,)=>",., bue, € f(Fil'"M) C Fil'*M"implies b,,, €
Fil"~"» R forevery yu € I'. We can verify the sufficiency as f (Fil” ™ Re,) =Fil'"""R
> e boe, €3, Fil "R -Fil'"" ™" Re, C 3", Fil """ Re,, = Fil' M’ for r €
NN[0,aland p € I.

(2) The claim follows from the following computation.

fowuler,....en) = f(er,...,exy)Adiag(g™)) = (e, ..., ey)BAdiag(qg"),
omo flen,....en) =pu((,....e\)B) = (€, ..., ey)Adiag(q™)or(B).

O

Let (R, q’, ¢r, Fil'R") be another quadruplet satisfying Condition 39, and let
k: R — R’ be a ring homomorphism such that k(q)R’ = ¢'R’, pr ok = Ko Yg
and x(Fil' R) C Fil'R’ (r € NN [0, al). For (M, Fil'M, i) € MF}) 1 1o (R, ¢),
put M’ := R’ ®g M, let pyp be the g -semilinear endomorphism pg ® y of M’,
and put

Fi'M':= ) (the image of Fil' R’ ® Fil'™* M)
seNN[0,r]

for r e NN [0, a]. Choose abasise, (N e Nyv e NN[1,N])) of M andr, € NN
[0,a] (v € NN [1, N]) as in Definition 40 (ii-1). Then M’ is a free R’-module with
abasise,:=1Q®e, (we NN[1,N]). Forv e NN[l, N] and r e NN [0, a], we
have »  nno, Fil'R’ - Fil'™"""* Re], = Fil""" Re, ; the inclusion C is obvious and
we obtain the equality by looking at the term for s = max{0, » — r,} in the left-
hand side. This implies Fil'"M’" = @, ennpi,vFil" " R'e), for r € NN [0, a]. Hence,
by using Lemma 41 and k(q) R’ = ¢'R’, we see that (M’, Fil"M’, ;) is an object
of MFf(;,a]’free(R/, ). This construction is obviously functorial in M, and we obtain
a functor )

K MF?O,a],free(R’ 50) - MF([IO,a],free(R/’ 50) (44)

Let us consider a surjective ring homomorphism a: R — R satisfying the fol-
lowing condition. Let J be the kernel of R.

Condition 43 (i) The ideal J is contained in the Jacobson radical of R.

(i) a(q) is not a zero divisor in R.

(iii) or(J) C J. (iv) J C Fil“R. (v) pr(J) C ¢“T'R.

(vi) There exists a decreasing sequence of ideals J,, (n € N) of R contained in J
such that gor(q) - 5 (@) J C Juy g~ “Vor(Jy) C Jy,and J — lim J/J, is an
isomorphism.
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Note that the conditions (ii), (iii) and (v) in Condition 43 imply
or(J) C JNg*T 'R =gt . (45)

Put 7 = a(g) and Fil'R := a(Fil'R) (r € NN [0, a]). By Condition 43 (iii), PR
induces an endomorphism ¢y of the ring R. Then the quadruplet (R, 7, ¢7 7 Fil'R)
satisfies Condition 39.

Proposition 44 The functor o* : MF?O,a],free(R’ p) = MF?O,a],free (R, @) is an equiv-
alence of categories.

Proof The essential surjectivity is verified as follows. Let (M, Fil' M, w37) be an
object of MF?O’G]’free(E, ), and choose a basis e, (N € N,v e NN[1, N]) of the
R-module M andr, € NN [0,a] (v € NN[1, N])suchthatFil'M = @,Fil" " Re,
for r € NN [0, a]. Then, by Lemma 41, we have o3;(e,) = g™ ZV a,,e, for an
invertible matrix (a,,) € GL ~(R). Choose a lifting (ay) € My(R) of (a,,,), which
isinvertible by Condition 43 (i). Then the free module M := @, Re, with ¢, defined
by pu(e,) =g Z al,“el, and Fil'M = @,Fil" """ Re, (r € NN [0, a]) gives the
desired lifting of M in MF[O al.free (B <p) by Lemma 41.

Let us prove that the functor «* is fully faithful. Let (M, Fil"M, ¢)) and
(M’ F11’M’, wu) be objects of MF[0 al. e (R, ), and let (M, Fil'M, 7)) and
(M Fil'M , o 57) be their images in MF] [0.al. free(R ) under the functor a* in ques-
tion. Let f: M — M bea morphism in MF[0 al. free(R ). We show that there exists
a unique lifting f: M — M’ in MF[O_a]’free(R ). Choose a basis e, (N € N,v €
NN[I,N)of M,r, e NN[0,a] (v € NN[1, N]) and (a,,) € GLy(R) such that
Fil'M = @,¢/Fil" " Re, and @y (e,) =g )", ., ayue,, where I =NN[1, N].
Choose N, ¢/, r/, and A" = (aw) for M’ similarly, and put I’ :=NN[1, N'].
Let e, be the image of e, in ‘M, and let e;, be the image of e in M. We
deﬁne (Ew) € My n(R) by ?(E#) Yover _,,#E’ (e € I), and choose its lifting

= (b)) € My N(R) By Lemma 42 (1) applied to f and Condition 43 (iv), we
have by, € Fil'"™"v *R. By Lemma 42 (2) applied to f, we see that

C := BAdiag(q""; v € I) — A'diag(q"; v € I')or(B)

is contained in J - My y (R). For the second term in the right-hand side, we have
q"pr(by,) € g or(Fil"" ™" R) C ¢'* R by Condition 39 (iii). Hence the matrix C
is written in the form C’diag(q™; v € I), C' € My n(R), and we further see that
C' € J- My n(R) because R = R/J is g-torsion free. By applying Lemma 42 to
R-linear homomorphisms from M to M’ and noting J C Fil* R (Condition 43 (iv)),
we are reduced to showing that there exists a unique D € J - My (R) such that

DAdiag(q™; v € I) — A'diag(q"; v € I'Ypg(D) = C'diag(¢""; v € I).
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By (45), this equality is rewritten as D — g F (D) = C'A~!, where F denotes the
pg-semilinear endomorphism of J - My y(R) defined by

F(X) = A'diag(q™; v € I')\g~“Vor(X)diag(g® ;v e A"

For J, (n € N) as in Condition 43 (vi), we have (¢F)"*'(J - Myn(R)) C
qer(q) - pr(@)J - My'n(R) C Jy - Myn(R), and J, - My (R) is stable under
F.Hence 1 — g F induces an automorphism of J - Myn(R)/J, - Myn(R). By tak-
ing the inverse limit over n € N and using J — limn J/J, (Condition 43 (vi)), we
see that 1 — g F is an automorphism of J - My'y (R). This completes the proof. [

Definition 45 We define the category M?O’a]’free(R, ) as follows. An object is a pair
(M, ) consisting of the following:

(i) A free R-module M of finite type.

(ii) A @g-semilinear endomorphism ¢, : M — M satisfying the following con-
dition:

(ii-1) There exist a basis ¢, (N e N,v e NN[1, N]) of M and r, € NN [0, a]
for each v € NN [1, N] such that ¢y (e,) € ¢"*M for every v € NN [1, N] and
q "pp(e,) (v e NN[1, N]) form a basis of M.

By Lemma 41, we have a forgetful functor MFj , .. (R, ) = M[| 1 free (R, ©).

Lemma 46 Assume that Fil"R is the inverse image of q" R under @g for every
re NNJO0,al.

(1) Foranobject (M, Fil"M, o) OfMF?O,a],free(R’ ), we have Fil' M = (p;ll (g"M)
for everyr € NN [0, al.

(2) The forgetful functor MFl[IO,a],free(R’ p) — M?O,a],free(R, ) is an equivalence of
categories.

Proof (1) Choose ¢, and r, (v € NN[1, N]) as in Definition 40 (ii-1). For x =
Zu aye, € M (al/ € R), we have QOM(x) = Z[/ C]”‘PR(au)q_r”‘PM(eu) Hence, by
Lemma 41, we have ¢y (x) € ¢"M if and only if ¢"*pr(a,) € ¢"R for every v €
NN [1, N]. The latter condition is equivalent to a, € Fil"~" R by assumption, i.e.,
tox € Fil' M.

(2) The functor is fully faithful by (1), and it remains to show the essen-
tial surjectivity. Let (M, @) be an object of M{j ) free (R, ¢), and choose e, and
r, (v € NN[1, N]) as in Definition 45 (ii-1). Then the R-module M with @y,
and Fil'M := @,Fil"""Re, (r € NN [0, a]) is an object of MF}) . .. (R, ©) by
Lemma 41. O

Remark 47 Let S be acommutative ring, let ¢ be an element of S which is not a zero
divisor, let s be an endomorphism of S, and let Fil"S (r € N N [0, a]) be the inverse
image of " S under ¢g. Then the quadruplet (S, ¢, g, Fil"S) satisfies Condition 39,
and therefore we can apply Lemma 46 to (S, ¢, ¢g, Fil" S).
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7 Filtered (¢, G)-Modules

Leta € Nand (R, ¢, g, Fil"R) be the same as in the beginning of Sect. 6. Assume
that we are further given an action pg: G — Aut(R) of a group G on the ring R
such that pr(g)(@)R = gR, pr(g) o pr = Yr o pr(g), and pg(g)(Fil"R) = Fil'R
(r e NN [0, a]) for every g € G. We often abbreviate pg(g)()) to g(A\) for A € R
and g € G in the following.

Definition 48 We define the category MF() | s.. (R, ¢, G) as follows. An object is
anobject (M, Fil"M, py;) of MFI[IO,a],free (R, ¢) (Definition 40) endowed with a semi-
linear action py; : G — Aut(M) of G on the R-module M such that p, (¢)(Fil' M) =
FiI'M (r e NN [0, a]) and py(9) o o = @m o pu(g) for every g € G. We often
abbreviate pj(g)(x) to g(x) for x € M and g € G in the following. A morphism
is a morphism in MF{’O’aJ’free(R, ) whose underlying morphism of R-modules is
G-equivariant.

Let (R, q', g, Fil"R’) be another quadruplet endowed with an action pg of
a group G’, let k: R — R’ be a ring homomorphism, and let \: G’ — G be
a group homomorphism such that k(g)R' = ¢'R’, pg ok = Ko pg, K(FiI'R) C
Fil'R" (r e NN [0,a]) and ko pr(A(g)) = pr(g) o k for every g € G'. For an
object (M, Fil' M, pp, pu) ofMF[qO,a]’free(R, v, G), theimage (M’', Fil' M’, o)) of
(M, Fil" M, ©);) under the functor (44) endowed with a semilinear action p,; of G’
on the R’-module M’ = R’ ® g M defined by pyr(g9) = pr(9) ® pu(A(g)) (g € G)
is an object of MFE’(;’a]yfree(R’, ©, G'). This construction is obviously functorial, and
we obtain a functor

(ks V)t MFY ) co (R, G) —> MF) o (R, ¢, G). (46)

Let a: R — R be a surjective ring homomorphism, whose kernel is denoted
by J, satisfying Condition 43 and pgr(g)(J) = J for every g € G. We define
(R,q,Fil'R, wx) as after Condition 43, and let pgz denote the action of G on R
induced by pg. Then we see that (E, q, YR Fil' R, px) satisfies the same conditions
as (R, q, pg, FiI'R, pg).

Proposition 49 The functor
(@, idg)™: MF 4} e (R, . G) = MFf) 1 ¢ (R, 0, G)

is an equivalence of categories.

Proposition 50 Ler M and M’ be objects of MF?O’Q]’free(R, ), and let M and M be
the images of M and_ M’ under the functor o : MFI[IO,a],fréR’ @l—) MF[qo,a],f_ree (R, ).
Let g € G, and let f be a homomorphism of modules M — M such that f(\x) =
gNF ) (x € M, A€ R), f o gy =y o f and f(Fi'' M) C Fil'M forr e NN
[0, a]. Then there exists uniquely a homomorphism of modules f: M — M’ such
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that f(Ax) = g\ f(x) (x e M,A€R), fopy =pu o f, fFI'M) C Fi'M’
(r e NN [0, al), and (f mod J) coincides with ?

Proof First note that p3(g) and pr(g) satisty the condition on  given before (44).
Giving a morphism f as in the proposition is equivalent to giving a morphism
F: pf(g)*(ﬁ) — M'in MFﬁ),a]’ﬁee(ﬁ, ©). Then, giving alifting f of fis equivalent
to giving a morphism F: pg(g)*M — M’in MF’[JO’a]free(R, ) such that o* (F) coin-
cides with F via the canonical isomorphism pz(g)*a* (M) = o*pr(9)*(M). Hence
the claim follows from Proposition 44. O

Proof of Proposition 49 Let Cg, Cg, C and C denote MF{| 4 free (R, ¢, G),
MF{| 1 free (Rs €2 G)s ME() 41 e (R, ), and MF[ . (R, ), respectively. Let
and & denote the functor («, idg)*: C¢ — Cg and o*: C — C, respectively. By
Proposition 44, the functor & is faithful. Let us prove that it is full. Let M and M’ be
objects of Cg, and let M and M’ denote their images under 5. Let f: M — M bea
morphism in C. By Proposition 44, there exists a unique morphism f: M — M’ in

C whose image under = is f. Forany g € G, the composition of M Lo 29 gy

and that of M 2% um Lom are pg(g)-semilinear maps compatible with ¢ and

Fil". They become equal after the reduction modulo J. Therefore the two composi-
tions are equal by Proposition 50. This means that f is a morphism in Cg. It remains
to show that Z is essentially surjective. Let M be an object of C¢. By Proposition
44, there exists a lifting M in C of the object of C underlying M. By Proposition 50,
the action of g € G on M has a unique pg(g)-semilinear lifting compatible with ¢
and Fil". The uniqueness implies that these liftings define a semilinear action of G,
with which M becomes an object of C; whose image under & is isomorphic to M.

]

Definition 51 We define the category M([io,a],free (R, o, G) as follows. An object is an
object (M, pur) of My ) ree (R, ¢) (Definition 45) endowed with a semilinear action
pym: G — Aut(M) of G on the R-module M such that py(g) o o = @ © pu(g)
for every g € G. We often abbreviate py(g)(x) to g(x) for x € M and g € G in
the following. A morphism is a morphism in M([JO,a],free(R’ () whose underlying
morphism of R-modules is G-equivariant.

Lemma 52 Assume that Fil' R is the inverse image of q" R under pg for every r €
N N[0, a]. Then the forgetful functor MF?O’a]free(R, v, G) — M?(),a],free(R’ v, G)is
an equivalence of categories.

Proof For two objects (M;, Fil"M;, ou,, pu,) (@ € {1,2}) of MFfo,aquree(R, v, G),
any morphism (M1, oum,, pm,) = (M2, ©m,, pu,) 10 M?O’a]’ﬁ.ee(R, p, G) preserves
the filtrations by Lemma 46 (1). Hence the forgetful functor is fully faithful. Let us
prove the essential surjectivity. Let (M, @y, pyr) be an object of M?O,a],free(R, v, G).
Then, by Lemma 46 (2), there exists a decreasing filtration Fil"M (r € NN [0, a]) of
M with which (M, @) is an object of ME[ .. (R, ¢). We have py (9) (Fil' M) =
Fi'M (r e NN[0,a],g € G) by Lemma 46 (1) and g(¢q)R = gR. Therefore
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(M, Fil"M, oy, py) is an object of MFfO’a],free(R, ©, G). This completes the proof.
O

In the rest of this section, we assume that R is a topological ring, G is a topological
group, and the action of G on R is continuous. For a free R-module of finite rank M,

choosing an isomorphism R®" = M of R-modules, we endow M with the topology
induced by the product topology of R®" via the isomorphism. Note that this topology
is independent of the choice of the isomorphism because an R-linear map between
free R-modules of finite rank is continuous with respect to the product topology.

Definition 53 We define MF[;’..(R. ¢, G) to be the full subcategory of
MF([IO,a],free(R’ @, G) consisting of M such that the action py; of G on M is con-
tinuous, i.e., the map py : G X M — M; (g, m) — py(g)m is continuous.

Let M be a free R-module of finite rank endowed with a semilinear action
pm: G — Aut(M) of G. Choose abasis ¢, (N € N, v e NN [1, N]) of M, and let
c: G — GLy(R) be the 1-cocycle defined by py(g)(er,...,en) = (e1,...,en)
c(g) for g € G. Then the action p,, is continuous if and only if c: G — My (R) is
continuous; the sufficiency is obvious by the continuity of the map My (R) x RV —
RY; (A, v) — Av, and the necessity follows from c(@vy = pv o py o (idg x i)
(9.1 (g € G,v,p € NN[1, N]), where i, (resp. p,) denotes the continuous map
R — M;a > ae, (resp. M — R; Y, byey — b,). The continuity of ¢ is also
equivalent to the following: for any open neighborhood U of 1 in My (R), there
exists an open neighborhood V of 1 in G such that ¢(V) C U. The necessity is
clear. As for the sufficiency, suppose that we are given g € G and an open neighbor-
hood U of ¢(g) in My (R). Then the set U’ := g~ '(c(g)~'U) is an open neighbor-
hood of 1 in My (R), and therefore there exists an open neighborhood V of 1 in G
such that ¢(V) C U’. The set gV is an open neighborhood of g in G and we have
c(gV) = c(@)g(e(V)) CclgrgU) = U.

Let x and A be as before (46), and assume that R’ is a topological algebra, G’ is a
topological group, the action of G’ on R’ is continuous, and the homomorphisms x
and )\ are continuous. Then, by using the observation on 1-cocycles in the paragraph
above, we see that the functor (k, \)* (46) induces a functor

(k. V)" MFf; (R, 0, G) —> MEe (R, ¢, G). (47)
Let a: R — R be a surjective ring homomorphism, let J be the kernel of o, and
assume the following condition.

Condition 54 (a) The conditions (i-v) in Condition 43 are satisfied.
() pr(g)(J) = J forevery g € G.
(¢) Jisclosedin R.
(d) There exists a decreasing sequence of ideals I, (n € N) of R satisfying the
following properties.
(d-1) The ideals I, (n € N) form a fundamental system of open neighborhoods of
Oin R.
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(d-2) The homomorphism R — 1<ir_nn R/1I, is an isomorphism.
(d-3) g~“tDpr,NJ) CI,NJ foreveryn € N,
(e) The sequence l_m:o ¢r(q) (n € N) in R converges to 0.
(f) Forevery r € NN [0, a], the homomorphism ¢ " g : Fil"R — R is continu-
ous.
(2) Themap G — R; g — g(q)g~" is continuous.

Remark 55 (1) The conditions (f) and (g) in Condition 54 are satisfied if the
homomorphism ¢g: R — R is continuous and the multiplication by ¢ induces a
homeomorphism from R to ¢ R endowed with the topology induced by that of R.
Note that the multiplication by ¢” induces a homeomorphism R — ¢” R for every
r € N because the homeomorphism R — gR; x — gx induces homeomorphisms
¢*R — ¢°*'R (s e N).

(2) Condition 54 implies Condition 43 (vi) as follows. By (¢), (d-1), and (d-2), we
have J = 1(1£1n J/(J N I,). By (d-1) and (e), there exists a map v: N — N such that
[T—0 ¥%(q) € L and v(n + 1) > v(n) forevery n € N, and lim,,_, 5, v(n) = o0.
By (d-3), we see that J, := J N I, (n € N) satisfy Condition 43 (vi).

We define (R, g, oy Fil'R, pr) as before Proposition 49, and endow R with the
quotient topology of R. Then the action pz of G on R is continuous.

Proposition 56 Under the notation and assumption as above, the functor

(o, idg)*: MFZ™ (R, ¢, G) — MFZ™ (R, ¢, G)

[0,a],free [0,a],free
is an equivalence of categories.

Proof Let M be an object of MF?O,Q]’free(R, ¢, G), and put M := (o, idg)*(M). By
Proposition 49, it suffices to prove that the action py; of G on M is continuous if
the action pj; of G on M is continuous. Assume that pz7 is continuous. Choose a
basise, (N e N,y e NN[I,N)of M,r, e NN[0,a] (w e NN[l,N])and A =
(ay) € GLy(R) such that Fil'M = @, Fil""" Re, (r e NN [0, a]) and py(e,) =
q'" Yy, ayue,. Letcbethe 1-cocycle G — GLy(R) definedby pu(g)(er, ..., en) =
(e, ..., en)c(g), and let € denote the composition of ¢ with GLy(R) — GLy(R).
It suffices to prove that, for any n € N, there exists an open neighborhood V of 1 in
G such that ¢(V) C 1 4+ I, My (R). (See the remark after Definition 53.)

By Condition 54 (f), there exists n’ € N such that n’ > n and ¢ " pg(Fil'R N
I,) C I, for every r € NN [0, a]. By Condition 54 (g) and the continuity of the
actions of G on R and M, there exists an open neighborhood V of 1 in G such that
c(V) Cc 14+ I, My(R),g(A) = Amod I, My(R) (g € V),and g(¢)g~" = 1 mod I,
(g € V). Weshow c(V) C 1 4+ I, My(R).Let g € V. Since p(g)(Fil"M) = Fil' M
(r e NN [0, a]), we see that ¢(g) is of the form 1+ B, B = (Euu) e I, My(R),
EW € Fil’*~"" R by the same argument as the proof of Lemma 42 (1). Since J C



204 T. Tsuji

Fil“R, this implies that c(g) is of the form 14+ B + B’, B = (b,,) € I, My(R),
B = (b,’jﬂ) € JMy(R), by, € Fil'"""R.Put D := diag(q"; p € NN [1, N]). Then
we have

omopu(g)er,...,en) = (er,....,en)AD(1 + @r(B) + @r(B"))
pm(g) o puler, ..., en) = (er,...,ex)(1+ B+ B')g(AD).

Hence the equality py; o pp(9) = pu(g) o pu gives

14+ B+ B = ADg(AD)™' + ADpg(B)g(AD)™" + ADpg(B)g(AD)™"
&= B’ — ADpgr(Bg(D)'g(A)™!
= A{Dg(D)™" — A”'g(A) + Dpr(B)g(D) '}g(A)~" — B.

We derive B’ € I, My(R) from the last equality. We have Dg(D)"' —1=
diag((gg(q)~")) — 1 € I, My(R) because g(q)qg~"' € 1 + I,.The (v, j1)-component
of Dor(B)g(D)™ ! is q" 9(q)"""r(by,), which is contained in I, because b,,, €
Fil"=~"*R N . Finally we have B € I, My(R) C I, My(R) and A~'g(A) — 1 €
I, My (R). Thus we obtain

B' — ADpr(B)g(D) 'g(A)" € I, My(R).

By (45) and q“g(D)’1 € My (R), we can define a pg-semilinear endomorphism F
of JMy(R) by

F(X) = ADg™“'pr(X)q“g(D)"'g(A)~", X € JMy(R),

and then we have (1 —gF)(B’) € (I, N J)My(R). By Condition 54 (d-3), we
see that (I, N J)My(R) is stable under F. Hence, by applying Y /- (¢F)' to
(1 —gF)(B’), we obtain (1 — (gF)"t")(B) € (I, N J)My(R) for m € N. We
have (g F)"t'(B) = [T, <le(q)F’”+'(B’) and F"*1(B’) € JMy(R). By Condi-
tion 54 (d-1) and (e), there exists m € N such that ]_[;":0 <pZR(q) e I,, for which
we have (gF)™*'(B) € I, JMy(R) C (I, N J)My(R), and therefore B € (I, N
JIMy(R). O

Definition 57 We define M{; ' ..(R, ¢, G) to be the full subcategory of
M?o,a],free(R , ¢, G) consisting of M such that the action p), of G on M is continuous.

Lemma 58 Assume that Fil" R is the inverse image of q¢" R under pg for every r €
NN [0, al. Then the forgetful functor My oo (R, @, G) = MEST (R, @, G) is
an equivalence of categories.

Proof This immediately follows from Lemma 52. (]
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8 Ainr-Representations with ¢

Asin Sect. 2, let A be a normal domain containing O and integral over a noetherian
normal subring (see (1)) such that A/p A # 0 and the absolute Frobenius of A/p A
is surjective, and let Ay be a subring of A such that A is integral over Ay and
Frac(A)/Frac(Ap) is a Galois extension. Let G(A/A) denote its Galois group.
Put Amf(A) - Amf(A)/Ip 1Amf(A) and _crys(A) = Acrys(A)/IpilAcrys(A)-
We define Fil" A, ((A) (resp. Fllr_mjs(A)) (r € Z) to be the image of Fil" Ajyr(A)
(resp. Fil” AcryS(A)) in A;;(A) (resp. _Cryg(A)). Then, by (2), we have an iso-

morphism A;(A) = Ay (A), and it induces an isomorphism Fil" A; ¢ (A) 5
Fil'A  (A) forr e NN [0, p — 1]. Forr e NN [0, p — 1], A;,(A) /Fil" A;(A) =
_Crys(A) /Fil" _Cryb(A) is isomorphic to Aj,s(A)/Fil” Ajpe (A), which is p-torsion free
and p-adically complete and separated (Lemma 1 (3)).

We apply the results in Sects.6 and 7 t0 Ajyr(A), Acrys(A) and A (A). The

quadruplets

(Acrys(A)a P, P, (FﬂrAcrys(A))reNﬁ[O,p—Z])»
(Aint(A), q, @, (Fil" Aine (A))rennio, p—21) (48)
(A (A), p, @, (Fil" Aj ¢ (A))rennpo, p—21)

satisfy Condition 39 for a = p — 2. (See before Lemma 9 for the definition of g €
Aint (A).) For the second one, we have Fil” Ajy¢(A) = (¢)" Ainr(A) = ¢~ (g" Aine(A))
(r € N). Hence we may apply Lemma 46 and obtain an equivalence of categories

M?Q,p_z],free(Ainf(A)v )] = MF?oyp_z],t‘ree(Ainf(AL ©v), 49)
(M, om) = (M, ou, (93 (" M))renno, p-21)-

For the three quadruplets (48), the homomorphisms Ay (A) — _Crys(A) A (A),
Ainr(A) = A (A), and Ajp(A) — Agys(A) satisfy the three conditions on ~
assumed before (44). For the second and third homomorphisms, note that we have
q=pd+ plmy) and 1+ p~'my € Acrys(OF)™ because plm e FillAcrys(Of)
(Lemma 9 (2)) and x”? = plx[?! ¢ PAcrys(Ox) forall x € Fil! Acrys(Ox). Therefore
we obtain three functors

MF{Z),P*Zquree(AcryS(A)’ ¢) — MF&),1772],free(Ainf(A)’ ®), (50)
M([IO p-2], free(Ainf(A) %0) — MF‘[';) p72],free(éinf(A)’ 90)’ (51)
M[() p-21, free(Amf(A) ©) —> MF[() p=21, free(Acrys(A)’ ©). (52)

The composition of (52) and (50) is canonically isomorphic to (51).

The three quadruplets (48) with the actions of G(A/Ap) on the underlying
algebras satisfy the conditions before Definition 48. See before Lemma 9 for the
second quadruplet. We endow Acys(A) (resp. Ainr(A), resp. A (A)) with the p
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(resp. (p, [p]), resp. p)-adic topology. Then the actions of G(A/Ap) on these rings
are continuous (see Lemma 5 and the construction of Acrys(A) in Sect.2). Hence
we may apply Definition 53 to these three quadruplets with G(A/Ap)-actions. By
applying Lemma 58 to the second quadruplet of (48), we obtain an equivalence of
categories

MG, e (Aint(A), 0, G(A/A)) = MELS™, o (Aint(A), 9, G(A/A)),
(53)

(M, out, pr) = (M, o1, (037 (" M) rennpo.p—21> Par)-

The homomorphisms Acrys(A) = A r(A), Appr(A) = A (A) and Ajpr(A) —
Acrys(A) are G(A/Ap)-equivariant, and also continuous because the topology of
Ains(A) coincides with the (p, 77~ !)-adic topology (Lemma 1 (1)) and [p]? =
(=& + p)? € pAcys(Ox). Hence by applying the construction of (47) to these homo-
morphisms and taking the compositions with (53) for the latter two, we obtain the
following three functors, where G = G(A/Ayp).

MF[;5™)) free (Aerys (A), @, G) —> MES™, (Ae(A), 0, G)  (54)
MG ) free (Aine(A), 0. G) —> ME[G™ (A (A), 0. G)  (55)
MG ) free (Aine(A), . G) —> ME[GT™ o (Aarys(A). 0. G)  (56)

The composition of (56) and (54) is canonically isomorphic to (55).

Proposition 59 The functors (50)—(52) and (54)—(56) are equivalences of cate-
gories.

Proof To simplify the notation, we abbreviate Acrys(A), Ajnr(A), and A, ;(A) to
Acryss Aint, and A; . By Propositions 44, 56, and Remark 55 (2), it suffices to prove
that the homomorphisms A¢rys — A and A — A;,r satisfy Condition 54 fora =
p — 2. Note that the kernels of these homomorphisms are / "_lAcrys and 1771 Ay,
respectively, and that the topology of A, coincides with the quotient of that of
either of Ajyr and Agys. The condition (a) (ii-v) are verified as follows: A; :(A) is
p-torsion free as mentioned after (2); we see <p(I”’1) c I land I?! C FilP2 by
the definition of 7?~!A;,; and Ip’lAcryS, and we have cp(IP’IAmf) C qp’lAinf by
(3), and p( P“Acrys) C p”_lACrys as recalled before (2). The condition (a) (i) for
Ajps (resp. Agys) follows from the fact that 1 P=l Aur C mAins and Ay is m-adically
complete and separated (Lemma 1 (4)) (resp. [ "‘lAcrys C FillAcrys + PAcryss Acrys
is p-adically complete and separated, and FillACrys /p is a nilideal of Ays/p). The
condition (b) is obvious.

We first verify the remaining conditions (c-g) for Acys. Since Acrys/1 p’lAcrys
is p-torsion free, we have p" Acrys N 1771 Agrys = p" 177" Agrys. This implies (c) and
(d) for I, = p" Acrys because Acrys and 1 p-l Acrys are p-adically complete and sep-
arated as mentioned after (2). The condition (e) and the sufficient condition for (f)
and (g) given in Remark 55 (1) are obviously satisfied. Let us prove the conditions
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(c-g) for Ajpr. We have (p" Ajns + P71 Ajye) N TP~ Ajyp = p" 1P~V Ajyp + 7" 177!
Ajns because A/ 17 LAy i8 p-torsion free. Since 1”7 1 A;pt is a free Ajpe-module of
rank 1 and <p(7r)7r’1 € Ainr, the conditions (c) and (d) for I, = p" Aing + 7" P71 Ajns
follow from Lemma 1 (1) and (2). The condition (e) follows from ¢"(g) =
©" (g € " (Fil' Air) C " (pAint + [P)Ain) C pAin + [PlAinr (m € N).
It remains to verify the sufficient condition for (f) and (g) given in Remark 55 (1). The
equality ¢([p]) = [p]? implies that ¢ of Ajy¢ is continuous. The quotient Ajys/q Aint
is p-torsion free by Lemma 1 (3). Hence we have (p" Ajr + q" 1 Aine) N g Ains =
P"(qAint) + q"(qAint). By Lemma 1 (1), this shows that Ay — g Ains; X > gx is
a homeomorphism. O

Let M be an object of MF[VO’ p—21.free (A, @) (Sect.4). We apply the above results

t0 T Acrys (M) introduced in Sect. 5. Note that A = Aand Ag= A satisfy the con-
ditions in the beginning of this section as observed after (3). Let #1,...,7; € A®
be coordinates of A over Ok, i.e. O[T}, ..., Ty;] = A; T; — t; is étale. Let @4
be the unique lifting A — A of the absolute Frobenius of .A/p compatible with
o: Ox — Ok and satisfying p 4(1;) =t/ foralli e NN[1,d].

Proposition 60 The free ACWS(X)—module of finite type T Acrys(M) with Fil” (r €
NN[0, p —2]), ¢ and G 4-action is an object ofMF[FE)’,C;Etz],fme(Acrys(.?l), ©, Ga).

Proof By (37) for (B,s1,...,s.) = (A, t1,...,t;), and ©p = pA, we see that
T Acrys(M) with Fil* and ¢ is an object of MF[’B’pszfree(Actys(A), ©). By Lemma

36, we have T Agys(M)/ p™ 5 T Acrys,m (M) for m € N.o. Hence the action of G 4
on T Aerys(M)/p™ is continuous by (29) because the action of G 4 on rys B,m (A
is continuous (Sect. 2). O

Proposition 61 The following functor is fully faithful.
T Acrys: ME)) ) free (A, @) = MY (o (Acrys(A), 0. G a)

Proof By taking the G _4-invariant part of (39) for B= A, s; = ;, and o = ¢ 4,
and using Proposition 62 below, we obtain an .A-linear filtered isomorphism

(T Acrys (M) ® 5ty Ferys(A) 94 = M
compatible with ¢ and the integrable connections, and functorial in M. 0

Proposition 62 We have A > uys(A)%4 and Fil' ey (A)04 = 0,

Proof We can show gr'(orys (A)[5194 = A1 and g (erys(A)[514 =0
(r € Nog) in the same way as [19, Proposition 2.12]. Since the filtration Fil” of
Derys (Z) is separated by (5) and Lemma 153, we obtain A[%] 3 Herys (Z)[%]GA and
Fillﬁfcrys (A)S4 = 0. We canremove % because the restriction of the canonical homo-

morphism szcrys(Il) — A to A is the inclusion map and A N A[%] =Ain 71[%].
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For the last equality, note that A/ p" = 7(_/ p" (Lemma 7) and A/p" — A/p" is
injective since A is a normal domain and A is integral over A. O

We define T Ay (M) (resp. T A;;(M)) to be the image of T Ays(M) under a
quasi-inverse of the functor (56) (cf. Proposition 59) (resp. under the functor (54)).

Theorem 63 (1) The following functor is fully faithful.
T Aing s MF ) e (A @) = MG (Aing (A), ¢, G a)

(2) For an object M of MF[VO’ p—21 free (A, P), we have the following canonical G 4-
equivariant isomorphisms functorial in M.

Ty (M) = HomMp{’ (A;nr(j)#ﬁ)(Téiﬂf (M), Ae (Z))

crys 0.p—2].free
= Hom,, o (), 0) (T Aing (M), Aing (A))

10,p—21 free (A
Proof The first claim is an immediate consequence of Propositions 61 and 59. The
second one follows from Lemma 37 and Proposition 59 for (50) and (52). (Il

We see that the action of G 4 on the underlying Ajys (A)-module of an object in
the essential image of the functor T Ajys is “trivial” modulo 7' A, (A) as follows.
Let

T2 A = Acys(A)/ 1 Acrys (A) = Aint (A) /1" Ain (A) (57)

be the homomorphism induced by 5: A — Ac,ys(.?l) (defined before Lemma 34) for
(B,sl,...,se) = (A,ll,...,[d).

Lemma 64 (1) The homomorphism « is G 4-equivariant.
(2) Let M be an object of MF[VO‘ p—21.free (A, @). Then the isomorphism

M @ az Aint(A) /1" Ains (A) Z T Aing(M) ® 4 z) Aine (A) /1" Aing (A)

induced by (37) for (B, s1, ..., s.) = (A, 11, ..., t3) is G g-equivariant.

Proof For g € G 4, choose n;(g) € Z, such that g(t,) = 1,£"? in R, where ¢’ =
(sﬁ mod p)en for b € Z,. We have g(v;) = v; [€"9D] + [€7%9] — 1 and [€%W] —
1 € I'Ajp¢ (A). Hence the composition § of the Ay (Z)-algebra homomorphism
JZ{crys(-A) - Acrys(A); v =0 with Acrys(A) g Acrys(A)/IlAcrys(A) =
Aing (A)/T' Ains (A) is G 4-equivariant. This implies the claim (1) by Lemma 34
(1). By (41), the scalar extension of (40) for (B, s1,...,5.) = (A, 1, ...,1;) by dis
the identity map. Hence the claim (2) follows from the G _4-equivariance of (39) for
B=A |
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9 Duality for Aj,¢/7?~!-Representations with ¢

We keep the notation in Sect.8. In this section, we prove a duality (Proposition
68) for the Z,-module T} (M) (59) associated to an object M of the category
MF{; p—21.free (Ainf (A), ), under a certain condition on M, by the same argument
as the proof of [10, Theorem 2.6*].

We define the category MF 0.p—2(A;s (A), ) as follows. Let ¢ A,.(A) denote the
Frobenius ¢ of A, (A). An object is a triplet (M, Fil" M, ¢,) consisting of the
following data:

(i) An A, (A)-module M.

(ii) A decreasing filtration Fil'’M (r e NN [0, p —2]) by A, ¢ (A)-submodules
such that Fil’ M = M and Fil" A, ;(A) - Fil’' M C Fil'"* M for every r,s € NN
[0, p —2] withr +5 < p — 2.

(iii) ¢ Ainf@)-semilinear endomorphisms ¢, : Fil' M — M (r e NN [0, p —2])
such that ¢, |gr+1 py = ppr41 foreveryr e NN [0, p —3].

A morphism is an A, ;(A)-linear homomorphism compatible with Fil" and "
reNN[O0, p—2])in the obvious sense. We write Homg; ,(M, M) for the set of
morphisms M — M’ in MFyp, »—21(A;:(A), ) to simplify the notation.

Let M = (M, Fil’ M, ) be an object of MF[ ,  ..(A;:(A), ). For m €
N.o, the A, ;(A)-module M/ p™ endowed with the filtration defined by the images of
the injective homomorphisms Fil’/\/l/p’”FilrM > M/p"M @ eNN[0, p—2])
and the reduction mod p™ of p~"@gir pm: Fi'M — M forr e NN [0, p — 2], is
an object of MF[O p=21(Ajns (A), ©). In particular, we may regard A, .(A)/p™ as an
object of MF[O p— 2](A1nf (A) (P)

Proposition 65 Let M be an object of MF[O p-2l, free(Ainf(.,Tl), ). Then the Z,-

module Homg (M, A, (A)) is free with the same rank as the A, ;(A)-module M,
and the following natural homomorphism is an isomorphism.

Homgiy o (M. Ay (A))/p — Homgiy o (M/p. Aipr(A)/ p)
By combining Propositions 63 (2) and 65, we obtain the following.

Proposition 66 For an object M of MF[0 p-2free (A @), T

rys(M) is a free Z,-
module with the same rank as the A-module M.

Lemma 67 Let o be an element of O such that o Og = p Oy, and let n € Nx.
Let (B) € GL,(A), vy e A(weNN[l,nl), andr, e NN[0, p —2] (ne NN
[1, n]). Put I := NN [1, n]. We consider the following equations

=a" [+ Y Bux,| web, x,ea”Ad wel. (58

pel
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For m € N, the solutions of the equations (58) modulo a? "+ gre determined
modulo a?™, and each such solution considered modulo o”™™ has a unique lifting
to the solution of (58). Furthermore the equations (58) have p" solutions.

Proof (cf. [10, Proof of Theorem 2.4]) Forr e NN [0, p —2],m € N, a € A, and
b € A, we have

(@a+ by’ = aP a? mod oD A

This implies the first claim. Let us prove the second claim. Let A’ be a normalization
of A in a finite normal Ag -subalgebra of A such that a, ,,, B € A'. Since Ais
a union of such A, A’ is p-adically complete and separated, and A'/a" — A/’
(r € N.o) is injective, it suffices to prove thata solution x, = @, € A'/a?*™ (v € I)
of (58) modulo a?"»+D+" hag a unique lifting to a solution in A’ /a?*™"*! of (58)
modulo a(»*+D+m+1 Choose a lifting a, € A’ ofa,.Letc, € A’ (v € I). By using
the above congruence, we see that x, = a, + a?*"c, (v € I) is a solution of (58)
modulo a?"»*+D+m+1if and only if

r,+p+m _ Ty (rp+D+m+1 4/
aP’vTp E Buey = al — o (v, + E Buway) mod af"" A
pel pnel

Since the right-hand side is contained in a?"* ™D+ A’ and (§3,,) is invertible, these
equations for ¢, have a unique solution modulo a.
Let us prove the last claim. Put f, = X! — o?"" (v, + ZME, BuwX,) for ve

I. Choose an A-subalgebra A" of A as above, and let B be the finite algebra
A[Xy, ..., X, 1/(fy,v € I), which is free of rank p" as an A’-module, and let
X, be the image of X,, in B. Since X, € a”"*B and A’ is p-adically complete and
separated, we see that the matrix

0fy — - or 1 .
T X X)) = a6 = B - (@5
(9X# w

isinvertible in By = B ®o, K.Hence By is a finite étale A -algebra, and Bg ® 4/,
Ay is isomorphic to the product of p”-copies of A by the definition of A. Hence
the equations (58) have p" solutions in Ag. Since B is finite over A’, each solution
a, € Ak is contained in A and therefore a, € o/ A by the equations (58). O

Proof of Proposition 65 (cf. [10, Proof of Theorem 2.4]). For m € N.o, let T,
be Homg; ,(M/p™, A;;(A)/p™). Then we have an exact sequence 0 — T —
Tyi1 —> Ty, because A;¢(A) and Ay, (A)/Fil" = Ay (A)/Fil" (r e NN O, p —
2]) are p-torsion free. Hence it suffices to prove (i) dimg, 7 = rank f(j)/\/l, and
(ii) the homomorphism 7, above is surjective for every m.



Crystalline Z,-Representations and Aj,f-Representations with Frobenius 211

Putn := ranké_ f(ﬂ)M and 7 :=NN[1,n].Choosee, € M,r, e NN [0, p — 2]

(v el) and (a,,) € GL,(A;(A)) such that Fil' M = @,,Fil" " A; ;(A)e, and
ole,) = p™ Z#a a,ve,. Since (¢ — nHr! e EPRXK’ we have isomorphisms

At (D) / pAye(A) = Rg/(e — 1) 'Ry —> A/pA,

where the second isomorphism is given by the projection to the second component
Rz — A/pA. Let ¢ denote the composition of the isomorphisms above, and let
a € O be a lifting of 1(q") = Y ,cq, &5 € O/ pOg. Then we have o’ O =
pOgasv, (ZaeF 5[“]) =p L ([18, Example A2.7]), and ¢ induces an isomorphism

Fil" A mf(A)/I’ S o' A/pAforr e NN [p — 2].Recall thatwe have p(¢') = ¢ = p
in Ajy(A) (Lemma 9 (2)) and Fil" Ay, (A) = ¢" Ay (A) (- € NN [p — 2)). This
implies

er(al@)) = pla) (a € Ape(A), r e NNO, p —1)). ()

Proof of (i): Let f be an Ainf(.?l)/p-linear map M/p — Ainf(?l)/p. Then f is
contained in 7 if and only if f(e,) € (q’)”’Amf(ﬂ)/p (vel)and ¢, (f(e)) =
Zuel au f(ey). If we put x, =0 f(e,) (v € I), then by (%), this is equivalent
to x, € a’”.A/pA and X? = a? Y, u(au)x, in Z/a”(’”“)z for every v € I,
where X, is a lifting of x, in A. By applying Lemma 67 to Yu = 0 and a lifting
(Buw) € GL, (A) of (¢(auw)), we see that the above equations have p” solutions.
Proof of (ii): Let f be an element of T,,, and let f be an A; lc(.A) hnear homo-
morphism . M/pmtt — Amf(A)/p’”Jrl whose reduction mod p™ is f and f(ey) S
Fil'"” A (A)/p"t!. Let [p™] denote the injective homomorphism A; nf(.A) /p —
Ay (A)/p™ ! induced by the multiplication by p™ on A;;(A). Then we have
0r, (F@) = s aw Flen) € [p")(Ape(A)/p). Let 7, € A/pA be its image
under ¢ o [p™]~ ! Let x, € A/pA and define the A, ¢ (A)-linear homomorphism
Fro M/p™ = Ay (A)/p™! by Fle,) = F(es) —[p"l o1 (x,).  Since
A (A)/Fil" Ay (A) is p-torsion free, fe,) e Fil™ A, (A)/p™ " if and only if
v "1 (x,) € Fil” Ajpe(A)/ p, which is equivalent to x, € ' A/pA.If x, = o - (y,
mod p) (3, € A). thenwehave o, (f'(e,)) = @, (f(e,)) — [p"1 017! (y) mod p)
by (). Since Z#E[ a/wf (eu) = Z,uel a;wf(eu) [p"]o¢ 1(2#61 L(a/w)xu) we
see that f’ belongs to 7, if and only if x, € o/”A/pA and Xf = o™ (7, +
Zuel t(a)x,) in A/aPT D A for every v € I, where X, is a llftmg of x, in A.
By applying Lemma 67 to a lifting ~, € A of 7, and a lifting (Buw) € GL, (A) of
(¢(a,)), we see that the above equations have p” solutions. O

pel

For an object M of MF[0 =21 free (Aing (A), ©), we define T} :(M) by

mf (M) = HomFll p(M s Ainf (A)) (59)
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For an object M = (M, Fil' M, @) of MF{B,I,le’free(A_inf(Z), ©), we define
an object M* = (M*, Fil' M*, o ) of MFﬁ),p72],free (A, (A), ) as follows. The

underlying A, (A)-module is Hom A (DM Ay (A)). The decreasing filtration is
defined by

Fil' M* = (f € M*| f(Fil?27 " M) C Fil* A, ;(A) forall s e NN [0, p — 2]}

forr e NN [0, p — 2], where Fil' M = Fil'" "= A, .(A) - Fil’ > Mforr € N5, _».
By taking the dual of the Amf(.?l)-linearization D (M) > M of prg, we
obtain an A, (A)-linear homomorphism Wae: M* — ¢*(M*). Since @,y is
injective and its cokernel is annihilated by p”~2, the same holds for ¥a4.. Hence
there exists a unique A, (A)-linear homomorphism ® x4 : p*(M*) — M such
that @ g+ 0 Wy = pP~2 -id and Wpy- 0 D oq- = pP~2 - id. We can verify that M*
with Fil" M* and the ¢ A, (A)-Semilinear endomorphism ¢ ¢+ induced by @ o+ is an
object of MFf:)qPJ]’ﬁee(éinf(./_él), ) as follows: Choose ¢, € M (v € NN [1, N]),
r, e NN[0,p—-2] weNN[l,N]) and P = (p,,) € GLy(A;(A)) such that
Fil' M = @, Fil' " A, :(A)e, (r e NN [0, p —2]) and wle,) = p'™ Y, Puuer. Let
e} € M* be the dual basis of e,. Put P* = (pju) = (P) !and rr=p—2-—r,.

Let us determine Fil” M*. We have Fil' M = @, ennpi v Fil ™" A, (A)e,, for all
r e N. For f e M* and r e NN [0, p — 2], we assert the following: The image
of FilP=2=r+5=1 A (A)e, under f is contained in Fil* A, ;(A) for every s € NN
[0, p — 2]ifand only if f(e,) € Fil"™"» A, ((A). The sufficiency follows from {(p —
2) —r+s —r,}+ (r —r}) = s. Thenecessityis trivialifr —r); < 0.Ifr —r} > 0,
it follows from the condition for s =r — r; € NN [0, p — 2], for which (p — 2) —
r +s —r, = 0. Thus we obtain

Fil' M* = @, ennpvFil' ™7 A, (A)e?. (60)

Next let us give an explicit description of ¢ of M*. The homomorphism ¢+
is represented by the matrix ‘(p™ p,,)v, = (P"" pu)yy, With respect to the bases
(¢*(e})), and (e}), of ¢*(M*) and M*, and we have (p" p,)v, - (p pjﬂ)yu =
diag(p’**"v) = pP~% - 1. Hence we have

Pl =p Y phel (61)

veNN[1,N]

We define the object iy (A)(p — 2) of MF(j , o) e (Ain (A). ) t0 be Ajy (A)
with Fil" Aj (A) = A (A) (r e NN [0, p = 2]) and @, y(p2) = pp_z‘pémf@)'
We see that the image of e =) e, ® € € M 4, (&) M* under prr @ e 1S
pP~2e by using the above description of ¢ o and ¢ o+ Hence, for f € T% (M) and

g € T} (M?*), the composition of A, (A) ~1M Hom A A M M) =M, 7
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M L2 A (A) belongs to T} (A

“Zinf Zinf
defines a Z,-bilinear map

(Z)(p — 2)). Therefore this construction

Tie (M) x Th(M*) — Tii(Aine (A (p = 2)). (62)

We define #;,...,7; € A* and ¢a: A — A as before Proposition 60. Let

a: A— Apr(A) be the homomorphism 3® (defined before Lemma 34) for
B, sq, ..., se_) =(An e tq). Th_en the composition of o with the homomor-
phism Ajr(A) = Ainr(A)/I' Ajns(A) coincides with @ (57). We have poa =
a o @4 by Lemma 34 (2).
Proposition 68 (cf. [10, Proof of Theorem 2.6*]) Let M be an object of
MF{) , 21 free (Aint (A), ) isomorphic to M ® 4 Ay (A) for some object M of
MF‘[%‘[D_Z]Yfree (A, ). Then the paring (62) is perfect.

As mentioned in the proof of [10, Theorem 2.6*], we can prove Proposition 68 by

reducing it to the case of complete discrete valuation ring with algebraically closed
residue field. Let p be the prime ideal p.A of A. Foreachi € NN [1, d], we choose a
compatible system of p”throots ¢; , € A" of t;: tfnﬂ =ti, (n € N), t; o = t;. Then
Ap oo = Apltin, ..., tan; n € NJ(C KY) is a discrete valuation ring with perfect
residue field. Let A’ be the p-adic completion of the maximal unramified extension
of the p-adic completion of A, . Put K’ := A/[%], let € be an algebraic closure

of K, and let 71/ be the integral closure of A’ in K. Choose an extension " — 1C'
of Aso := Altin, ..., tan; n € N] C Ay . This induces homomorphisms A A
and Ain(A) > Aing (.71/). Since A’ is canonically isomorphic to the Witt rings of its
residue field, there is a canonical homomorphism o : A" = W(A'/p) — Ainf(;l/) =
W (R) induced by A'/p — Rz x — (x” " )en, and A’ has a canonical lifting of
the absolute Frobenius ¢ 4. The homomorphism ¢’ is compatible with ¢’s.
Lemma 69 (1) The homomorphisms o' and ov: A — Ay (A) is compatible with
A— A and Aing(A) — Ag(A).
(2) The homomorphism A — A’ is compatible with p 4 and ¢ .

Proof We define t; € Rz to be (t;, mod p),en for i € NN[1,d]. Let k' be
the residue field A’/p A’ of A’. Then the isomorphism W (k') = A’ sends [¢;] to
limnﬁoo(ti,,,)”" = t;. Hence we have o/(t;) = [t;] and p 4 (#;) = tip.

(1) The above observation implies that the following diagram of Og-algebras

is commutative for both A/p™ — A'/p™ LA Amf(jl/)/(p’", [p]") and A/p™ 5
At (A)/p"™ = A (A)/(p™, [pI™).
A/p" — A/pm

Tn—mT T T
s

Ok[T1, ... T)/p" At (A)/(p", [pI™)
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This implies the claim because the left vertical homomorphism is étale and Aj,¢ (7\/)
is (p, [p])-adically complete and separated (Lemma 1 (2)).

(2) The following diagram is commutative for both A/ p™ —= 24 A/p™ — A/ p™
and A/p™ — A'/pm Z25 A/ pm where the top (resp. bottom) horizontal map is

defined by the composition of A/ p™ LY A/p — A’/ p with the absolute Frobenius
of A'/p (resp. T; >t/ and o: Og — Ok).

A/p" A/p

Ti'—%T RS pr¢
N

OK[Tlﬂ s Td]/pm HA//pm

Since the left vertical homomorphism is étale, the two maps are the same. ]

Proof of Proposition 68 One can construct a pairing

Hompiy ,(M/p, Ay (A)/p) x Hompy o (M*/p, Ay (A)/p)
— Hompi, o (A (A (p — 2)/p, Ay (A)/p) (63)

in the same way as (62), i.e., by sending ( f, g) to the composition of

M/p

_mf(A)(P 2)/17 EndA f(A)/p(/\/l/l’) M/p @, (A/p M*/p

129 A A/ p.

We can verify that the composition belongs to Homg;,, by using f(e,) €
Fil" Ay (A)/p,  g(@) eFil" Ay (A)/p  and ¢, 2((f ® 9)(E, ® %)) =
(f ® 9)(pr,(e)) ® o (€})), where we choose ¢, and e as before (60) and set
¢, = (¢, mod p) and €, = (¢} mod p). The pairing (63) is obviously compati-
ble with (62). By Proposition 65, it suffices to prove that the pairing (63) is perfect.

For an object N of MF[; p-2l tree (Ain (A), ) and the object NV = N ® 4, .(A)
A (A) of MF{, o2, free(Aimc(.A ), ©), the homomorphism

Homgit,y (N/ p. Ay (A)/p) —> Hompi y(N"/ p, Aype(A)/ p) (64)

is an isomorphism by the description of elements of the source (resp. target) in
terms of sections of a finite étale Ag (resp. ./Tl/K)-algebra given by the proofs of
Proposition 65 and Lemma 67.

Let M’ be the object Amf(A) Q4. (A) /\/lofMFlop 2]free(Almc(./ét) ©). Then, by

using (60) and (61), we see that the canonical A, (A )-linear isomorphism (M)* =

Llinf
Aie (A) 4 (A M* gives an isomorphism in MF[’})Y 2] free (Amf(.?l,), ), and the
paring (63) for M is compatible with that for M’ via the isomorphisms (64) for M
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and M*. By Lemma 69 (2), M’ := M ® 4 A’ has a natural structure as an object
of MFﬁ),p72],free (A, ), and by Lemma 69 (1), we have an isomorphism M’ ® 4/ o

Ainf(./_él/) =M in MFﬁ),pfz]’free(Ainf(z/), ¢). Hence, by replacing Ox — A, M,
and M with A’ LY A, M’ and M’, we may assume that Oy = A = A and the
residue field k of Ok is algebraically closed.

Let MFyq, »—21(k, ) be the category defined by replacing (A;,;(A), Fil* A, ;(A))
and ¢ Ay (A) with (k,0) and the absolute Frobenius of k in the definition of
I\F/Hﬂo, p—21(A;r(A), ) given in the beginning of Sect.9, and let MFyg ,_5(k, )
be its full subcategory consisting of objects N satisfying dimy N < co and N =
>, NN, p—2] Pr (Fil" N). It is known that the category MFjo ,_»|(k, ) is an artinian
abelian category ([13, 1.8 Proposition]). Let N be an object of the category
MFjg, ,—2;(k, ). Then one can prove that Homg; (N, A;;(O%)/p) is an F ,-vector
space of dimension equal to the dimension of N over k in the same way as the proof
of Proposition 65 (see [20, 2.2.3.1 Examples (b), 2.3.1.2.3 (b) Proposition 1]). This
together with the left exactness of Homy (—, A, ;(O%)/p) implies that the functor
Homp; ,(—, A (Ox)/p) defined on MFyq ,_2(k, ¢) is exact.

For an object N of MFg ,_»;(k, ), we define an object N* of MFg ,_»;(k, )
as follows. The underlying k-vector space is N* = Homy (N, k) and the filtration is
defined by Fil' N* = {f € N*| f(Fil’~'""N) = 0} (r € Z). Then we have a canoni-
cal isomorphism grp; N* = Homy (gr{’:’ﬂ_z_rN, k) (r e NN [0, p — 2]),and we define
the frobenius ¢, : Fil'N* — N* (r € NN [p — 2]) by the inverse of the dual of the
isomorphism @ : @®enno, p—21 ©* (ErE N) — N induced by ¢, of N, i.e., the com-
position of

Fil'N* - ¢*(gri; N*) —

~ —2— =
P ez P @k N —— N
seNN[0, p—2] seNN[0, p—2] @9

Let k(p — 2) be the object of MFyq ,_21(k, ) defined by k with Fil?"%k = k and
@ p—2(1) = 1. Then one can define the following pairing similarly to (63).

Homgi, (N, Ay (Og)/p) xHomgiy ,(N*, Ay (0%)/p)
— Hompu o (k(p — 2), Ay (0g)/p)  (65)

We define an object M/p of MFo ,_2(k, ¢) to be the k-vector space M/p
equipped with the filtration Fil'M/p (r e NN [0, p — 2]) and the reduction mod
pof p7o: Fi'M — M for r e NN [0, p — 2]. We have a natural isomorphism
Homgi (L, A ¢ (Og)/p) = Hompa,, (L, Ay (Og)/ p) for (L, £) = (M/p, M/ p),
(M /p)*, M*/p), (k(p — 2), A,y (A (p — 2)/ p). They are compatible with the par-
ing (63) and the pairing (65) for N = M/ p. Hence it suffices to prove that the pairing
(65) for an object N of MFp ,—2(k, ) is perfect. Since N
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Homp; (N, A;;(Og)/ p)is exact as observed above and the paring (65) is functorial
in N, it suffices to prove the claim when N is a simple object.

By [13, 4.4 Proposition (ii)], there existsn € N.g,e, € Nandr, € NN [0, p — 2]
(v € Z/nZ) such that N = @,ez/nzke,, Fil'N = ®yez/nz,r,>rke, and @, (e,) =
e +1. Let e (v € Z/nZ) be the dual basis of N*, and put r) :=p—2—r,.
Then we have Fil'N* = @®,cz/nz.>rke; and @, (e}) = e}, ;. As in the proof of

Proposition 65, let « be the composition of Aint(Ox)/p = Ro,. /(€ — nrts
Ox/p, and let a € Of be a lifting of t(g’). Then by the same argument as
in the proof of Proposition 65 and Lemma 67, an element f (resp. g) of
Homg, (N, A;;(Ox)/p) (resp. Homgy (N*, A;;(Ox)/p)) is given by f(e,) =
t~"(x, mod p) (resp. gler) = L‘l(yy mod p)), where (x,) (resp. (y,)) is a solu-
tion of the equations x? = a?"x,41, x, € &'*Ox (resp. y! = aPrv Yo+, Y €
a'v Ox). The pairing h € Homgi, (k(p — 2), A;(Ox)/p) of f and g is given by
h(l) = L_l(zyez/nz x,yv) € A (Og)/p. Let o, € O be a (p" — 1)th root of
Z:& P g

«. Then the solutions of the above equations are given by x, = a;, ¢,
n-l ”""r* v .
¢ € ppr-1(0g) U {0} (resp. y, = ap P ppn—1(Og) U {0}). The pair-

ing h above is given by +(h(1)) = alp(p_z) Zﬁ;é(gn)p”, where o is the (p — 1)th
root (ay,)?"~DP=D7" of . Since F,«/F, is a finite separable extension, the trace
map Tr]pp,, JF," F,» — I, does not vanish. Hence for each ¢ # 0, there exists 7 # 0

such that "~ 1 ((n)?" € O=. This completes the proof because ay P ¢ pO%. O

10 Period Map

Let M be an object of MF[VO’ p_Z],ﬁee(A, ®). We define Ty(M) to be the dual
Homgz, (TC’;YS(M ), Z,) of T;ys(M ), which is a free Z,-module whose rank is equal
tork 4 M (Proposition 66). By Theorem 63 (2), we have a G 4-equivariant Z ,-linear
injective homomorphism TC’;YS(M ) = Hom, (T Aint (M), Aint (A)). By taking
the dual of its Ainf(ﬂ)—linearization, we obtain an Ajys (Z)—linear G 4-equivariant

homomorphism compatible with ¢, where ¢ of the target is defined by id ® v, z)-
T Aint(M) —> Terys(M) @3, Ains (A) (66)

In this section, we prove the following theorem.

Theorem 70 The homomorphism (66) is injective and its cokernel is annihilated by
P2,

For an object M of M{, , 5} e (Aint (A), ), we define Tj% (M) by

Tire(M) := Homyy

[0, p—2].free

A () (M A (A). (67)
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Proposition 71 For an object M of My , 5, free (Aint (A), @), T (M) is a free Z,-
module whose rank is the same as the free Aing(A)-module underlying M.

Proof The claim immediately follows from Propositions 59 and 65. ]

For an object M = (M, pq) of M?o, piz]’free(Ainf (A), ¢), we define an object
M* = (M*, ppqr) of M[qoq =21 (Ains(A), @) as follows. The underlying Ajns(A)-
module is Hom 7, (M, Aint(A)). Let Wpp: M* — " (M) be the dual of the
Aing (A)-linearization @ o : ¢*(M) — M of p . Since @ is injective and its cok-
ernel is annihilated by g”~2, the same holds for ¥,,-. Hence there exists a unique
Ains (A)-linear homomorphism @ - : ¢*(M*) = M* such that @ o Wpp =
g”7?-id and Yprg 0 Ppqe = ¢P 72 -id. We can verify that M* with the ¢, -
semilinear endomorphism ¢ o+ induced by @ x4+ is an object of Ml[lo, =21 (Aint (A), ©)
as follows: Choosee, € M (N e Nyv e NN[1,N]),r, e NN[0,p—2](¥x e NN
[1,N]) and P = (p,,) € GLy(Ains(A)) such that M = @, Air(Ae, and
omey) =g > pupey. Let e € M* be the dual basis of e,. Put P* = (p,’ju) =
(*P)~! and ri = p —2 —r,. Then, by the same argument as before (61), we obtain

oame€)=q" > phel. (68)
veNN[1,N]

We define the object Ajnr(A)(p — 2) of M?o, p_z],free(Ainf(Z), ©) to be Aiyr(A)
endowed with the Frobenius defined by (1) = g”~2. We see that the image of
e=),e,®¢c € M®, oz M*under py ® pum- is g7 *e by using the above
description of ¢ o4 and o a¢+. Hence, for f € T.(M) and g € T (M*), the compo-

sition  of A (A) ~M Hom A @M M) EMQ, oy M EALY Aint (A)

belongs to T (Aint (A)( p — 2)). This construction defines a Z,-bilinear map
Tiie (M) x Tii(M*) — T (Aing (A) (p — 2)). (69)

We define ¢ 4: A— A and @: A — A, (A) as before Proposition 60 and
Lemma 64.

Proposition 72 Let M be an object of M([Io, 2] free (A (A), ). S_uppose that there
existi/l € MFﬁ)’piz]’free (A, C,O)_and an isomorphism M @ Az Ay (A) EM®, 7
A, (A) in MF[FE),ID_z]’free (A (A), @). Then the paring (69) is perfect.

Proof Let M be the image of M under (51). Then the image of Aj,r(A)(p — 2)
(resp. M*) under (51) is canonically isomorphic to A; (A)(p —2) (resp. M*)
defined before Proposition 68, the homomorphisms T (N) — T (N) for
W, N) = (M, M), (M*, M), (Aie(A)(p = 2), Ay (A)(p — 2)) are isomor-
phisms by Proposition 59, and these isomorphisms are compatible with the parings
(62) and (69). Hence the claim follows from Proposition 68. O
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For an object M of M, , 5 ree (Aint (A), ), the inclusion map 7% (M) — M*

induces an Ajpf (A) -linear map
Aint (A) ®z, T (M) — M. (70)
Lemma 73 The image of the homomorphism (70)
Aint (A) ®z, Tinp(Aine (A (p — 2)) —> Aini(A)(p — 2)* = A (A)

for M = Apne(A)(p — 2) is TP 72 Ajne (A) = 7772 A (A).

Proof Let J be an Ainf(.z)-submodule of Ainf(JTl), and let J be the image of
J in A, (A). Then we have J C I?"2A;(A) if and only if J C IP72A; ;(A)
because the inverse image of / "_zéinf(.?l) by Aipn(A) — Ainf(?l) is IP72 Aje (A).
Suppose that this holds. Then, since I”’zAinf(Z) = Ainf(./Tl)ﬂ'”’z, the homo-
morphism / P’zAinf(Z) ® p,e(A) Ainf(z) yai lAinf(Z) — I P’zémf(./Tl) is an isomor-
phism, and I'Ape(A) is contained in the Jacobson radical of Air(A), we see
that J = 1772 A;¢(A) if and only if J=1r" 2Amf(zl) by Nakayama’s lemma.
As the homomorphism 1:f(Amf(A)(p 2)) — Tmf(Ainf(./_él)(p —2)) is an iso-
morphism by Proposition 59, it suffice to prove the corresponding claim for
A (A)(p —2). We have o(m)m™! = 1+ [e]l +--- + [€]”7! = p mod TAi(A),
which implies p(77~2) = p?~27P~2 mod I?~'Aj(A). Since Ainf(ﬁ)/wi’—2 =

mf(./_él)/lf"zAmf(./Tl) is p-torsion free, we see that the free Z,-module of
rank 1 TF (A, (A)(p —2)) is generated by the A, ((A)-linear map A, (A) —

A (A); 1 — 7P~2. This completes the proof. O

Proof of Theorem 70 Put M := T Aj,s(M). We assert that the following diagram
is commutative, where we abbreviate Aj,;(A) to Ajns.

(69)

(Aint ®z, Tipr (M) X (Aing ®7z, Ting (M) —— Ains ®z, Tine(Aint(p — 2))
\L(m) \LGO)
M* x M** (Aint (p — 2))* = Aint.

Since the two pairings are Aj,¢-bilinear and the vertical maps are Aj,¢-linear, it suffices
to prove that the images of (f, g) € Tj;;(M) x Tj5:(M*) under the two composi-
tions coincide. The image of (f, g) under (69) sends 1 € Aie(p — 2) to the image

of id o4 under Homp,, (M, ./\/l) M Ajng, Which coincides with the image
g(f) of (f, g) € M* x M** under the lower paring. By Proposition 72 and (37)
for (B, s1,...,8.) = (A, 11, ..., t;), the upper pairing is perfect. Hence Lemma 73
and Proposition 71 imply that (70) for M is injective and its cokernel is annihilated
by 77~2. We obtain the claim by taking the dual and using T} (M) = T (M)
(Theorem 63 (2)). (Il

crys
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11 Fully Faithfulness of T.rys and Aju¢-Representations
with ¢

We derive the fully faithfulness of the functor 7¢ys from Theorem 70, Lemma 64 (2)
and Theorem 63.

Lemma 74 We have (Amf(Z)/I1 A (D)) (r)G4 = 0 for every non-zero integer r.

Proof Let Xy be the cyclotomic character G 4 — Z;. Leta e Ainf(,Tl) such that
Xeye(9)g(a) —a € I'Apng(A) for every g € G4. By taking ¢™ (m € N), we
obtain Xﬁyc(g)g(w’" (a)) — ¢"(a) € p"(I' Ain(A)) C Fil' A (A). Since Ajns(A)/

Fil' Ajps (A) Aand .A(r)GA =0 (see [19 Proposition 2.12] for example), we have
©"(a) € Fil' Ajyr (A). Hence a € I' Ajye (A). O

Lemma 75 Forr € Z, the multiplication by 7" induces a G 5-equivariant Ain¢ (./_4)—
linear isomorphism At (A)(—=r) = 77" Aine (A) /77" Ains (A).

Proof The claim follows from the following equalities for g € G 4 (Lemma 9 (1)).

g =3 <X°y;(g)) T = Xegelg)m (1 + 7). ay € Ar(Op).

n=1

Note that 1 + TAinr(Ox) C Aine(Ox)™ since Ainr(Oy) is m-adically complete and
separated (Lemma 1 (4)). O

Proposition 76 (1) Let M be a free Ain(A)-module of finite rank endowed with a
semilinear action of G 4. (We do not assume the continuity of the action of G 4). Then
there exists at most one G _4-stable free Ainf(.,?l)-sumedule M of M[%] satisfying
the following properties.

(a) The homomorphism M’[}T] — M[%] is an isomorphism.

(b) There exists an Ains(A)-linear G g-equivariant isomorphism M’ @ At (D)
Aint (A)/ 1" Aing (A) = (Aiat (A)/1" Ao (A)®" for some n € N.

(2) Let My and M, be free Aint (A)-modules of finite rank endowed with semi-
linear action of G 4 satisfying the condition (b) in (1). Then any G p-equivariant
Ainf(ﬁ)[%]—linear homomorphism f : ./\/ll[%] — Mg[%] satisfies f (M) C M.

Proof We obtain (1) from (2) by applying (2) to the identity map of M[%]. Let
us prove (2). Suppose that f(M) ¢ M. Then there exists r € N.o such that
fM) C "My and f(M;) ¢ 7" M,. Then, by Lemma 75, the homomor-
phism f induces a non-zero G 4-equivariant Aj,¢ (.,Tt)—linear homomorphism

FiMi®y ) Aine (A /1 Aine (A) —> Mo @4y Aint (A)/T' Aing (A)(—r).
By the assumption on M, the source is generated by G 4-invariant elements as an

Aint (A)-module. However the G A-invariant part of the target is 0 by the assumption
on M, and Lemma 74. This contradicts f # 0. ]
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Now one can derive the following theorem of Faltings from the fully faithfulness
of the functor T Ajy¢ (Theorem 63 (1)).

Theorem 77 The functor Terys is fully faithful.

Proof For an object M of MF[VO.])_Z],free (A, @), we have an Ainf(.,?l)[%]—linear G 4-
equivariant isomorphism

cen: TAing(M)[L] =5 Torys (M) ®3, A (A)[L]

functorial in M by Theorem 70. By Theorem 63 (1), this implies that the func-
tor Tipys is faithful. Let M; and M, be objects of MF[VO’ p—2) free (A, @), and let
[ Torys(My) — Toys(M3) be a G g-equivariant Z,-linear homomorphism. Then,
by Proposition 76 and Lemma 64 (2), the G 4-equivariant Ajns (./_ét)-linear homo-
morphism f ® id: Terys(M)) ®2z, Ainf(./_él) = Toys(Ma) @z, Ainf(,Tl) inducesa G 4-
equivariant Ainf(.?l)-linear homomorphism f': T Aint(M1) — T Aine(M2) via cp,
and c¢y,. Since the homomorphism (66) is compatible with ¢, we see that f’ is
compatible with ¢. By Theorem 63 (1), there exists a morphism g: M; — M, in
MF[VO, p_z]yfree(A, @) such that T Aj¢(9) = f'. Now the functoriality of ¢), implies
f= Tcrys(g)~ O

12 Period Rings Associated to a Framing

We recall the period rings associated to the framing [J: OK[Tlil, e, Tdil] —
A; T; — t; introduced in [7, Sect. 9], and then summarize their basic properties.
Let Gk denote the Galois group Gal(K /K). Since Spec(A/pA) — Spec(k) is
geometrically connected (Sect. 1), A ®¢, Ox is a normal domain, the homomor-
phism A ®, O — Aisinjective and the homomorphism G 4 — G is surjective.
Let ;A denote A ®, Og in the following. Let Ko, be the extension of K obtained
by adjoining all p”th roots of ¢ in K for all i € NN [1,d], and let I'4 denote the
Galois group Gal(K o, /K). We have Ko, C K" because t; € A* fori e NN [1,d].
We define A, to be the integral closure AN Ky of Ain Kus. Choose a compatible
system of p"th roots of t;: t; , € Ao (n € N), tf +1 = tin> tio = t;, and define the

l-cocycle x;: I'q — Zp(1) :=1im 11,0 (Og) by Xi(9) = (Cudn> 9(tin) = fi.nCn, and
let X; denote the composition of x; with Z,(1) — RXF; (¢,) — (¢, mod p).

Lemma 78 The following | A-homomorphism defined by 1 @ T SN t;.p IS an iso-
morphism \ ;
A ®0K[T1 ..... T4] OE[T]p P po ] . Aoo~

Proof Let L be a finite extension of K contained in K, let O, be the inte-
gral closure of Ok in L, let m; be the maximal ideal of O, and let k;
be the residue field Op/m; of Op. Let n be a positive integer. Then the
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OLIT! ", ..., T} l-algebra B := A ®oyz,...17, OLIT! ..., T} 1is étale and
its reduction mod my, is a regular domain because Spec(A/p A ®; k1) is a connected
scheme étale over Spec(k. [T, ..., T;]) and hence Frac(A/p ® ki) Qk,(1y....7))

kL(Tlpfn, e Td’f") is a purely inseparable extension of Frac(A/p ®x k). This

implies that the p-adic completion B=A QokIT.... Ty] OL[T e Td’f"] of B
is a regular domain finite over A, and therefore the A ®p, OL- homomorphism

A®ogim.... T OL[Tlp_n, cees po_n] — Koo defined by 1 ® Tl-p_” > 1, i injective,
and its image is the integral closure of A in L (¢, ..., ts.,). Varying L and n, we
obtain the claim. O

By Lemma 78, the absolute Frobenius of A./p is surjective. Hence the Ox-
algebra A, and its subalgebra A satisfy the conditions on A and Ag in Sect. 2, which
are summarized in the beginning of Sect. 8. By applying §2 to (A, Ag) = (Ax, A),
we obtain Ays(Ax) and Ajpr(As) with Fil”, ¢ and I 4-action. We can apply the
results on Acrys(A) and Ajne(A) in Sect. 8 to Acrys(Aoo) and Ajns (Aoo).

Let Zins (resp. Zrys) denote the set of ideals a of Ain (O) (resp. Acrys(Ox)) with
(p, [pD)" C a C pAini(Og) + Fil' Aint (0g) = (p, §) = (p, [p]) (resp. (p") Ca C
PAcys(Ox) + FillAc,yg(OK)) for some n € N.g. Let a € Aine(Og)\pAine(Ox). If
the image of a under Ainf(Og) — Aine(Ox)/p = Ro is contained in pRm, then
{(p,a)" |n € Ny} is a cofinal subset of .%,s by Lemma 1 (1). It is trivial that
{P" Acrys(O%); n € N.o} is a cofinal subset of .#s. For e € {inf, crys}, a € .#, and
A asinthe beginning of Sect. 2, we define A, 4(A)tobe A,(A)/aA,(A). We identify
A, (pn pity(A) with A/p™ via the isomorphism induced by 6: A,(A) — A.

Let o € {inf, crys} and let a € .7,. Let A, «(Og YU*!'] denote the A, (0R)-
algebra A, a(OK)[Uil Uzil, .. Udil] For g € FA, we define the isomorphism

pa(9): Aea(ORIUET S A.,!](a)(Of)[gil] compatible with the action of ¢ on
A.(O%) by pa(9)(U;) = Ui[x,(9)]. Then we have pa(1) = id and pp(a)(9)pa(h) =
pal(gh). We define the homomorphism g : Ae o (O)[U*'] — A. ) (O [UF']
compatible with ¢ of A,(Og) by p(U;) = UF. We have pya) 0 pa(g) = ppa(9) ©
pq for ge FA For a,b € .4, with b C a, the projection A, b(OK)[Uil]

Ae o (OR)IU 17 is compatible with these structures. For a positive integer m, let
Ox/p"[T*'] denote the Og-algebra Og/p™[T;™, ..., T ;'] endowed with the
action of FA defined by the action on Og/p™ via G x and the trivial action on
Ok /p"[T, ..., T;']. Then we identify A, (,n g1, (Og)[U*'] with Og/p"[T*"]
via the isomorphism defined by U; > T;, which is compatible with the action of I A
because [e9] — 1 € Fil' Ays(O) fora € Z,.

For a € .%,, we define A, ,(Op)[U*'] — AY_(A) to be the unique étale lifting
of the étale homomorphism of Og-algebras A, (, ri1y(Og) (U] = O%x/plT*'] —
1A/ p; Ti + t;. Note that the kernel of A, «(O%) — A, (, mt)(OF) is nilpotent. For
a, b e .7, with b C a, we have an isomorphism

AD (A @4, (00 Ana(05) —> AT (A) (71)
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compatible with the composition for a, b, ¢ € ., with ¢ C b C a. For a € ., and
g€ r A, Pa(g) and the action of g on 1 A/p and Of/ p[T*"] induce an automor-
phism pZ(9): AT, (A) = AL ) (A). We have p (1) = id and pj, (9) © p(h) =
pE (gh). Similarly q and the absolute Frobenius of A/ p and 0*/ plU*'] induce
an endomorphism ¢’ AT, (4) — ADQ@ (A). We have gpq(a) o pl(g) = pE(a) (9) o
e Eiy (ORWUFT — AT i (A)
with the étale lifting O%/p" [T*'] — | A/ p™ via the unique isomorphism, which is
compatible with the action of e

We define AT(A) to be the inverse limit of AE]a (A) (a € .&#,) endowed with
the inverse limit topology of the discrete topology of AD +(A). The homomor-

uD forg e I '4. We identify the étale lifting A

phisms p H(g) and <pa are obviously compatible with the 1som0rphlsms (71), and
{p(a); a € A} is cofinal in .¥, because ©([p]) = [p]? for e =inf. Hence p, (g)

and cpa induce the action p of I" A on AD (A) and the endomorphism ¢ of AD (A).
The endomorphism ¢ of AD(.A) is ['g- equivariant.

Lemma 79 (1) A1 (A)and A
isomorphisms.

crys(A) are p-torsion free and we have the following

ATA/p" = lim AL (A, AD(A)/p" —> AL

o (A).

crys,(p
a€Sint, PEQA

In particular, Alnf (A) and ACDryq(A) are p-adically complete and separated.

(2) Fore € {inf, crys} and a € ., the homomorphism A.D (A)/ctA_EI (A)— AE]a (A)
is an isomorphism.

Proof Puta := [p]. We abbreviate A; (A, Alnf o(A), ete. to ALy, ALL et

(1) Since Acrys(OK) and Amf(OK)/a (m € N) are p-torsion free (see Lemma 1
(3) for the latter) and A., is flat over A, (O%) for e € {inf, crys} and a € .7, we
obtain the following exact sequences by using (71).

p"
0 Amf (pl,ah) Amf (pitm.al) Amf ,(p™.,ah) 0,
O Poo,0 O

0 Acrys rH Acrys,(p’*'“) Acrys (p™) 0.

We obtain the claims by taking the inverse limits over /.

(2) The claim for @ = crys follows from the claim (1) and (71) because {(p™) | m €
N.o} C Frys is cofinal. In the case e = inf, the claim is reduced to the case a =
(p™,a") (m,n € N.p) by the same argument. Since Aiy(Ox)/p™ is a-torsion free
by Lemma 1 (4), we have exact sequences

0 Am’r (p™,al) Amt (p™,altm) Amf (p™,a") 0.

We obtain the desired claim by taking the inverse limit over / and using (1). (I
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For a € .%s such that p € a, we have ¢(a) C a and the composition of (pa with
the projection map AEW(G) (A) — A':| .(A) is the absolute Frobenius of Alnf (A
by its construction. Therefore the ﬁrst isomorphism in Lemma 79 (1) for m =1
implies that ¢ of AD (A) is a lifting of the absolute Frobenius of AL (A)/pALL(A).
Similarly, since <p( ) of Acrys,( » (A) is the absolute Frobenius by its construction, the

second isomorphism in Lemma 79 (1) shows that ¢ of AY (A isa lifting of the

crys
absolute Frobenius of Acrys(A) / pACDrys(.A)

Lemma 80 Let a be an element of Ain(Og), and assume that its image a in
Aint(0%) /At (Og) = Ro is neither zero nor invertible.

(1) The topology of A; f(.A) coincides with the (p, a)-adic topology.

2) A f(.A) is ( p, a)-adically complete and separated.

3) A ﬁ (A /aAmr (.A) is p-torsion free, and p-adically complete and separated.

4) A(A) and A (A)/p" (n € N.o) are a-torsion free, and a-adically complete
and separated.

(5) We have an isomorphism Amf(.A) JaA; f(A) = hm ) (A).

meN. mf (p™,a
Proof By Lemma 79 (2), the topology of AEf(.A) coincides with the (p, [E])'
adic topology. Hence the claim (1) follows from Lemma 1 (1). The claim (5) fol-
lows from (3) and Lemma 79 (2). It remains to prove the claims (2), (3), and
(4). By Lemma 2 and Lemma 79 (1), it suffices to prove that AEf(.A) /p is a-
torsion free, and a-adically complete and separated. By replacing a with a suit-
able power of a if necessary, we may assume a € pRo,. Then {(p™,a")|m,n €

N.o} is a cofinal subset of me Hence, from Lemma 79, we obtain AL (A)/p =
11m Alnf . an)(A) = 11m (Amf(A)/p)/a”. Since Aiy¢(O%x)/p is a-torsion free by

Lernma 1(4), and A
by a on AD

inf. a(.A) is flat over Ajyr o (O%) for a € Hye, the multiplication

mf . a,+,)(¢4) (I € N.) together with (71) induces an injective homomor-

phism Alnf . a,)(A) — AJ )(.A). By taking the inverse limit over [/ and using

inf,(p,a/t!

Lemma 79 (1), we see that a is regular on Ai'i'f(.A) /DP- O

Powers of £ and 7 satisfy the assumption on @ in Lemma 80. We define the filtra-
tions F11’ADf (.A) and I” Amf (A) (r € Z) by S’AEf (A) and ﬂ’AIEn’f (A), respectively,
if r > 0, and Amf (A) if r < 0. By Lemma 80 (5), we have
ALHA/FI' AT A) = lim ALE oo (A) = Tim (A/p" =1 A (72)

m€N>U m€N>0

For an ideal J of Ays(Ox), we define the ideal JAY (A) of Acrys(.A) to be

the topological closure of J AY (A) in AT (A), which is the inverse limit of

crys crys
T(AS (A)/p"AZ(A)) (m € N.o) by Lemma 79 (1).

crys

crys
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Lemma 81 Let J be an ideal of Acryg(O %) contained in FillAcryS(Of) such that

Acys(Og)/J is p-torsion free. Then crys(.A) /J ACWS(.A) is p-torsion free and, p-

adically complete and separated Moreover the natural homomorphism
crys(A)/.]Acrys(./él))/p — ACwq o J)(.A) is an isomorphism for m € N..

Proof By Lemma 79 (1) and (71), we have exact sequences

0 —> J(Aq (A)/p") —> AQy(A)/p" —> Ay .1y (A) — 0.

crys, (p!

By takinglim ,weobtain Acrys(A) /J Acrys(A) - lim ACrys (om.y (A LetACryq (A
denote the target algebra. Since Ays(Og)/J is p- tors1on free and Agys,a (Og) —

ACryq o (A) is flat for a € .y, we have exact sequences

0— AY :,)(A)—>A J)(A)—>A w ) (A) — 0.

crys, (p' crys, (pttm, crys, (p

By taking lim , we see that ACDWS, ;(A) is p-torsion free, and ACDrys, J(A/ P —
A(;Drys,( ) (A) is an isomorphism. This completes the proof. (Il

For r € N_g, Fil’Acrys(OK) and 1" Auys(OK) satisfy the assumption on J in

Lemma 81. We define Fil" A Crys(A) and [” ACWS(A) to be the topological closure

of Fil" Aerys (Og) AL ((A) and 17 Agrys (O) A, ((A) in AL

crys crys crys

r € Z,r <0, we define them to be AEys(A). By Lemma 81, we have isomorphisms

(A), respectively. For

Ay (A)/FIl' AT (A) = l1m(ACDrys(A) JFil' AQ (A)/ p"
=1im AL o (A = lim A/ p" A=A (73)

lTl

Let us compare Amf(.A) and ACDWS(.A). Let a € Sy and @' = aAcys(Og) €
arys- Since the isomorphisms A, (, gy (Og) = Og/p (e € {inf, crys}) are compat-
ible with the canonical homomorphism At (Ox) — Acrys(O%), the homomorphism

Ainf,a(OE)[gil] g Acrys,a’(OE)[Uil] deﬁnedby Amf(OE) g Acrys(Of) and
U; — U; induces a homomorphism naD (A) — AY (A), which gives an

mf a crys,a’
isomorphism

mf a(‘A) ®Amf a(0%) ACTYS a (OK) —> Acrys a (A) (74)
The homomorphisms /{E (a € Syr) are compatible with the action of r "4, the
homomorphisms ¢, and (71). The set {a'|a € ¢} is cofinal in .7y, because
&P = plElPl € pAgys(Og). Hence they induce a homomorphism

K: Alnf(A) — Acrys(A) (75)

compatible with the action of T4 and .
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Lemma 82 The homomorphism k induces isomorphisms

Fil” AL (A)/1° AQ (A) —> Rl AR (W/FPAS (A (nseNr<s<p—1).
Proof 1t suffices to prove that Amf(A)/ I" — AY (A)/I" and AEf(A)/Fil’

crys
Cryb(A) /Fil" (r e NN [0, p — 1]) are isomorphisms. These algebras are p-adically

complete and separated by Lemmas 80 (3) and 81. Hence, by using Lemmas 79 (2)
and 81, we are reduced to showing Alnf o (A) = AcD 5.0y (A) forae = p" A, (Og) +

I"A,(Og) and a, = p"A.(Ox) + Fil' A,(0%) (m € N_g). By (74), this follows

from Ainf g, (O%) 3 Actys, aey, (O), Which is an immediate consequence of (2). U

Lemma 83 For m € N.y, (v mod p™): A; f(A)/p — Acrys(A)/p”’ is canoni-

cally isomorphic to the PD-envelope of Amf(A) /p™ with respect to the kernel of

mf(A) /p™ — I.A/ p™ compatible with the PD-structure on pOK Furthermore
Fil” Acrys(OK)(Acrys(.A)/p’") (used in the definition of Fil" A Cryg(.A)) for r € Ny
corresponds to the rth divided power of the divided power ideal of the PD-envelope.

Proof Let D,, be the PD- envelope considered in the lemma. By Lemma 79 (2), we
have AL (A)/(p". &) Z AT, 0 o (A) Z 1 A/p". Put = p" A (Op) +
&P Aine (Og). The image of £ in D, is zero because the image of £ in D,
is contained in the PD-ideal of D,, and p’”D = 0. Hence D,, is isomorphic to
the PD-envelope of AL:(A)/a, ALr(A) = ALy o, (A) with respect to § AL o, (A
compatible with the PD-structure v on pOg ([5, 3.20 Remarks (7)]). Similarly
Acrys(0%)/P™ = Acrys,m (O) is isomorphic to the PD-envelope of Ayt o, (Ox) with
respect to
EAinf o, (Ox) compatible with . Since Aipt 4, (Ox) — Alnf a (A) is flat, we obtain
a PD-isomorphism D,, = Amt a, (A) @4, um((P) Acrys(0O%)/p™ ([5, 3.21 Proposi-

tion]), whose right-hand side is isomorphic to ACrys ( pm)(.A) Crys(.A)/ p" by (74)
and Lemma 79 (1).

Next we compare A.D(.A) with A, (Ax). Let ¢; be the element (f;, mod p),en
of Ry ,.Fora e 7, letig o0t Aea(Ox) [Qil] — A, q(Ax) be the homomorphism
induced by A,(Og) = A.(Ax) and U; — [¢;]. Then the square of the diagram
below is commutative because 0(t;]) =lim,_ o t P =t in ]l\oo, and there exists a
unique homomorphlsm L A':| (A = Ag a(Ax ) which makes the two triangles
commutative.

Aea(Axo) As/P (76)

~ [}
T >~ \/‘moc T
la,c0 ~
~
~

Aea(OpUF] —— AT (4)
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Here the right vertical homomorphism is the composition of A?a A — 1 A/p —
As/p. For g € I'y4, the squares of the diagrams (76) for a and g(a) are compatible
with the action of g because g([¢;]) = [Xi (¢)1[t;] by the definition of X; (g). Hence

O O
Laoo and Lola).00

(76) for a and ((a) are compatible with ¢’s because ¢([t,]) = [¢;]”. Therefore LEOO
E(a)’oo are compatible with ¢’s. For m € N, L'(]pm’m,)’oo
homomorphism .4/ p™ — A /p™ induced by the inclusion 1A C A. Since 4,00
(a € &,) define a morphism of inverse systems of algebras indexed by .7,, we see
that LEOO (a € #,) define a morphism of inverse systems, whose inverse limit gives

an A,(Ox)-algebra homomorphism

are also compatible with the action of g. Similarly the diagrams

and ¢ coincides with the

AP — ALAL) (77)

compatible with the action of 4, Fil" and ; the compatibility with Fil” follows from
the fact that Fil" is generated by {" (resp. topologically generated by Fil" A ys (O%))
if @ = inf (resp. crys). Composing with the homomorphism A,(As) — A.(A)
induced by the inclusion map A, — A, we obtain a homomorphism

AP — A4 (78)

compatible with the action of G 4, Fil", and ¢.
For r =ap™ € Z[%] (a € Z,n € N), we define ¢t to be #/

nn’

which depends

T

only onr. Forr = (r,...,1rq) € Z[é]d, let - denote the element ([],_;_, ¢

mod p)pen Of R4, .

Lemma 84 For a € Fins, Ainf.a(Awo) is a free AEf’u(A)-module with a basis [t“]
(r € (ZI;1010,1D%.

Proof Recall that we have AJ;  (A) = AL (A)/aAY.(A) by Lemma 79 (2).

inf
It suffices to prove the claim for a = (p™,&") (m,n € Nog). If n =1, we
have Ajn q(As) = As/p™ and AEf’ (A) =1 A/p™. Hence the claim follows

from Lemma 78. By Lemmas 80 (4) and 1 (4), £ is regular on Ajyr(As)/p™
and AJ

inf

m n m m n 5

Aint (A) /(P €M) = Ainp(Aoo) /(™€) = 0 and 0 — AL (A)/(p", €") =
AiEf(,A)/(p’", ety — AEf(A)/(pm, &) — 0. Therefore the claim for a general n
follows from that in the case n = 1 by induction on 7. (]

(A)/p™. Hence we have exact sequences 0 — Ajr(As)/(p™, &) 5

Corollary 85 (1) Let a € Ains(Ox) be the same as in Lemma 80, and let m €
N.o. Let a be one of the ideals (p™, a), (a), (p™), and (0) of Aini(Ox). Then
the homomorphism AEf(.A)/ a —> Apnr(Ax)/a induced by LODO is injective. In
particular, LODOZ AEf(A) — Ainr(Aoo) is strictly compatible with the filtrations
Fil" and I'".
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(2) Letm,r € N>0, and let a (resp. a') be one of the ideals (p™), Fil", (p™, Fil"),
and (0) of A Cryq(.A) (resp. ACW;(AOO)) Then the homomorphism A (A)/a —

Acrys(Aoso) /o induced by LOO is injective.

crys

Proof (1) The claim for a = (p™, a) follows from Lemmas 84 and 79 (2) because
(p™, a") € S for n € Nog such that (¢ mod p)" € pRm Then we obtain the

1nJect1v1ty for a = (a) (resp. (p™), resp. (0)) from the fact that Amf(.A)/a and
Ainf(Ax)/aare p (resp. a, resp. (p, a))-adically complete and separated by Lemmas
80 and 1.

(2) Since Acrys(Aoo), Acrys(Aso)/Fil”, Acrys(.A) and Acrys(.A) /Fil" are p-torsion
free, and p-adically complete and separated (see Lemmas 79 (1) and 81 for the latter
two), it suffices to prove the claim for (p) and (p, Fil"). By the proof of Lemma
8, Acrys(Asc)/p (resp. (Acrys(As) /Fil")/ p) is isomorphic to the scalar extension of

Ant (As)/(p, €110y Aint(0F)/(p, €0) — Acrys (070 p (re5p. (Aexys (O /Fil) ).
An obvious analogue for ACWS(A) and A; t(A) holds by (74), Lemmas 79, and 81.
Hence the claim follows from Lemma 84 for a = pAin(Ox) + £7 Aine (Og). O
Corollary 86 The actions of T'aon A‘ (A) and AEYS(.A) are continuous.

Proof The claim immediately follows from Corollary 85 because the actions of FA
on Ajyi(As) and Agys(Aso) are continuous (see Lemma 5 and the construction of
Agrys(A) in Sect. 2). (Il

In the following, we write [¢,] also for the image of U; in Amf(A) and Ac':,'yg(.A)

If we forget the action of I'4, we have the following description of Amr, (A
(a € Sir). We have a commutative square of Og-algebras

A 1A/ p (79)
T,Ht;T T~ Q\u - T
+1
OKIT*] o AT (A,

Since the homomorphisms Ok /p™[T*'] — A/p™ (m € N.) are étale and the ker-
nel of the right vertical surjective homomorphism is nilpotent, there exists a unique
homomorphism of Og-algebras aq: A — Alnf a(A) such that the two triangles in

(79) are commutative. Since the image of [¢;] € Amt (A) in Amt (»".6) (A =1A/p™
is t;, the homomorphism «(,» ¢) is the canonical homomorphism A — 1.4/ p™. Let

ar A— AJ(A) (80)
be the inverse limit of aq (a € Fyt).
Lemma 87 (1) Let v 4: A — A be the unique lifting of the absolute Frobenius of

A/ p compatiblewitho: Og — Ok suchthat p 4(t;) = tipforalli e NN[1,d].
Then we have p o v = v o p 4.
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(2) For a € S, the homomorphism o induces the following isomorphism of
Aint,a (Ox)-algebras.

A@OK Ainf,a(of) i) AEf,a(‘A)

Proof (1) For a € .Y, the squares (79) for a and go(a) are compatible with ¢ 4, the
absolute Frobenius of | A/ p, QDE : (A — Amf (@) (.A) and the endomorphism

mt a
of Ox[T*'] defined by o and 7; +> T,”. This implies ¢} 0 g = ) 0 pa. We
obtain o a = « o 4 by taking the inverse limit over a € ..

(2) The homomorphism in the claim is the unique homomorphism between two
étale liftings of Of/p[zi'] — 1A/ p over Aint, o (Og) [Qil]. Hence it is an isomor-
phism. (]

By definition, ACr JA/ P E Cryg ) (A) (Lemma 79 (1)) is a smooth ring over
Acys(Og)/p™ with coordlnates [£;1 G e NN[1,d]). We define .QAD (A to be the
inverse limit of £2 ABLCAY/ )/ (Aerys(O) ) (m € N), which is a free ACWS(A)—module
with a basis d log[t ] (i e NN[1,d]). By taking the inverse limit of the canoni-
cal derivation d : Acryg(.A) /P — §24 0/ ")/ (Aays(0) ) > WE obtain a derivation
d: AQy(A) — 2,0 (). Let

crys

ar A— AZ (4 (81)

crys

denote the composition of av: A — A-.(A) (80) with x: ALL(A) — AC‘:r'ys(A) (75).
By Lemma 87 and (74), we have isomorphisms of A.s(Ox)-algebras compatible
with ¢

Acrys(Of)®OKA = LiLn(Acrys(Of) ®0K -A)/Pm (82)

= lim Acrys, (o) (OF) @i, (05) (Aint.a, (OF) @0, A)

m

= Lin Acrys, (pm (Og) ®Ainf,nm(01() mf A (A — Acrys(A)

m

where a,, denotes the ideal of Aj,;(O%) generated by p™ and [ E]pm. The homo-
morphism o*: 24 — £ AZ A induced by (¢ mod p™) (m € N) sends d logt; to
dlog|[t,], and the following diagram is commutative.

AL (A) d 240 ) (83)

crys

(82) T ~ = ’r (id®a*)o((82)®id)
~ id®d ~
Aarys(0) B0, A~ Aerys(05) @0, A ® 4 24
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We define derivations d;¢: AL (A) — AJ (A) (i e NN[1,d]) by d(x) =

D i<izd llog (x)®dlog[t,] (x € Acrys(A)) We give a certain relation between the

derivation di and the action of I'y on AD (A) (Proposition 91).

crys
Lemma 88 The actions of I' 4 on Alnf (A)/m and on Acryg(A) /T are trivial.

Proof Let g€ I'y. We have [Xi(g)] =1 mod mAi(Ox) for i e NN[1,d],
and the action of g on O is trivial. Hence the actions of g on 1.4/p,
OK/p[Til] and  Ainf,(pm, 7T)(Of)[Uil] (m € N) are trivial. This implies that
the action of g on Alnf o, »(A) is also trivial. By taking the inverse
limit over m € N and using Lemma 80 (5), we see that the action of
g on Amf(.A)/ﬂ' is trivial. Let Fgi,r be the Ajy(Og)-linear endomorphism

1(9_1) of Amf(.A) Since ACDryg(A)th Acrys, (o) (O%) ®Amf.<pm,[£uﬂ">(07>

AL o, [p],,,,l)(A) =1im  Acrys(0g)/P" @a(0g) AZ.(A) by (74) and Lemma 79

(2), Fy,inf induces an Acrys(O %)-linear endomorphism Fy ¢rys of ACM(A) satisfying
T Fy erys = g — 1. This completes the proof. (I

Lemma 89 Let R be the subring Z,[T, Tp_] I(Tp_I YP1 of the polynomial ring
QP[T] and let R be the p-adic completlon llm R/p R of R. We equip R and
R with the p-adic topology.

(1) We have (n)~'T" ! R forn € N, and it converges 10 0Oasn — oo.

2) logl+T)=),n O( D 'n='T" converges in R and is contained in TR.

(3) Wehave (1 +T)! =exp(llog(1+T)) := D onen®h” "(log(1 4+ T))" in Rfor
leN.

(4) We havelog(1 +T) € T - R*.

(5) Wehave p7"{(1 +T)"" —1} € R (n € N) and lim,_, oo p {1 + T)?" — 1} =
log(1+T) in R.

Proof (DPutn —1=(p—1Da+b(a,beN,beNN[O, p—2]). Thentheclaim
follows from (p*)~'T"!' = (p~'TP=1aT? € Z,[T, %4], vy(n!) < ;’7%1, and
(p~'TP~"" - 0in Rasn — oo.

(2) This immediately follows from (1).

(3) By (1) and (2), each term of the power series is contained in R and the
sum converges in R. For m € N, let [fm be the composition of the inclusion map
R — Q,[T] with the projection map Q,[T] — Q,[T1/(T™). Then the image of f,,
is afinitely generated Z,-module, which is p-adically complete and separated. Hence
itinduces ahomomorphlsm fm R— Q,[T1/(T™). By taking the inverse limit over
m, we obtain an injective homomorphism f R — Q,I[T1]]. Since the image of each
term of the power series Y, _o(—1)"'n~!'T"and ", _,(n!) =" (log(1 + T))" under
ﬁ, is O for n > m, it suffices to prove the claim in Q,[[T']] with respect to the T -adic
topology, which is well-known.

(4) We have log(1+T) € TR by (2), and then the claim (1) implies that
ZDO(n!)’l(log(l + 1)) ! converges to an element of R. By (3), we obtain T =
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exp(log(1 4+ T)) — 1 € log(1 + T) - R. Hence log(1 + T) € TR* because R is an
integral domain.
(5) By (3), we have

P+ T = 1) =log(+T) + p" Y p"" ()~ (log(l + T))",

n>2

and, by (1) and (4), the infinite sum ) _, in the right-hand side converges to an
clement of R. This implies the claim. (]

Lete = (€x)nen € Z,(1)(Og) and £ € Rp,, be as in the definition of 7 after (1),
and let 7 be the element log[c] of Acys(Og).

Lemma 90 (1) For [ € Z, we have p™([e""'] — 1) € Acys(O%) (n € N), and it
converges tol -t in Acys(Og) asn — oQ.
(2) Wehave w € 1 - Auys(0%) .

Proof Let R be as in Lemma 89. We have p~'([g'] — D”~!, (p) ' (p~'([€'] -
nHr—hr e Ay (Ox) because [gl] — 1 € mAirs(Og) and p’lwp’l € FillAcrys(Of)
([18, Lemma A3.1]). Hence we can define a continuous homomorphism x; : R —
Acrys(O) by T +— ['] — 1, and Lemma 89 (5) implies the claim (1). We obtain the
claim (2) from Lemma 89 (4) by using ;. U

Fori e NN 1, d], let +; be the element of I"4 characterized by v;(¢;,,) = t; , (if
JFi)enti, (if j=i)foralln € Nand j € NN[1, d]; the existence of ~; follows
from Lemma 78.

Proposition 91 (1) For v € I'y and x € ACEr‘yS(.A), we have p™"(v"" — 1)(x) €

AEYS(.A) and V(x) = lim, .o p™" (77" — 1)(x) converges.
(2) We have V., = td\® fori € NN [1,d).

(3) Forx e AEYS(A) andi € NN [1,d], we have (n!)’l(tdﬁog)”(x) € ACEr'yS(A), and

exp(tdl-log)(x) = ZneN(n!)_1 (tdilog)” (x) converges to ~; (x).

Proof Let R and R be as in Lemma 89. By p~'77~!, p~!(p~ 177 ~1)? € Aurys(Og)

(see the proof of Lemma 90) and Lemma 88, we can define an action of R on ACDrys (A)

by Tx = (y — 1)(x). Since AD (A) is p-adically complete and separated (Lemma

crys
79 (1)), this action extends to an action of R on AEYS(A). Hence, by Lemma 89 (5),
the claim (1) holds and V, coincides with the action of log(1 + T'). Then the first

(resp. second) claim in (3) follows from the claim (2) and Lemma 89 (1) and (4)
(resp. (3)).

It remains to prove (2). We see that V, is an Acys(Og)-linear derivation by
taking the limitm — ooof p™" (7" — )(x - y) = p™"(v"" — D(x) - """ (y) + x -
pm(y"" —1)(y) forx, y € AL (A) and m € N. Hence, by the universal property

crys

of the canonical derivation of AEYS (A)/p™ over Ayys(Og)/p™ for m € N, g, there
O

orys (A)-linear homomorphism f,: £2 ADA) AL (A) such that

exists a unique A crys
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fyod =V,. When v =;, we have f, (d[gj]) = V%([Lj]) =0 if j # i because
%i(lt;) = 11,1, and £, (d[t;]) = lim,.0o p~"([€”"] — DIt;] = 1[t;] by Lemma 90
(1). Hence V., = 1d\®. O

We can construct a period ring ;zfcgs(/l) in the same way as @ys (.71) defined in
Sect.2 using AP (A) instead of Acrys(,Tl) as follows. Let  be the divided power

crys

structure of the ideal pOg of Og. For m € N.g, we define «Z5  (A) to be the

crys,m

divided power envelope compatible with v of (AZ.(A) ®o, A)/p™ with respect

inf
to the kernel of the homomorphism to |.A/p™. Then one can define the action

of FA on /5 (A) using its action on AL (A), and the r "4-stable filtration

crys,m crys

Fil' 75 (A) (m € N) using the divided power ideal of &/J_ (A) in the same

crys,m -  erys,m
way as those for @/Cgs,m (A). We also have a natural I'4-equivariant derivation
V:dH (A > o (A) ®4 24 compatible with the derivationd : A — £2 4.

crys,m crys,m
It is integrable as a connection with respect to (A/p™)/(Ok/p™) and satisfies

V(Fil 5, ,,(A) CFil' ' (A) ®.4 24. The lifting of the absolute Frobe-
nius ¢ 4 of A characterized by ¢ 4(1;) =t/ and ¢ of ASL(A) induce a lifting of

inf

the absolute Frobenius ¢ of Jafcrmys’m(A), which is compatible with V and the ['4-
action and satisfies @(Filrexzfc[rjys,m (A) c praB (A forr e NN[0, p — 1]. Let

crys,m

v; m denote the image of [¢,] ® tlfl —1inFil'eZ2_ (A). Then, by Lemma 83, we

crys,m

have an isomorphism of PD-algebras over Ac':’rys(A) /p™ (cf. (4), (5))

AD A/ PV Vo V) S D (A (84)

crys,m

sending V; to v; ,, via which Fil" o7, O (A) is isomorphic to the direct sum of

crys,m
Fil'~ AT (A)/p™ [Ti<i<a Vl.[”"] (n = (n;) € N%). Combining with Corollary 86,

crys

we see that the action of I "4 on ,Q%C‘r:}',&m (A) is continuous. We define szcgs(.A) to
be the inverse limit of 'Q{clr:)l/s,m(A) (m € N.y), which is naturally endowed with a
continuous action of I° "4, a decreasing filtration Fil” %ES(A) (r € Z), and alifting of
the absolute Frobenius ¢. Let v; denote the image of [¢;] ® ti_l — linFil'«@H (A).

crys
We have the following analogue of Lemma 34 (1).

cDrys(A) (81) coincides with the compo-

sition o of the canonical homomorphism A — gfc‘r:}',s(A) with the homomorphism

AL (A) > AL (A) over AL, (A) defined by v + 0 (i e NN [1,d].n € N.y).

Lemma 92 The homomorphism o.: A — A

Proof For m € N.(, we have a commutative square of Ok /p™-algebras

A/p™ - 1A/p

-
Ti>t; =~ N

mr=£l O
Ok/p"[T ]4>T’_H[L] Agys

J(A).
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Since Ok /p™[T*'] — A/p™ is étale and the kernel of the right vertical surjective
homomorphism is a nilideal, there exists a unique dotted homomorphism making
the two triangles commutative. The reductions mod p™ of a and o' both satisfy the
condition and hence coincide. By taking 1<1an, we obtain o = /. (]

The homomorphism_ (5 (78) for e =inf induces an .A-PD-homomorphism
%c'r:'ys’,,, (A) = rys m(A) which is compatitﬂe with J for e = crys, Fil", ¢, V, and
the actions of the Galois groups via G 4 — I 4. Itis injective by (4), (84), Corollary
85 (2) and Lemma 8. By taking the inverse limit over m € N, we obtain an injective
homomorphism .

Ay (A) > Ay (A) (85)
compatible with all structures. We obtain the following proposition from Proposition
62.

Proposition 93 We have A > /80 (A)T4 and Fil' 70 (A)T4 = 0.

crys crys

13 AL -Representations with (o and Fil

crys

We keep the notation and the assumption in Sect. 12. As one can easily guess, one

can apply all the arguments in Sect.5 with (B, sy, ...,s.) = (A, 7, ..., 1;) and in
Sect. 8 to Jz/aDys(.A), AEYS(A) and AEf (A) except for those related to Tc’f,ys as follows.

Let (M,Fil’M,V, ®) be an object of MF[) , ;) .. (A, @) (Sect.4). We fol-
low the notation introduced in the second and third paragraphs in Sect.5. For m €

N., put DE = Spec(ACDrys(A)/pm) and | X,, := Spec(;.4/p™). By Lemma 83, the

closed immersions | X,, <> DE and 1 X| — DE are naturally regarded as objects of
CRYS(X,,/ %) and CRYS(X,/X,,), respectively. By the proof of Lemma 83, the

PD-structure on Ker(Ac':r'ys(A) /p" — 1A/ p) is induced by that of Ker(Acrys(Ox)/

p™ — Ox/p). Hence the endomorphism ¢ of ACDWS(A) /p™ is a PD-homomorphism
with respect to the PD-structure. Similarly to TAcrywn (M) (23),~We can define an
AY (A)/p"-module T A (M) withasemilinear I 4-action,a I '4-equivariant fil-

crys crys,m

tration Fil®, and a I 4-equivariant semilinear endomorphism ¢ by evaluating F,, and
Gn on the objects X, — DE and [ X| — DE of CRYS(X,,/%,) and
CRYS(X,/X,,) as follows.

TAD (M) :=T(X, = DI, F) = I(X, = D, G,) (86)

crys,m m>

Let 4~ be the PD-structure on the ideal p(A'C:r'ys(A) /p™) + Fil' AcDryS(A) /p™ of

ACDryS(A) /p™ compatible with the PD-structures on p O and Fil' AD. (A)/p™. Let

crys
L, denote the canonical homomorphism A, — szcgs,m (A). Then, by using { X| —

1 X > DY AH, X, x5 DY, and /U (A) instead of X| < X,, < D, 7,

m? crys,m
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Y X5, D,,, and %rys B.m(A), we obtain the following analogues of (29) and (30):
aly equivariant Acryq(.A) / p™-linear filtered isomorphism compatible with ¢

TAL (M) = (M, @4, T (A, (87)

crys,m crys m

andal 'A-equivariant .7,
¥

(A)-linear filtered isomorphism compatible with V and

crys m

~

TAcEr’ys m(M) ®A(%S(A)/p’” crys, m(A) — M ®-Am tm Q{clg/s,m (A) (88)

Let o, be the reduction mod p™ of the homomorphism a: A — AC':I'ys (A) 81),
which is compatible with ¢ by Lemma 87 (1). Then, by using «y, instead of 3,
we obtain the following analogues of (32) and (33): an AcryS(A)/ p"-linear filtered

isomorphism compatible with ¢
TA(E‘ys m(M) = Mm ®»Am,”m A(E‘ys(A)/pm (89)

and an @75 (A)-linear filtered isomorphism compatible with V and ¢

crys,m

CAD/I,,, : Mm ®Am7”m %E]ys’m (A) i) Mm ®»Am”/m 'chlr:)’/s,m (A)’ (90)

which is obtained by combining (89) with (88), and is explicitly given by

@D =Y VE@ @, (cy) '@ =) VE@ @ 1)

neNd neNd

for xeM,, where v, =[] ®t—1—(1+v,m)I—IEQ/Crqum(A),

im —

V) = Yoo Vi@ @ dlog 1y, Yy  (0) = [Tzicg [ozjan, 1 (V% = ovi =

. /[n]
1<i<d vl[rin]’ and Um l_[1<1<d /['l] forn - (}’l )1<’<d € Nd

We define the AE%(.A) module TAE%(M ) by

TAG (M) —hmTAEM( ),

m

which is naturally endowed with a semilinear action of Tgal I"s-stable decreasing
filtration Fil" (r € Z) compatible w1th that of ACWS(A) and a FA equivariant endo-
(A). By taking the inverse limit of (89), we

obtain an Acryq(A)—linear isomorphism compatible with ¢

morphism ¢ compatible with ¢ of A Crys

T Aqy (M) = M ® 4.0 Agy (A). 92)

Since M is finite filtered free of level [0, p — 2] (Definition 10 (3)), we see that the
product filtration on the right-hand side of (92) is the inverse limit of the product
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filtration on M,, ® 4, .q,, ACDrys(A) /p™ (m € N.y), and therefore gives the filtration

onTAY (M) viathe isomorphism (92). This shows that T A2 (M) is afinite filtered

crys crys
free module of level [0, p — 2] over the filtered ring ACDWS(.A). Let ¢ denote the
canonical homomorphism A — Jz{c,ys(.A). By taking the inverse limit of (87) and
O

arys (A)-linear filtered isomorphism compatible

(88), we obtain a FA—equivariant A
with ¢
TAD (M) = M ®4, 7L (A, (93)

crys crys

and see that it induces a I 4-equivariant ,Q/C'r:y's(A)-linear filtered isomorphism com-
patible with V and ¢

TAD (M) ®,40 (4) gy A) —> M ® 4, H (A). (94)

By taking the inverse limit of (90), we see that (92) and (94) induce an «‘chrmys (A)-linear
filtered isomorphism compatible with V and ¢

M @ a0 Ao A) —> M @, T (A), (95)
which is explicitly given by

Haeh =Y VeEm e, (@) aen =) VEw ™ (96

neNd neNd
for x € M, where v/ = (1+v)~' =1 € &L (A), v =T]__, "), v =
L<i<d vﬁ'”'], and the endomorphisms V}Og and V;g of M are defined in the same

way as after (91).
Put ATL(A) := AT (A) /1771 AD (A) = AT (A)/177' AT (A) (Lemma 82).

Llin crys crys
The Frobenius endomorphism ¢ of AT (A) induces an endomorphism of A-:(A),
which is also denoted by . It is compatible with ¢ of ACDWS(A) because so is the
homomorphism & (75). For r € Z with r < p — 1, we define Fil" AEf(A) to be the
image of Fier]‘Ef (A) in Agf (A), which coincides with that of Fil” ACDryS(A) (Lemma

82). The three quadruplets

(A (A). p. . (Fil" AQ ((A))rennio.p—21)-
(ALL(A), q, ¢, Fil" AL (A enno,p—21), (97)
(AD (A, p. @, Fil" AL (A enopo, p-21)

satisfy Condition 39 for a = p — 2 by Lemmas 79 (1), 80, the definition of Fil”
on AEf(A) and AEyS(A), @(Fil" Acrys (0O%)) C p"Aays(Ox) (r e NN [0, p —2])
and Fil' Ay (0%) = ¢’ Ains (O%). We have ! (q’Ai‘:n'f(A)) = Fil’AiEn]f(A) (reN)

because the homomorphisms AEf(A)/q’ — Apr(Ax)/q" and AEf(.A)/(q/)’ —
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Ainf(Ax)/(g")" are injective for r € N by Corollary 85 (1). Hence we may apply
Lemma 46 to the second quadruplet and obtain an equivalence of categories

M[qo p=21, free(Amt (A, ») — MF[o p—21, free(AEf('A)’ ©)s (98)

(M, o) = (M, ur, (03 (@ M) ennfo, p—21)-

For the quadruplets (97), the homomorphisms AZ (A) — _mf(.A) Amf(.A) —
mf(.A) and Amf(.A) — ACDryq(A) satisfy the conditions on « assumed before (44) by
the definition of 17! for AZ (A) and Alm (Aandg = p(1 + %) € p - Auys (0™

crys

crys

as mentioned before (50)— (52) By applying the construction of (44) to these homo-
morphisms and taking the composition with (98), we obtain three functors

MFﬁ),pfﬂ,free(AcEr]ys (A)’ 90) - MF[’i),p72],free (AEf(A)v 50)7 (99)
M) o tree (At (A ) —> MEf o (AGH(A), ). (100)
M) o tree (e (A, ) — MEG o (AQ(A) ). (101)

The quadruplets (97) with the action of r "4 on the underlying algebras satisfy the
conditions before Definition 48. We endow AEyS(A) Alnf (A) and A7 (A) with the
p (resp. (p, [p]), resp. p)-adic topology. Then the action of fA on these rings are
continuous (Corollary 86), and we can apply Definition 53 to the quadruplets (97).
By applying Lemma 58 to the second one, we obtain an equivalence of categories

Llinf

Ml[ld,CZTZ],free(AEf (A)v 2 FA) :) MF[[](i,C;())TZ].free (AEf (A), ©, FA)7 (102)
(M. ou. pu) > (M, our, (93] (@" M))ennio, p—21, Pm)-

The homomorphisms A'C:r’yq(.A) — Amt (A), Amf(A) — Amt (A) and Amf(A) —
Crys(A) are I 4-equivariant, and also continuous because the topology of ALL(A)
coincides with the (p, m”~!)-adic topology (Lemma 1 (1)) and [p]? = (=§+p) €

Crys(.A) Hence by applying the construction of (47) to these homomorphisms and
taklng the compositions with (102), we obtain the following three functors.
ME( ™) e (Acys (A, 0, Ti) —> MEGS™) 1o (A (A), 9, Ta) - (103)
M‘[IO,C;)TZ],free(Ainf (A)’ ' FA) — MF[PS,C;E[Z],free (AEf (A)7 @, FA) (104)
MG free (Al (A), 0, Ta) —> MBS o (AQu (A), o, Ta) (109

Proposition 94 The functors (99)—(101) and (103)—(105) are equivalences of cate-
gories.
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Proof By Propos1t10ns 44, 56 and Remark 55 (2), it suffices to prove that the homo-
morphisms ACWQ(A) — Amt (A) and Amf(.A) — AEf(A) satisfy Condition 54 for

a = p — 2. Note that the topology of A; f(A) coincides with the quotient of that
of either of AEf (A) and crys(.A) The COIldlthIlS (>ii-v) in (a) and (b) follow from
the definition of the filtrations /" and Fil” and some fundamental properties already
mentioned; for the condition (v), we use (] ”"ACWS(Of)) C p”_lAcrys(Of) and
cp(I”‘ Aint(0%)) C P71 Ayue(Ox). We first verify the remaining conditions for

Crys (A). The condition (a)(i) follows from the following observation: Acryg(.A) is p-

adically complete and separated by Lemma 79 (1), and Fil! Acrys (OF) - Acrys(.A) /p
is anilideal of AT (A)/p because the PD-ideal Fil! Acys(OR) /P = =~ Fil! Acrys, 1(0F)

cr S
of Acrys(Ox) /P = Acrys, 1 (O%) is anilideal. For the conditions (c-g), we are reduced
to showing that 77! AcryS(A) is p-adically complete and separated by the same argu-
ment as the proof of Proposition 59. By Lemma 3 (2), this follows from the fact that
ACDryS(A) and AE},S(A) /1P~ 1Acrys(.A) are p-torsion free, and p-adically complete
and separated (Lemmas 79 (1) and 81). Let us verify the conditions (a)(i) and (c-g)
for A-L(A). By Lemma 80 (4), AL (A) is m-adically complete and separated. This
1mphes the condition (a)(i). We can verify the conditions (c-g) in the same way as
the proof of Proposition 59 by using Lemma 80 instead of Lemma 1. ]

We have TAL, (M)/p™ = T AL, (M) by (89) and (92). By (87) and the same
cn/S(M) is an object of

ME[; " e (AR (A). @, I4). Furthermore, combining (94) with Proposition 93,
we obtain the following proposition in the same way as the proof of Proposition 61.

argument as the proof of Proposition 60, we see that T A

Proposition 95 The following functor is fully faithful.

O t O ™~
TA MF[VO p—2], ’rree('A ¢) — MFIIZ)C[;)SM,free(Acrys(A)’ ©s F-A)

crys *

By comparing (94) with (39) for B = A via the homomorphism (85) and using
Horys (A) V0 = Acrys(A) (9), we obtain the following canonical isomorphism in
MngqC;Etz]yfree(Acrys(A), ©, G ») functorial in M.

T Aqys(M) ®47, (4.0 Acrys(A) —> T Acrys (M) (106)

‘We define the functor

O \Y% t 0 =~
TAmf MF[O p—21, free(‘A ®) — M?Oc[?rlZ],free(Ainf(A)’ ¥, FA)

to be the composition of TAuyS, and a quasi-inverse of (105) (see Proposition 94).
By Proposition 95, we obtain the following.
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Theorem 96 The functor TAlnf is fully faithful.

We also obtain the canonical isomorphism

TAZ (M) ® 404y Aint (A) —> T Aine (M) (107)

q,cont

in the category M{;")",) o (Aint (A), ¢, G 4) functorial in M.
One can show the following analogue of Lemma 64 by the same argument using
Lemma 92.

Lemma 97 (1) The homomorphisma: A — A; t(.A) s Amf(A) induced by o (80)
is I "A-equivariant. _
(2) The following isomorphism induced by (92) is I x-equivariant.

M ®A,n inf (A)/I Amf('A) - TAEf(M) ®AEf(A) mf('A)/I Alnf(A)

Lemma 98 The actions of I' 4 on TAmf(M)/’ZT and T A2 (M) / are trivial.

crys

Proof This follows from Lemmas 88 and 97 (2). O

14 Preliminaries on Décalage Functor and Continuous
Group Cohomology

In this section, we summarize basic facts on a slight modification L7 of the décalage
functor L7z introduced in [7, Sect. 6] and an interpretation of continuous group
cohomology of semilinear representations into the language of topos. Every complex
to which we apply the functor L7 in later sections has the same image under L7z and
Ln}r by the Z-torsion freeness of H® and the vanishing of H? (¢ < 0). Therefore this
modification is not crucial for our discussions. We introduce Ln; simply because
it admits a natural functor Ln; — Ln7, when Z C 7' (cf. Lemma 102) and it is
convenient for dealing with Frobenius structures. In the rest of this paper, we choose
and fix a universe U such that the underlying set of the field K is a {/-set, and a topos
means a {/-topos. Note that the underlying sets of the groups G and G 4 are U/-sets.

Let f: (E’, O') — (E, O) be amorphism of ringed topos. Then the direct image
functor f,: Mod(E’, O') - Mod(E,©O) and the inverse image functor
f*: Mod(E, O) — Mod(E’, O’) have a right derived functor Rf,: D(E’, O') —
D(E, O) and a left derived functor Lf*: D(E, O) — D(E’, O), respectively, and
Lf* is canonically regarded as a left adjoint of Rf, (cf. [1, Tag07AS5]). Following
[7, Sect. 6.1], we say that a complex F* of O-modules on a ringed topos (E, O) is
strongly K-flat if F7 is a flat O-module for every ¢ € Z and for every acyclic com-
plex of O-modules G°, the total complex Tot(F* ® G°*) is acyclic. For a strongly

K -flat complex of O-modules F*, we have an isomorphism Lf*(F®) = f*(F*).
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For a complex of O-modules F*, there exists a quasi-isomorphism G* — F* such
that f*(G*®) is strongly K -flat for every f as above.

Let (E, O) be aringed topos, let Z be an ideal of O, and suppose that there exists
a conservative family 7P of points of E such that for every p € P, p~'(Z) is gener-

ated by a regular element of p~!'(0). For a complex of O-modules F*, we define
ds.
a subcomplex 1 F* of F* by nfF? = F4 (g < 0) and nf F? = Ker(Z¢F4 =

Fa+l/7a+1 F1) (g>0). This construction defines a functornt : K (E, O)—K (E, O);
a homotopy between two morphisms of complexes of O-modules gives a homo-
topy after taking 7. The inclusion morphism 7} F* < F* induces HY(n; F*) =
HY(F*)forq < 0.Foranintegerq > 1,theequality Z4(Z9F*) = Z9(n; F*) induces
a surjective homomorphism

HY(Z1F*) — HI(nfF*) (108)

because Z9F1~! C (nf F)i~".
Lemma 99 ([7, Lemma 6.4])

(1) Let F* be a complex of O-modules, let q be a positive integer and assume that
the morphism T @ F9 — F9 is a monomorphism. Then the homomorphism
(108) induces an isomorphism

HY(TOF*) (HI (T F*)I]) —> H(E F*).

(2) Let f: Fy — F; be a quasi-isomorphism of complexes of O-modules. If the
morphisms T @ F1 — Fi (v € {1, 2}, q € NN[1, ool) are injective, then the
morphism 77}r f is also a quasi-isomorphism.

Proof By taking the inverse image by each point p € P, we are reduced to the case
E is the topos of U-sets and 7 is an ideal of a ring O generated by a regular element.
Then it is straightforward to verify the claims. (]

Let L be a full subcategory of K (E, O) consisting of strongly K -flat complexes.
Then L forms a triangulated subcategory of K (E, O) (cf. [1, Tag06 YL]). Since every
complex of @-modules F* has a quasi-isomorphism G* — F* from a strongly K-
flat complex, the functor Lgis — D(E, O) is an equivalence between triangulated
categories, where Qis denotes the set of quasi-isomorphisms in L. Let U be a quasi-
inverse. By Lemma 99 (2), the functor 77}L induces a functor ﬁ}': Lqis — D(E, O).
We define the functor

Lnt: D(E,O) — D(E, O) (109)

to be the composition ﬁ} oU.

Lemma 100 (1) There exists a canonical morphism of functors

§:LnfoQ— Qony
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such that E(F*®) is an isomorphism for every object F* of L. Here Q denotes the
canonical functor K(E, Q) — D(E, O). Furthermore the pair (Lr]‘I", &) with
the above property is unique up to unique isomorphisms.

(2) For a complex of O-modules F* such that T ® o F4 — F4 is a monomorphism
for every positive integer q, the morphism &(F*) is an isomorphism.

Proof (1) Let F* € K(E, O), and define G* € L by U Q(F*) = G°*. Then we have
a canonical isomorphism Q (F*) 3 Q(G*)in D(E, O). Choose its presentation
F* <~ H®* — G*,’H* € Lin K(E, O). Then by Lemma 99 (2), we obtain mor-
phisms Lnj Q(F*) =77G° = 0n7 (G*) = On7 (H*) — On7 (F*). We also
see that the last morphism is an isomorphism if 7* belongs to L. One can verify

that the composition of the above morphisms is independent of the choice of the
presentation, and functorial in F°. The last claim on the uniqueness of (Ln} L6

immediately follows from the equivalence L ;s = D(E,0).
(2) This is an immediate consequence of Lemma 99 (2). ([l

Let F* e D(E,O). For g € N, the exact sequence 0 — 1"1“/1"1+2 —
79/79%7* — 79/79%" — 0 induces a distinguished triangle Z9+!/79%2 QL F* —
I9/7972 QL F* — T4/19%" QL F* REN D(E, ), and then a morphism
Bock?: HY(I7/T9*' ®L F*) — HI\ (T /792 QL F*). We have Bock?™ o
Bock? = 0 for ¢ € N. We define the complex of O-modules Bock™(F*) con-
centrated in degree > 0 by Bock™ (F)? = HY(Z49/19"" ®% F*) and dgock*'(]-') =
Bock? for g € N. This construction is functorial in F* and gives a functor
Bock™: D(E, O) — C(E, O/T).

Proposition 101 (1) Let F* be a complex of O-modules. If T @ F1 — F1 is
injective for every integer g > —1, the morphisms 77}'.7-'4 — Z9(TIF* )T F*)
(g € N) defined by 17}r F1 C Z9F1 induce a quasi-isomorphism of complexes of
O-modules
720(0/I ®0 17 K*) —> Bock™ (F*).

(2) We have the following canonical isomorphism of functors from D(E, O) to
D(E,O/I).

7-0(0/T ®L Lyt (—)) —> Bock™(—)

(3) For F* € D(E, O) such that H*(F*) is Z-torsion free and H1(F*) = 0 for
everyintegerq < 0, the canonical morphism O /I ®% Lnt(F) — 120(O/T ®%
Ln}' (F)) is a quasi-isomorphism.

Proof (1) It is obvious that we obtain a morphism of sheaves O/Z ®¢ (77}r Fr —
H1(T?/79%" ® F*) for each g € N. To show that it induces the desired quasi-
isomorphism, we may take the stalk at each p € P, and assume that E is the topos
of U-sets and 7 is generated by a regular element a. By [7, Proposition 6.12], we
obtain a morphism of complexes which is a quasi-isomorphism in degree > 1. For
q € N, we have
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O/I @0 (FF)! = {a’F1Nd (@ FIOY {at T FInd (@t P2 FIth),
HY(T! )T @0 F*) Z {a?FINd (@t FIY} {atT FO+ d(@? Fi ).

Using this description, we obtain

HYO/I ®o ny F*) = {d™' @ FH}/{@F’ nd™ @ Fh) +d(F O}
Ker(Bock) = {aF +d~' (@ F)}{aF* +d(F ).

This shows the quasi-isomorphism in degree 0 because d(F~') C d~'(a®>F").

(2) Let F* € D(E, O). By choosing a quasi-isomorphism G* — F* from a
strongly K-flat complex, we obtain quasi-isomorphisms 7-0(0/Z ®* Ln}r F*) <
720(0/T ®" LyFG*) = 720(0/T ®0 1$G*) — Bock™(G*) — Bock ™ (F*). It is
straightforward to verify that the composition of them is independent of the choice
of G* — F°*, and functorial in F°.

(3) Put G* := Ln}f‘. Then we have HY(G®*) = HY(F*) and HY(Z ®(L9 g =
Z®o H1(G®) for g < 0. Hence we see that H1(O/T ®é G*) =0 for g <0 by
using the distinguished triangle 7 ®% G* — G* — 0/ ®% G* *. O

Lemma 102 Let f: (E', O') — (E, O) be a morphism of ringed topos, and let T'
be an ideal of O’ such that the image of f~'(T) — O’ is contained in T' and that
the pair (O, 1) satisfies the same condition as (O, T).

(1) There exists a morphism of functors
a: Lf*oLnf — Lnf o Lf*

determined by the following property: For every strongly K-flat complex F*
of O-modules such that f*(F*) is also a strongly K-flat complex, a(F*®)

coincides with the composition of Lf*Ln}’}" — f*n}'}" — n'},f*(}") <~
Ln}, Lf*(F?*), where the middle morphism is induced by the morphism f *77% F* —
f*Fe. If f is flat and T' is generated by the image of f~'(T)
— (O, then the morphism « is an isomorphism.

(2) Assume that the functor f,: Mod(E’, O') — Mod(E, O) is exact. Then there
exists a morphism of functors

B: LnF o fo — fioLng,
determined by the following property: For every strongly K -flat complex of O'-
modules F*, 3(F*) coincides with the composition of Ly f,. F* — 0t fu F* —
fing Fe =4 filnt F*. If E = E', the morphism of topos underlying f is the

identity functor, and T' = (', then the morphism (3 is an isomorphism.

Proof (1)Let L (resp. L") be the full subcategory of K (E, O) (resp. K(E’, O’)) con-
sisting of strongly K-flat complexes F* with f*(F*®) also strongly K-flat
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(resp. strongly K -flat complexes). Let f7 ;/, 77}’, 1»and 77}7_ ;. denote the functors L —
L',L — K(E,0),and L' - K(E’, O') induced by the functors f*, n} and n7, for
complexes. Then we are reduced to constructing a morphism f *77}”, . = 77;, v
For F* € L, we see that the morphism f~!'(F*) — f*F* induces a morphism
between subcomplexes £~ (nf F*) — nt, f*F*, and then f*ntF* — ni f*F*in
CT(E’, O'). We further see that this is an isomorphism under the assumption in the
last claim.

(2) Let L’ be the full subcategory of K(E’, ) consisting of K-flat complexes.
By Lemma 100, it suffices to construct a morphism v from the composition of

L' L K(E,0) 5 K(E, 0)tothe compositionof L' 25> K (E',0') L5 K(E, 0)
and show that «y is an isomorphism under the assumption in the last claim. Note that
Qo fiF* — fiF* (F* € L) is injective under the assumption in the last claim.
For F* € L', we have 79 f,F4 C f,(Z"1F%) in f,F9 for each ¢, and it implies
77}r [« F* C f*n}’/ F*in f,JF*. The two subcomplexes coincide under the assumption
in the last claim. O

Next we discuss continuous group cohomology of semilinear representations. For
an ordered set A and a category C, let C* denote the category Func(A, C) of functors
from A to C, where we regard A as a category whose object is an element of A and
#tHom 4 (a, b) = 1 if b > a and 0 otherwise. For example, C"" is the category of
inverse systems of objects of C indexed by N, and C¥ is the category of inductive
systems of objects of C indexed by N. For a topos E, we have a morphism of topos

1 :EN S E
<

. id ., id , id
defined by (l_*((]-'n)neN) = 11mneN F, and <l_*(g) =@« G« G+« ---),anda
morphism of topos
! :E— EN
—

defined by I .(F) = (F LFrlr4 yad L*(Gner) = lim G,

For a profinite group (resp. group) G whose underlying set is a I/-set, let G-Sets
be the category of U/-sets with discrete topology endowed with a continuous action
of G (resp. U-sets with an action of G). Then the category G-Sets is a {/-topos.
For a closed normal subgroup (resp. a normal subgroup) N of G and the quotient
H = G /N, we have a morphism of topos

invy: G-Sets — H-Sets

defined by invy.(F) = FN :={x € F|g(x) = x forall g € N} and inv}(G) =
(G with the action of G via G — H).
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For a profinite group G, let G denote the underlying abstract group. Then we have
a morphism of topos
t: G-Sets — G-Sets

defined by ¢, F = F"and .*G = G, where F°°" denotes the subset of F consisting
of elements invariant by an open subgroup of G.

Let G be aprofinite group, let N be a closed normal subgroup of G, and let H be the
quotient G/N. Let R,, S,, and S be commutative ring objects of G -SetsNo, H-Sets™
and H-Sets. For example, R, = (R,),en 1s an inverse system of commutative rings
R, with continuous action of G indexed by n € N. Assume that we are given the
following extensions of the morphisms of topos inv%o and (l_ to those of ringed topos.

inv%o: (G—SetsNo, R,) — (H—SetsNo, Sy), (l_: (ﬁ—SetsNo, Sy) — (H-Sets, S),

i.e. H-equivariant ring homomorphisms (S,),en — (Rflv Jneny and S — LiLnn Sy-
Under this setting, we define the functor

RI'(N, —): D(G-Sets™", R,) —> D(H-Sets, S) (110)

to be the composition of

o R invY’ o
D(G-Sets'', R,) —¥% D(H-Sets"", S,)
A% . RL*
S D(H-Sets'', S,) ——> D(H-Sets,S).  (111)

One can compute the underlying complex of the image of a complex bounded below
under RI"(N, —) by first restricting the action of G to N and then taking RI" (N, —),
as follows, and similarly for the composition of RI"(N, —) with a décalage functor.

Lemma 103 (1) The following diagram is commutative up to canonical isomor-
phisms, where the left vertical functor is induced by the functor restricting the
action of G to N, the remaining three vertical functors are induced by the functors
forgetting the action of H, and we abbreviate Sets to S.

L L B S s
DT(G-S" ,Ry) ——= DT (H-S" ,8) —>= D" (H-S" ,S,) ——= DT (HS.S)

Fl F\L Fl F\L
R inv’ R x

pt(v-sN° R,) — 2 ptSN 5,) =——— DTSN, 5,) —— = DTS, S)

(2) Let 1 be anideal of S generated by a regular element after forgetting the action of
H. Then the following diagram is commutative up to a canonical isomorphism.
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.
D(H-Sets, S) —"~ D(H-Sets, S)

1o,

L
D(Sets, S) ——~ D(Sets, S)

Proof (1) By the universal property of derived functors, we obtain a morphism
F o Rinvl, — Rinv}y, o F. By [3, V® Corollaire (1.13.12)], the nth component of
Rinv%o* is given by Rinvy, for S, and R,. Hence the proof for the left-square is
reduced to the case without N°, where the claim is well-known (e.g. [2, Proposition
V.11.5]). The claim for the middle square is obvious. For the right square, it suf-
fices to prove that, for every injective object F, of Mod(H-Sets, S,), the transition
morphisms F,,1; — F, (n € N) are split surjective. Let n € N. Let G, (resp. H,) be
the object of Mod(H -Sets, S,) obtained from F, by replacing F,, (m > n) with 0
(resp. Fy (m > n + 1) and F,4; with 0 and F,). We define the transition morphism
‘H,+1 — H, to be the identity. Then we have monomorphisms i: G, — H, and
j: G, — F, defined by the identity morphisms and 0 maps. Since F, is injective,
there exists a morphism k: H, — F, such that k oi = j, and then we see that the
composition of k11 : H,+1 = F, — Fu+1 and the transition morphism F, 1 — F,
is the identity.

(2) The forgetful functor H-Sets — Sets is exact and has the right adjoint send-
ing X to Map(H, X) with the left H-action defined by (hf)(—) = f(—=h) (f €
Map(H, X), h € H). Hence the claim follows from Lemma 102 (1). (Il

Corollary 104 Let F? be a complex of R,-modules bounded below on G-Sets"" such
that the transition map F = Flis surjective for every n € N and q € Z. Then
the image of RI" (N, F?) under the forgetful functor F: DT (H-Sets) — D™ (Sets)
is canonically isomorphic to Tot(CS,, (N, F*)), where C, (N, —) denotes the con-
tinuous inhomogeneous cochain complex and F* denotes the inverse limit of F,

(n € N) equipped with the inverse limit of the discrete topologies.

Assume that we have the following commutative diagrams of ringed topos such
that the underlying morphisms of topos of the vertical arrows are the identity functors
and the morphism g is induced by g.

invll” o o (l_
(G-Sets™', R)) — > (H-Sets"", §')  (H-Sets"", §') — > (H-Sets, )

(P |,

o inv o
(G-Sets™’ | R,) —*> (H-Sets'", S,), (H-Sets"",S,) — = (H-Sets, S)
(112)
Then we have the following three morphisms of functors denoted by = in the
diagram; the middle one is the base change morphism; we abbreviate Sets to S.
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R1

<«

- oN° o
D(G-SN°, R)) Rimvig D(H-SN", §") LD(H-SNO S7) = D(H-S, S)
’ * » M L s Dy AL =9,

o= e e

o * o N° o *
DG-SV R — 2 DHSY, S, -~ DH-SY,S,) —— = D(H-S, 5)

By composing the three morphisms, we obtain the following morphism of functors
from D(G-Sets""', R.) to D(H-Sets, S).

RI(N, =)o fo —> hyo R['(N, —) (113)

Assume further that we are givenideals I C Sand I’ C S’ each of which is generated
by a regular element if we forget the action of H, such that 715" C I’. Then by
combining (113) with Lemma 102 (2), we obtain the following morphism of functors
from D(G-Sets'", R.) to D(H-Sets, S).

Lnf oR[(N,—)o fu —> hyoLn)o RC(N, —) (114)

Similarly we have the following three morphisms of functors denoted by = in
the diagram; the left and right ones are the base change morphisms.

° R inv%i ° [/NO* ° RJ_*
D(G-SY, R, —= D(H-SY, S,) ———= D(H-SY, S,) ——= D(H-S, S)

Lf*l /Lg*l /Lg*l /Lh*l
R invl’ NOsx R 4

DG-SN° Ry — M pH-SN, §!) -~ DH-SY, 5)) ——~ D(H-S, S

Composing these three morphisms and then using Lemma 102 (1), we obtain the
following morphism of functors from D(G-Sets'", R,) to D(H-Sets, S).

Lh*oLnf oR[(N,—) —> Lnj;o R[(N, =)o Lf* (115)

Lemma 105 Suppose that we are given a compatible system of morphisms of ringed
topos ¢ from the diagram (112) to itself whose underlying morphisms of topos are the
identity functors, and ideals IcSandT C S satisfying the same conditions as 1
and 1’ such that the images of I and I' under S — .S and S" — ¢..S" are contained
in o1 and @, I', respectively. Then the base change morphisms Lf* o p, — @, 0
Lf* and Lh* o ¢, — @, o Lh* are compatible with (115) for f and h, and (114)
for ¢’s, i.e., the following diagram is commutative up to a canonical isomorphism.
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Lh* o Lnf o RT(N, —) oo —=Lnj o RI'(N, =) o Lf* o ¢,

| |

Lh*o @, oLyt o R[(N, ) Ln), o RI'(N,—) o, o Lf*

| :

@0 Lh* o Lyt o R[(N, =) — @, 0 Lnf o R[(N, =) o Lf*

Proof The compatibility with RI"(N, —) follows from the compatibility of base
change morphisms for commutative squares of ringed topos with compositions of
direct image functors and with those of inverse image functors. The compatibility
with Ln}r (J =1,I,1,I')isreduced to the same claim concerning the correspond-
ing functors for sheaves because the morphism ¢, o Ln;{ oLh*K®* — @, 0 77;:, )
h*K* is a quasi-isomorphism for a strongly K -flat complex on D(H-Sets, S). [

15 Galois Cohomology of Aj,¢-Representations
and de Rham Complexes

Let A4 denote Gal(K'"/KK), and let M be an object of MF[VO,[,,szree(A, D).
In this section, we study the relation between the twisted Galois cohomology
LnfRI' (A4, T Ains(M)) and the de Rham complex of M by using the almost purity
theorem by Faltings. We choose and fix a framing [J: OK[Tlil, e, Tdil] — A.
The computation of the twisted Galois cohomology in this section is done via the
twisted Galois cohomology of TAEf(M ) (Sect. 13) (following the idea in [7, Sects.
9, 12.1]), and therefore, the construction of the comparison isomorphisms (125) and
(126) with de Rham complexes given in this section heavily depends on the choice
of the framing [J. In later sections, we will give alternative ways to construct the
comparison maps by using the period rings oZys, 5(A); the construction is different
from [7, Sect. 12.2].

For an object M* of K(Gg-Sets, Aiyi(Og)) or K(Ap(Og)-Mod)
(resp. D(Gg-Sets, Aint(Og)) or D(Aun(Og)-Mod)), we write niM*
(resp. Lnt M?*) for n;Ai"f(%)M. (resp. Ln:Amf(OF)M') (Sect. 14) in the following.

Let .%nr.c be the subset of Ay (Sect. 12) consisting of Gg-invariant ideals,
which is cofinal in .%ys. For a € %yt g, put Amf,a(.?l) = Aint(A)/a (Sect. 12) and
T Ains.a (M) := T Ajps(M)/a, each of which has a natural action of G 4, and also a
Frobenius endomorphism ¢ if ¢(a) C a. Let (a,),cn be a decreasing sequence in
“int.c Which forms a fundamental system of open neighborhoods of 0 in A (O%).
Then we obtain a ring object Ajnf q, (A) on G 4-Sets’" and an Ainf q, (A)-module
T Aint.q, (M) on G 4-Sets’'. We define the object RI'(Aq, TAins(M)) of
D(Gk-Sets, Ajyt(Og)) to be the image of T Ajyr, o, (M) under the functor (Sect. 14)

RI(A4, —): D(Ga-Sets’", Ajnt , (A) —> D(Gg-Sets, Ainr(Og)).
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By Corollary 104, we have a canonical isomorphism
RIT(Ax, TAing(M)) = Coon (Aa, T Aing(M))

in D(Ainf (Ox)-Mod). This implies that the definition of RI"(A 4, T Ains(M)) above
is independent of the choice of (a,),cn. Choose (a,),en such that ¢(a,) C a,
for every n € N (e.g. a, = (p, [p])"*"). Then ¢ on Aint.a, (A) (n € N) defines a
morphism of ringed topos ¢: (G 4-Sets™ | Ainf q, (A)) = (G 4-Sets", Ainf a, (A)),
and ¢ of T Ajy,q,(M) for each n € N gives a morphism of Ainf,u'(JTl)-modules
T Aint.a, (M) = ©u(T Ainf.q, (M)) onﬂ-SetsNO . Using (113), we obtain a morphism
in D(G-Sets, A (Og))

©: R (A, T Aint (M) —> @RI (A, T Aint (M),

where the morphism of ringed topos ¢ from (G g -Sets, Ajnr(Og)) to itself is defined

by o of Aj(Og). We define RI'(A 4, Terys(M) ®z, Ainf(Zl)) with ¢ in the same
way. Then we immediately obtain the following claim from Theorem 70.

Theorem 106 We have a canonical isomorphism in D(G g -Sets, Ainf(Of)[}T])

(LentRT(A A, T Aing(M)[£] —> RI(A 4, Taays(M) @2z, Aing(A))[1]
which is functorial in M, where [%] means ®ﬁi“f(0f)Ainf(Of)[%].

Let 1.4, Koo, tins FA, Xi» X, and A, be as in the beginning of Sect. 12, and let

I'4 be Gal(Ko/K K). By Lemma 78, we have an isomorphism "4 3 Hlfigd Z,(1)
defined by v — (x;(7));. Recall that we have a r "1-equivariant homomorphism (77)
D AEf(.A) — Ainr(Aso) compatlble with ¢ and Fil".

~ We define TAD (M) tobe T AL (M) ®40 (4) Aint (Aoo), Whichiis afree Ajnr (Ao)-
module of finite type naturally endowed with a semilinear action of I'4 and a semi-
linear " 4- -equivariant endomorphlsm . The action of I 4 is continuous with respect
to the (p, [p])-adic topology of TA f(M) by Lemma 5 for (A, Ag) = (A, A). By
(107), we have a canonical Ay (A)-linear G A-equivariant isomorphism compatible

with ¢
T At (M) @ a Ay Aint (D) —> T Ain (M). (116)

We define RI'(I'4, TAmf(M)) and RI' (4, TAmf(M)) with ¢ in the same way
as RI'(A 4, T Aine(M)). In the rest of this section, we forget the action of Gg on
these cohomology groups and study them as an object of D (Ainr(O%) -Mod).

We obtain the following proposition from Faltings’ almost purity theorem.
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Proposition 107 Let 1 be the ideal of Ains(Ox) generated by [ E'f’] (I € N). Then,
for m,n € Noy, the cohomology of the cone of the following natural morphism is
annihilated by 1.

RI(I'y, TAG(M)/(p", [p]") —> RI(Aa. T Awng(M)/(p™. [p]")

Proof Note 7> = T. Let A be one of A, and A. Since Ajyr(A)/ [p]" is p-torsion
free and Aips(A)/pis| E]—torsion free by Lemma 1 (3) and (4), the claim is reduced to

the case m = n = 1. Put Hq = Gal(K" /K ), T = T Aint (M) /(p, [P]), andiD =
T A (M)/(p. [p]). Since Ainr(A)/(p, [p]) = Ra/p = A/p: (@)nen +— ao and
zD QRA/p A/p 3 T by (116), the almost purity theorem by Faltings ([11, 2b,
2c], [9, 2.4. Theorem (ii)], [2, Proposition V.12.8]) implies that Z - HY(H4,T) =0

(g € N.g) and the kernel and the cokernel of zD — HY(Hy4, T) are annihilated
by Z. Hence the Hochschild-Serre spectral sequence for H4 C G 4 and T gives the
desired claim. O

Let mg be the maximal ideal of Og, and let k be the residue filed O%/m%
of Og. Then the homomorphism Ro, —> k; (an)nen > (@p mod mg) induces a

homomorphism Ay (Og) = W(Ro) — W (%).

Lemma 108 Foranyx € Ker(Ain(Og) — W (k)) andn € Noy, there existsm € N
such that x € [p? "] Aint (Og) + p" Aint (O%).

Proof Since the kernel of Rop,, — k is generated by E’f’ (r € N), there exist/ € N
and x1, ..., X,-1 € Ro, such that x = (El’flxl,ﬁpflxz, R B”*’xn_l) = ZZ;(]) p’
[ Bl’*l*"][x{"] modulo p" Ajy¢(Og). Hence the claim holds form = +n —1. O

Lemma 109 Let (K,)men be a complex bounded below of inverse systems of
Aint (O%)/ p™-modules. Assume [BP_I] -H1(K,,) =0foranym e N, q € Z, andl €
N. Then, forany y € Ker(Ain(Og) — W (%)), the multiplication by y on R l(lnm K,
is zero in the derived category of Aint (Ox)-modules.

Proof Put J := Ker(Ainr(Og) — W (k)). Then J/p™ — Aine(Ox)/p™ is injec-
tive and its image is generated by [p” '] (n € N) by Lemma 108. Since [p] is
regular in Ay (Og)/p™" = Wu(Ro,), J/p"J = li_r)nn[31’7"](Ainf(0;)/p'") is flat
over A (Og)/p™, and HY(J/p™ Qap0p)/pm Km) = I/ D" @ (0579 H(Ki)
(q € Z). By using (J/p™)-(J/p™) =J/p™ and J/p™ - H1(K,) =0 (q € Z),
we see that the right-hand sides of the above isomorphisms vanish, and therefore
Rlim (J/p" ®@au(0z)/pm Km) = 0. This implies the claim because, for any y € J,
the multiplication by y on (K,,)nen factors through (J/p™ ® e 0)/pm Km)men. O

Corollary 110 The cone of the natural morphism

RI(Fa, TAD(M)) —> RI(A, T Aing (M)
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is annihilated by any element of Ker (A (Og) — W (k)) in the derived category of
Ainf ( Of)—modules.

Proof By Proposition 107, we can apply Lemma 109 to the cone of

(Ccont(FAv TKEf(M)/a111))mEN — (C;om(A.As TAinf(M)/am))meNa
where a,, = p" Aint(O%) + [p1" Aing (O%). U

Lemma 111 (cf. [16, the proof of Lemma 18], [6, Lemma 5.14]) Let R be a com-
mutative ring, and let I be an ideal of R generated by a regular element.

(1) Let C be a complex of I-torsion free R-modules. If H°(C) is I-torsion free and
H1(C) = 0 for every integer q < O, then the inclusion map n?‘C —nCisa
quasi-isomorphism, where n; is defined as in [7, Sect. 6].

(2) Let J beanideal of R containing 1. Let f: C; — C, be amorphism of complexes
of [ -torsion free R-modules, and let C3 be the mapping cone of f. Suppose that (i)
J - H1(C3) = 0and (ii) H”(Cl/aCl)[Jz] = Oforallq € Z. Then the morphism
n1C1 — n;Cy is a quasi-isomorphism.

Proof (1) This immediately follows from HY(n;C) = 11 Qg (H1(C)/H(C)[I])
and Hq(n}LC) = HY(C) (ifg <0), H1(n;C) (if ¢ > 0).

(2) Let a be a generator of /. The homomorphism f[i]: Cl[i] — Cz[[—ll] isa
quasi-isomorphism by the assumption (i). Since C,-[[ll] /miCi = h_rr)ln (@ n;Cy)/niC;

and the multiplication by a™" on 7;C; induces an isomorphism 7;C;/an;C; >
a "n;C;/a”"Fn;C; for every n € N., it suffices to prove that the morphism
n1Ci1/an;Cy — n;Cy/an; C, induced by f is a quasi-isomorphism.

Set C; := C;/aC; (i €{l,2,3}), let g be the morphism C, — Cj3, and let ?
be the morphism C; — C, induced by f. We may identify C3 with the mapping
cone of 7 Let Bock;’ denote the boundary map H? (C;) = H9(C;) associated
to the short exact sequence 0 — C; — C;/a>C; — C; — 0, which is compatible
with the morphisms induced by f and g. Recall that we have quasi-isomorphisms
(i Ci)/a — (H® (C)), Bock?) ([7, Proposition 6.12]), which are compatible with the
morphisms induced by f and g. Wehave H?(n;C3) = H9(C3)/(H?(C3)[a]) = Ofor
all ¢ € Z by the assumption (i). Therefore the complex (H*(C3), Bock3) is acyclic.
We have a long exact sequence

<. = H17Y(C3) - HY(C)) — HI(Cy) — HI(C3) — --- .
The exact sequence 0 — H'(C3)/a — H"(C3) - H't'(C3)[a] - 0 and the
assumption (i) imply J? - H"(C3) = 0. Hence, by the assumption (ii), the above

exact sequence splits into short exact sequences

0— HY(C,) » H1(C,) —» HI(C3) — 0.
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Hence the morphism (H*(C)), Bock?) — (H*(C,), Bock$ 5)induced by f is a quasi-
isomorphism. This completes the proof. O

Proposition 112 The following morphism is an isomorphism
Lyt RO (g, TAZ(M)) — Lyt RT(Aa, T A (M)).
Proof PutT := T AJ

inf(M).ByLemmal (4), T/p™T (m € N.) are m-torsion free.
Hence we have an exact sequence

0— Cc.om(FA (T/p )/’/Tm) BN Ccom(F.A (T/pm)/ﬂ_m+1)
- Ccont(F.A’ (T/Pm)/ﬂ') — 0.

Since the inverse system {C2,, (14, (T/7")/p™)}men satisfies the Mittag-Leffler
condition and T /7T is p-adically complete and separated by Lemma 1 (3), we

obtain an isomorphism C2  (I'a, T)/m = C2, ("4, T /) by taking lim .Let7be
as in Proposition 107. By Lemma 111 for R = Amt(Of), I=nRand J =7+1,
Corollary 110, and the m-torsion freeness of TAmt (M) and T Ajps (M) (Lemma 1
(4)), it suffices to show HY (I 4, TADf(M)/w)) [Z] = 0. Note that Z? = 7. We prove
this in Lemma 115 below. (]

Let us compute RI'(I' 4, TAlm(M)/w) and RI'(I 4, TAmf(M)).

Lemma 113 (1) Let r and s be integers prime to p, and let ;i and v be integers
such that 1 > v. Then we have [ ] — 1 € ([e7 "] — 1) Ajn (O%).

(2) Let T be the ideal of Amf(OK) defined in Proposition 107. For v € Z and m €

N.o, (Amf(.A)/([af’ 1— l)Amf(A))/p'" has no non-trivial I-torsion element.

Proof (1) By applying (", we are reduced to the case y = 0O and v < 0. Since €] is a
primitive p”th root of 1, [¢'] — 1 generates I' Ajys(O%). Therefore we may assume
s = 1 and then the claim is obvious.

(2) Since the homomorphlsm Amt (A)/[eP"1=1, p™) = Ainr(As) /([P ] —
1, p™) induced by LOO is injective by Corollary 85 (1), it suffices to prove that its
target is Z-torsion free. By applying ¢”, we are reduced to the case v = (. Since
Ainf(Ax)/([€] — 1) is p-torsion free by Lemma 1 (3), it is enough to show that
Ainf(Aoso)/([e]l — 1, p) = R4, /(e — 1) is I-torsion free. This follows from the iso-
morphism R4 /(€ — 1) = Aw/(e1 — 1) induced by the projection to the second
component, and Lemma 114 below. O

Lemma 114 (cf. [18, Lemma A3.14]) Let A be a normal domain containing O,
and assume that A/p A # 0 and A is integral over a noetherian normal subalgebra
Ag. Then A/aA has no non-trivial mg-torsion for any a € mg.

Proof We may assume that a is an Nthroot of p forsome N € N (. For an extension
& of Frac A contained in Frac A, let A¢ be the integral closure of Agin &.1fa € Ag,
the homomorphism Ag/a — A/a is injective because A is integral over A¢ and
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Ag is integrally closed in Ag[é]. If £ is a finite extension of FracAg, Ag is a
noetherian normal domain finite over Ay because £ is a separable extension of
FracAg and Ag is a noetherian normal domain. Let x be an element of A such
that mgx C aA. Put £ = Frac(Aola, x]) and £, = L(g,) (n € N>¢), which are
finite extensions of Frac Ay. It suffices to prove v, (x) > vy (a) for every prime ideal
p of A, of height 1. Choose such a p. For each n € N., there exists a prime
ideal p, of A, of height 1 lying above p. As (¢, — 1)x € aA., by assumption,
we have v, (x.) + m vp, (P) > vy, (). This implies vy, (x) + mvp(p) >
vp(a). By taking lim,,_, ., we obtain vy, (x) > vy (a). O

For ¢ € N,y and amodule T with endomorphisms §; (i € NN [1, c]) commuting
with each other, we define the complex K(T; dy, ..., d.) as follows: Let E be Z¢
and let ey, ..., e, denote the standard basis of E. We define the degree g-part of
the complex to be T ®z /\%E and define the differential d7: T ®y, /\%E — T ®z

NTEbY X ® Y 31,0 0,00 © (e, A Y).

Let € = (g,) be as in the definition of 7 given after (1). Fori € NN [1, d], let~; be
the unique element of 1”4 satisfying x;(7;) = 0 Gf j #i),e (if j =i). ForaZ/p™-
module 7 with an action of 14 continuous with respect to the discrete topology of
T, we have the following canonical isomorphism functorial in 7.

Lemma 115 Let T be the ideal of Ainr(Ogx) defined as in Proposition 107. Then we
have H1(I 4, TAD (M)/m)[Z] = 0 for every g € N.

inf

Proof Set T := T AJ.(M)/r to simplify the notation. Note that the action of I'4 on
T is trivial by Lemma 98. By Lemmas 84 and 79 (2), we have

(TA () /m)/p" = @ T/p"l").

re@iLino.pd

For r =0, we have HI(I'4,T/p™) =T/p" &z AYE and the homomorphism
HY(I4, T/p"*t") — H(I'4, T/p™)is surjective. For r # 0, choose v € N_ such
that r € (Zp~")\(Zp~"*")¢. Then, by [7, Lemma 7.10], Lemmas 113 (1), and 80
@), HI(L 4, T/p™[t"]) = HI(K(T/p™[t“]; vi — 1, ..., v4 — 1)) is isomorphic to
the direct sum of (Z:i) copies of (T/p™)/¢ " (n) and (‘1;1) copies of
(T/pMle™(m] = (me™"(m)~") - (T/p™), and the map H(I'a, T/p"*'[1"]) —
H(I's, T/p™[t"]) is surjective. By taking the sum over r, we see that the homomor-
phism H? (I 4, (TAmf(M)/ﬂ')/p’"“) — HI(Iy4, (TAmf(M)/ﬂ')/p’”) is surjective,
and by Lemma 113 (2), H1(I 4, (TAmf(M)/w)/p'")[I = 0. This completes the
proof. (]
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Proposition 116 The morphism RI'(Iy4, TAmf(M)) — RI'(I'4, TAmf(M))
induces an isomorphism

Lyt RI(Iy, TAD(M)) => Lt RI(Ia, TAZ(M)).

Proof Forr € (Z[ 1NT[0, 1D4, letTAmf(M ), be the FA stable Amf(A)-submodule

[£-] - TAEf(M) of TA (M), which is a free A - (A)-module of rank 1 by Lemma
84. For x € TAmf(M) andz e NN[1,d] such that r; # 0, we have

(i = D) = [ 1y (0) — x)
=[] = Dx + (€713 () = 0)) = [EIIT] = D(x + [Ty -7 (5 = D)),

where n,, = w(["] — D7'e Aine(Of) and 7'y — D) e TAEf(M) by Lemma
98. Since AEf(A) is (p, ny,)-adically complete (Lemma 80 (2)), the Ainr(Ox)-
linear I"4-equivariant endomorphism g, ; of TA1 (M) defined by g, ,(x) =x+
[ ]n,, 7~ (7; — 1)(x) is an isomorphism. The endomorphism hy; of TAmf(M)L
defined by A, ; ([t"]x) = [t"]n,, 9,. ll (x) is Ainr (Ox)-linear, commutes with the action
of v; (j #1), and satisfies (y; — 1) o h,; = h, ;0 (yi — 1) =7 -id.

Forr = (ri)1<i<a € (Z[ L1110, 1)¢ with r # 0,leti(r) be the smallesti € NN
[1, d] such that r; # 0. For i e NN[1,d] and a € .%yr.g, we define TAmt (M),
to be the direct sum of TAmf(M) /aover r # 0 with i(r) =i, and TAmf(M), to
be its inverse limit over a € ,er G- By Lemma 84, we have an Alnf (A)-linear I 4-
equivariant isomorphism TAmf(M )= TAEf(M) ® (@1<l<dTAmf(M );). Therefore
it suffices to prove 7 - HY(I'4, TAEt(M) ) =0 for i € NN[1,d]. Note that this
implies H(I"4, TA t(M )i) = 0 as Ajpr(Ayo) is m-torsion free (Lemma 1 (4)).

Leti e NN[1, d] and choose a permutation (ji, j2, ..., ja) of (1,2,...,d) such
that j, =i. Put a, := (p", [p]") € Ft.c for n € Noy. Then we have an isomor-
phism N

RT (I, T Age(M)) = RUm(K (T Ay o (M)i3 5, = 1, o, — D)
= Cone(—(y; — 1): K; — K))[—1],

where K; = K(Tme(M),, vj, — L, ...,7vj, — 1). By taking the inverse limit over
a € Sinr.c of the direct sum of (h,; mod a) for r # 0 with i(r) =i, we obtain
an endomorphism A; of TAmf(M), such that (v — 1) oh; =hjo(y; — 1) =7 -id
and h; oy; =yjoh; (j #1i). Therefore ; — 1 on K; is injective and the cone
of —(y; — 1): K; — K; is quasi-isomorphic to its cokernel, which is annihilated
by 7. O
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Lemma 117 There exists a canonical isomorphism

RI(Fa, T A (M) = K(TAG(M); v — 1,90 = 1)

inf
compatible with  and functorial in M.

Proof Let a, = (p", [B]") € Zint.c for n € Noo. Then we have the following iso-
morphism compatible with ¢. Note ¢(a,) C a, forn € N.,.

RI (4, TAD

inf

(M) = RIm(K(TAG(M) /a1 = 1,7 = 1)

n

= K(TAD(M); v =1, ..,y = 1. .

By combining Propositions 112, 116, and Lemma 117, we obtain the following.

Proposition 118 There exists a canonical isomorphism
NIK(TAge (M) — 1,....79 — 1) — Lnf RI(Aa, TAng(M))  (117)

in DT (A (O%)-Mod) compatible ¢ and functorial in M.

We will show that the source of (117) becomes isomorphic to the de Rham
complex of Aeys(Og) QoM = 1<ir_nm (Aeys(Og) ®o, M)/p™ after taking R l(ir_nm
((Acrys(of)/pm) ®ﬁinf(0?) _)-

Lemma 119 We have nMn=1 Lp|m, %71] C Auys(Og) forn € Noo, and it con-
verges to 0 as n — oo with respect to the p-adic topology of Acrys(O).

Proof This follows from p~'aP~!, p=!'(p~'7P~") € Auys(Og) (see the proof of
Lemma 90) and Lemma 89 (1). (I

Put ¢ := log[e] € Acys(O) as before Lemma 90.
Proposition 120 (1) Forye I'yandx € T A2 (M), we have P = D(x) €

crys

TAE (M), and V,(x) :=1lim,_ p™" (v"" — 1)(x) converges to an element of

crys

t- TAD (M) with respect to the p-adic topology of T AS. (M). The endomor-

crys crys
phism V., (v € T'4) of TACDWS(M) is Acrys(Ogx)-linear, is I 4-equivariant, and
commutes with @. Moreover we have V., o V., = V., 0 V., for v,y € I'a.

(2) The homomorphism V : TAC':r’yS(M) — TAEyS(M) ®A0, (4 240, ) defined by

V(x) := Zlgisd t’lvﬁ,, (x) ® dloglt,] is an integrable connection with respect
crys
V=Voop.
(3) For ye 'y and x € T AY (M), we have (n!)_l(Vv)"(x) e TAZ (M) and

crys crys

exp(V,)(x) := ZneN(n!)_l (V)" (x) converges to y(x).

tod: AY (A) — SZACEr]ys(A), is I 4-equivariant, and commutes with p: (¢ ® @) o
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4) For yely and x € TAEf(M), we have t‘lvv(x) =r'(y = Dkx)
mod I'AQ,(A) - TAZ (M),

Proof (1), (3) Let R be as in Lemma 9. By Lemma 98, v(7) = 7, and p’lw”’l,

p’l(p’lwi’jl)p € Acrys(Ox) (proof of Lemma 90), we can define a continuous

action of R on TACDWS(M) by Tx = (v — 1)(x). By Lemma 89 (5), we see that

P (Y — D(x) € TACDryS(M) and it converges to log(1 +7) - x as n — oo. By

Lemmas 89 (4), 98, and 90 (2), we obtain V,(x) € (y — 1)(TAEI (M))

crys
Cm-TAQ (M) =1-TAL (M).Sincethe action of y on T AL, (M) is Acrys(O)-

crys crys

linear, is I 4-equivariant, and commutes with ¢, so does the endomorphism V., and
we have V, 0 V., =V, o V, for any v' € I'4. The first (resp. second) claim in (3)
follows from Lemma 89 (1) and (4) (resp. (3)).

(2)Fora € AY (A)and x € TAY (M), V., (ax) is equal to

crys crys
lim (p™" (/" = D@ -] @) +a-p"Gf = D) = 1d*(@)x +aV,, ()

by Proposition 91 (2). Hence the claim follows from V. oV, =V, oV, yo
V, =V, o0v(yeTly),and poV, =V, oy provenin (1). Note that the action
of I'4 on t and d log|[t,] is trivial, and that we have ¢(t) = pt and ¢(d log[t;]) =
pdlog[t;].

(4) By Lemmas 90 (2) and 119, we have )~ 'z""',(aD)~'t"'e
Acys(Og) forn € N, and they converge to 0 asn — o0. By the claim (3), we have
(v = D) = {7V, (x) + 220, %(flvw)”(x)} and t = (1 + Y o0, (—D)"!
%ﬂ"’l), and the two series ZZiz converge to elements of / AS (A - TAD (M)

crys crys
and I'AZ ((A) as I'AZ ((A) is closed in AT, (A) by definition. 4

By (82), the isomorphism (92) induces an isomorphism compatible with ¢

crys

Acrys(Of)®OKM = l(igl(Acrys(OE) ®0K M)/pm i) TAD (M) (118)

m

Proposition 121 The following diagram is commutative.

~ id®V ~
Acys(0R)B 0, M —=55 (Acrys(00)B 0, M) @ 4 24

a lS)\LE Ei(id@a*)o((llS)@id)
m v i
T Agrys (M) ——= T Aqys (M) @40 () 240 (-

Proof 1t suffices to prove the claim for the restriction on M. Let x € M, let y be
its image in TAZ (M) under (118), and let z; (i € NN [1,d]) (resp. z) € M A

crys

szfc‘r:'ys(A) be the image of V., (y) (resp. y) under the isomorphism (94). We have
z= CAE,’[ (x ® 1) (see (95)). Hence, by (96), we have
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z=lim p™"(1®7 =D = lim p™" (1@ — DY V,Ex @u™).

neNd
For m,n € N, we have

G = DEM = [ T + (71— D) — o

m

= ("= D" + Y (1 )" e =

=1

and ~;(v;) = v; (j #i). By Lemma 90 (1), we obtain
lim p" (7" — ™) =t + ") (fn > 0), 0 (ifn=0).
m-—0o0

Hence we have

zi =1 Z Vg)g(x) ® y[ﬂfnil;](nivl[nd + vilniflJ)

neNd n>1,
=1 (V4 V5 ) () @ v
neNd
=1 V) @ o = (V) @ 1),
neNd
This implies that V., (y) is the image of t ® V}Og (x) under (118). O

q ._ A4 q A s
Put 27 := A% $24 and 'QACDT_VS(A) = /\AF,YS(A)QAEyJA) (¢ € N). By Proposition

121, the isomorphism (118) induces an isomorphism of de Rham complexes com-
patible with ¢

(Aerys(0R) B0, M) ®4 23 = TAG (M) 53 4 D50y oy (119)

Put V,® := 'V, (i e NN[l,d]) on T AL

crys

(M). By Lemmas 119 and 90 (2),
we can define an Ay (Og)-linear endomorphism F; of T AY (M) by

crys

Fix)y= Y ") (x). (120)

n€N>0

Lemma 122 (1) F; is an automorphism congruent to id modulo I AEYS(A).

(2) We havet - F; o V}Og =7 —1lon TAC':r’ys(M)fori e NN[l1,d].

(3) Fori, j € NN[1,d], wehave F;F; = F;F;, F;V® = V. F;, and Fyy; = v, F;.
(4) We have po F; = F; o pfori e NN[1,d].
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Proof (1) Since Ays(O%) is p-adically complete and separated, and the elements 7
and p~'7P~1 of Fil' Acys(Og) are nilpotent in Aqys(Og)/p, it suffices to prove that
F; becomes the identity map modulo (p, 7, p~'wP~1) and also modulo / lAEyS(.A).
This follows from Lemmas 119 and 90 (2). For the second case, note that I ACDrys(A)
is closed in AZ) (A) by definition.

crys
(2) This follows from Proposition 120 (3) and V,,, = tV}Og.
(3) One can verify the first two equalities by explicit computation using V,*® V}Og =
V}Og V;Og. The last one follows from V., o y; = 7y; o V,, (Proposition 120 (1)).
(4) The claim follows from ¢ o V,, = V,, o ¢ (Proposition 120 (1)). (I
For I ={iy <--- <i,} C NN[1,d], we define dlog[t,] € ‘QZF "

Tys

and ¢; €

ANE, where E =74, to be dlog[t; ] A ... A dloglt; ] and e; A ... Aej,. Let Fy
denote the composition F; o F;  o---o F;, which is an Acys(Og)-linear auto-

morphism of TACDWS(M). We define the isomorphism F9: TAEYS(M) ® AL, (A)
Qq

AQ = TAEYS(M) ®zANE by Fi(x®dloglt;]) =F(x)®e; for x €

crys

TAgy(M)and I C NN[1,d] with ] = gq.

Proposition 123 The isomorphisms

G7:=11F: TAS (M) ®AQ ) 240 4 KT A M)y =1,y = D)

crys

for q € N induce an isomorphism of complexes compatible with ©

G: TAgy (M) ®,40 (4, 20 — K (TAG(M);m — 1,7 — D).
Proof By Lemmas 98 and 90 (2), the degree g-part of the complex
n,fK(TACDrys(M); y1—1,...,7 — 1) is given by thACDryS(M) ®z NE. For x €

TAY (M) and I ¢ NN[1,d], we have

crys

G o V4 (xd loglt,]) = G (X;cpe Vi (x)d loglt;] A d loglt,])
=1 e Frug o Vi) @ e Aey
d? o GY(xdloglt;]) = d"(1 F1(x) ® e) = 193 ;1 (vi = D o F1(x) @ ¢; Aey,

where 1 = (NN [1,d])\] and g = 1. Lemma 122 (2) and (3) imply that these
two elements coincide. The compatibility with ¢ follows from Lemma 122 (4),
@(dlog[t;]) = pdlog[t;], and (1) = pt. O

Proposition 124 We have the following canonical isomorphisms, which are compat-
ible with o except the third one. We abbreviate Ays(O%), Aint(Og), and the Koszul
complexK(TAiEf(M); M —1,...,7 — 1) to Acrys, Aing, and K,,(TAEf(M)), respec-
tively, and we regard O¢ as an Aiye-algebra via 0.
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RUm(Acys/p" @7, LT K(TAG (M) — Ay ®0, M @4 2% 121

m

Aint /7 %, 117 Ko (T AT (M) —> Tim((Aint/m)/p" ®0, M ®4 2%)  (122)

m

Oc ®% 0t K (TATL (M) => l(igl(Oc/P’” R0y M ®4 2°%) (123)

m

RIm(W,, (%) @ 17 K (T AL (M))) —> Tim(W,u (k) ®0, M @4 2%) (124)
Proof We have nf K (TAcDrys(M)) = Auys®0, M ® 4 2% compatible with ¢ by
(119) and Proposmon 123. By Lemma 98, we have (77+KA (TAmf(M)))q =
1K (TA (M))? and (nt K, (TAS (M)))? = qun(TAcrys(M))q for ¢ € N. In
particular, they are free of finite type over Amf(.A) and ACDryS(A), respectively, and
the latter is the scalar extension of the former. 3

Let S be one of Acrys/p™, Aint/, Oc, and W,, (k). Then we have an isomorphism

inf crys

S®% nik, (TAZ (M) —> S ®a,, 0 K (TAZ(M))

by Lemma 125 below and the fact that = and f are regular on Aj,r and Aj f(.A)
(Lemmas 1 (4), 80 (4)). Since Alnf (A)/m and Alnf (A) /¢ are p-adically complete
and separated by Lemma 80 (3), the target of the above isomorphism is p-adically
complete and separated if S = Ajp¢/7m or O¢.

Let S be one of Acys, Aint/7, Oc, and W(k), and put S,, := S/p™ (m € N).
Then the homomorphism Aj,r — S naturally factors through Ay; in the case S =
W (%), note that the image of Ker(f) = {Ajyr in W) is pW(E) Hence we have

Sy a AEf(A) =4 S @y, Crys(.A) by Lemma 79 (2) and (74). Thus we see
that the source of the morphism in question relevant to S is isomorphic to

inf

M8 @4, 17 K (T Ay (M) Z1im(Sp @y, (Aerys®aM) @4 23)
= 1m(S, ®o, M ®@.4 823).
m D

Lemma 125 (1) For m € N., we have an isomorphism

Acrys(0R) /" @ (0 ARt (A) = Ay (02)/ 7" @ ayu0p) A (A).
(2) Form € N., we have an isomorphism

W, (E) ®l/{inf(0?) AEf(A) = Wi (E) ®Ainf(0f) AEf(A)
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Proof Since the images of p™ and 77" in Ays(Og)/p™ and W, (k) vanish, and p",
wP™ form a regular sequence on Ajr(O%x) and AEf (A) (Lemmas 1 (4), 79 (1), 80

(4)), wehave Ay (O%) /(p™, TP™) ®ftim_(0?) AEf(.A) — AEf(A)/(pm, 7P™). Hence
we may replace Aiy(Ox) and AEf(A) with A (O%)/(P™, TP™) = Ainf.q, (O%)
and AL (A)/(p™, 7P™) = ALy o (A) (Lemma 79 (2)), where a,, = p" Ain(Og) +
TP Aine (Ox) € ins. Then the claim follows from the smoothness of Aiyr o (Og) —

AL (A (a € Fnp). 0

Put A ( Of)/ﬂ'@ oxM = Lglm (Ainf (Og)/m)/ p™ ®0, M.Bycombining Propo-
sitions 118 and 124, we obtain the following isomorphisms in
D (Aine(Og)/m-Mod) and D (Arys(Og)-Mod) compatible with ¢, where we abbre-
viate Ajnr(Og) and Aqys(Ox) to Ajyr and Ay, respectively.

(Aint /TR0, M) ®4 2% = Aint/7 ®Y LT RI (Aa, T Ains(M)) (125)
(Acrys®0, M) ®4 2% — RUM(Aqys/p" ®F L1t RI (A, T Aine(M))) (126)

m

In the following sections, we give an alternative construction of these morphisms
without forgetting ﬂ-action, i.e., in DW@-Sets, A (Og)/m) and
D*(ﬁ-Sets, Acrys(Of))

16 Comparison Theorem with de Rham Complex over
Aint / ™

In this section, we show that the morphism (125) is independent of the choice of
the framing [J and is defined in the derived category D" (Gk-Sets, Aiyt(Ox)/7) by
giving another construction of the morphism when p > 5 (Theorems 136 and 139).
This independence can also be derived from the corresponding claim for (126), which
is proved in later sections for any p but in a much more complicated way.

We define the filtration 1" (r € Z) on T Ay (M) by IrAinf(./_4) - T Ajpe(M). For
g €N, let Bock?: HY(A 4, grfT Ait(M)) — HITH(A 4, gr‘f“TAinf(M)) be the
boundary map associated to the exact sequence 0 — gr‘frl TAin(M) — 11T Aing(M)/
I9P2T Aps (M) — gr? T Aijns (M) — 0. By the same argument as the proof of Propo-

sition 112, we obtain an isomorphism C¢ (A4, T Ains(M))/7" 5 Con(Aa,
T Ajps (M) /7). By Corollary 104, we obtain an isomorphism

RI(Aa, TAint(M)) ®%, 0y Aint(Og) /7" —> RI (A4, T Aint (M) /")

in Dt (Gg-Sets, Ajnt(Og)/m"). Therefore we have a canonical isomorphism
(Proposition 101)
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Liyf RT(A A T At (M)®K o Aut (O7) /7

= (H®*(A4, gr7T Ais(M)), Bocky)  (127)

in the derived category D*(ﬂ-Sets, Aine(Ox)/m) of Ainr(Ox)/m-modules with
G g-action. We give an alternative construction of (125) via the target of (127).

Let B be a flat Og-algebra p-adically complete and separated such that the
homomorphisms Ok /p™ — B/p™ (m € N.g) are smooth, and suppose that we are
given a surjective Og-homomorphism B — Aandsy, ..., s, € B* suchthatd logs;
(i e NN[1, e]) form abasis of 2(5/pm)/0,/pm) foreverym € Nog. Letpp: B — B
be the unique lifting of the absolute Frobenius of B/ p compatible with o of Ok such

that o(s;) = 5. We will compare the two framings defined by 71, ..., 7; € A* and
by t],....t; € AX via B:= lim (A ®o, A)/p" with the product homomorphism

B— Aandt; @ 1,1®1¢t € B* (i e NN[1,d]).

Put Ok, := Og/p™, A = A/p", B, :=B/p™, 25, := 28,/0x..» 28 =
lim 25,, and pp, = 5 @z, Z/p™ as in Sect.2. We define P,, with Fil", Vp,
and ¢p,, and Hrys Bm (7\) with G 4-action, Fil", V and ¢ as in Sect.2 by using
B — A and pg. We define u;,, € J%rysyg’m(Z) as before the explicit description
4) of Herys,Bm (.71) by using s; and a compatible system of p”th roots s;, € A"
(n € N) of the image of s; in A for i € NN[1, e]. By the choice of ¢, we have
;) = (u; + 1)? —1fori e NN[1,e]. . .

We define the decreasing filtration I" @rys g m(A) (r € Z) of Herys . (A) by

I Aorgs (D) = @D 17" Acryson (B [ Tl (128)

n=(n;)eN¢

where [n| = Y, n;, and I* Acrys m (A) (s € Z) denotes the image of I* Agys(A) in
Acrys,m (./_4). Note that this definition depends on the choice of s; and s; ,.

Lemma 126 (1) The filtration 1" erys B m (7\) (r € Z) depends only on s;.

2) 1" Herys,B.m (A) (r € Z) are ideals of szcrys,gym(./_él). For r,r' € Z, we have
Ir%rys,B.m (-/_4) : Ir/ffycrys,Bin (v_A) C Ir+r/5ycrys,6,m(~71)'

(3) The filtration I" Aerys g (A) (r € Z) is stable under the action of G 4 and .
We have also V(I’szcrys,g,m(Zl)) - Irflézfcws,g,m(.?l) ®p 25 forr € 7.

Proof Fori € NN[1, e], if we choose another system s{’n S 7lx (n € N), then the
corresponding element u:m of ,%rys,g,m(\?l) is [e*1(uim + 1) — 1, where a € Z,, is
defined by s/, = s;.,€4 (n € N). This implies the claim (1) because ([£*] — 1)) €
1" Acrys(Og) (n € N). The claim (2) is obvious, and the claim (3) follows from the
formulae (6)—(8). Note that p(s;) = s, . O
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Set 2% = A;2p (¢ € N). We define the decreasing filtration I” (r € Z) on
erys, B.m (A ®5 % 1o be 1" Srys B.m (A) ®5 £2%. Then by Lemma 126 (3), we
obtain the following complex of Acrysym(ﬁ)-modules filtered by I” (r € Z) and
endowed with an action of G 4 and an endomorphism ¢.

Acrysn(A) —> Hrys p.m(A) @5 25 (129)

The following lemma is the key to another construction of the comparison map.

Lemma 127 There is an Acws,m(Z)-linear homotopy compatible with the filtration
I* and with m between the identity map and the zero map of the complex (129).

Proof Setw; := V(u;m) = —(1 + u; n) ® dlogs;. Then one can define the desired
Acrys,m (./_él)-linear filtered homotopy kO Lrys, Bm (./_4) — Acrys,m (71) and k7:
chrys,B,m (Z) B -qug g M:rys,B,m (Z) OB 9?371 (q € N>0) by the fOHOWing formu-
laeforn =(n;)) eN°and 1 <i; <--- <i; <e.

K Ju™) =1(fn=0). 0 (otherwise),
kq(l_[ u"lwi, A Awy)

1
[ni+6ii,] . , . .
=1_[ui wi, A Aw;, (ifn; =0 (1 <@ <ip)), O (otherwise).
i O

Let M be an object of MF[VO! p—21 free (A, @) (Sect.4). We define Mp, with Fil’,
V, and ¢ as in Sect.5. We define the filtration /" (r € Z) on T Acrys,m (M) (23) by
1 ’Acrys(jl) - T Acrys,m(M). Similarly we define the filtration /" (r € Z) on the de
Rham complex Mp, ®p, Herys,5.m(A) @5 28 by Mp, ®p, "1 Terys 5.m(A) Q5
Q’é. The filtration thus defined on each degree is compatible with the differential
maps by Lemma 126 (3). By taking the tensor product of T Acys,» (M) and (129)

over Acrys,m (71) and using Lemma 127 and (30), we obtain a filtered resolution
TAcrys,m (M) - M’P,,, ®Bm JZ{crys,l’i,m (-/_4) ®B QZ; (130)

compatible with the action of G 4 and . By taking gr? (¢ € N) of (130), we obtain
a resolution

& (T Aays.n (M) = @14 (Mp, ®p, Seryssn (D) @5 28)  (131)
compatible with the action of G 4 and .

Set Pa,;m = Pm ®0y Ainr(Ox)/m and Py, := 1(i£1PAmf,m. Let Pa,, »-Mod
denote the category of inverse systems of Py, ,-modules for m € N.o. We regard
(Aint(A)/m)/p™ as_an Py, n-algebra by the G 4-equivariant homomorphism
Pawiim = Derys, B (A1 U= Ape(A)/(p™, ), which depends on the choice of
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coordinates s; and coincides with the morphism naturally induced by 3, : Py —
Acrys,m(A) (Lemma 34 (1)). Then we have a G g -equivariant morphism

P Mp, @0, gr] " Auys(0g)) @5 5[]

0<r=q

— I'(Aa, g (Mp, ®p, Tirys 5.+(A) @5 25))  (132)

of complexes of inverse systems of Py, ,,-modules compatible with . Using (131)
and (132), we obtain a morphism

D lim(Mp, @0, er] " Ays(0%)) @5 Lp[—r] = RI (A, gr{T Acrys(M))
O<r=q m
(133)
in D" (Gk-Sets, Py,,) compatible with . In particular, we obtain a Py, -linear
G k-equivariant homomorphism compatible with ¢

MP,AM (2% Q% - Hq(A.A, gr([ITAcrys(M))v (134)
where
Mp. s, = lim(Mp, ®0, Aint(Og)/T). (135)

m

Lemma 128 (1) If M is the constant object A, i.e. A equipped with the filtration
Fil’A = A, Fil' A = 0 and the given ¢ and V, then the morphism (134) is
compatible with the natural product structures.

(2) Thefollowing diagramis commutativeforq, g’ € N, where T denotes T Acrys(M).

(PAint ®nB ‘QZ%) ®PAM (MPyAim' ®nB 'qug,) - MP,A ®B 9%4—:1’
(134)\L (134)$
HY(Au, g Acys (D) ®p,  HY (Au, grf T) —= HI (A4, @i T).

inf

Proof The claim (1) is the special case M = A of the claim (2), which follows
from the following commutative diagram. Here we write DR, (B, M) (resp.
DRy,,,m (B, M)) for the de Rham complex Mp, ®@7p, Herys B,m (A @5 25 (resp.
(Mp, ®o0, Aint(Og)) ®5 $2). The middle and lower horizontal maps are defined

by the wedge products.
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gr? Acrys,m (-/_4) ®PAinf«m gr? TAcrys,m (M) I gl‘?ﬂ TAcrys,m (M)

(131) (131)

gr? (JZ{crys,B,m (Z) B Q;g)
Py, gr‘; DR, .m(B, M)

cry:

— "™ DR, (B, M)

rys» M

(132) (132)

gt (P ®o, Aint(O%)) ®5 23)
®7>Amf<m gr? DR . (B, M)

——> g’ DRy, (B, M)

O

Forgq € N,letBock?: HY(A 4, griT Acrys(M)) — HIT (A , gr‘}HTAcrys(M))
be the boundary map associated to the exact sequence 0 — gr‘}HTAcrys(M ) —
19T Acrys(M) /1972 T Agrys (M) — gt T Arys(M) — 0.

Lemma 129 For g € N, the following diagram is commutative.

(134)

Mp 4, ®5 233 HI(A, gr](T Acrys(M)))

% ¢ Bock‘; ¢

(134)
Mp 4, 5 25 HI (A 4, gr8TH (T Arys(M))).

inf

Proof To simplify the notation, we write 7,,,, DRy, .m> andDR 4, ;. for T Acrys i (M),
Mp, @p, Derys.Bm (A o5 Q2p,and (Mp, o, Aint(Og)) @5 §2,respectively. Then

m

we have the following commutative diagram whose three horizontal lines are exact.

q+1 197, q
0———gr;, T, 10+2"T1,,, gr; T, ——0

(ISI)J/ (IBO)J/ (131)\L

q+1 T9DR o/ ¢rys m q
0 > gry (DRMc;ys,m) T77DR oo m gry (DRJJcrys,m) >0
(132)T 1\ (132)T
[qDRAinf'"’

0 —— gy (DR Am) 2t (DR 4 ) — 0.

1q+2DRAinl'vm

Set T =T Ayys(M) and DRy, := l(glm DR, ,m- Then the above diagram induces
a morphism of distinguished triangles

RI (A g8 T) ——= RIM (A4, 55) —= R (A, griT) ——

(133)T T (133)T

g+1 19(DR 4, )
gr; (DRy,,) G2 (DRA::]()

gr‘II (DRAinf) -
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inDT (Gk -Sets, Llnm Pu o, Aint(Og)/ 72)). The differential maps of the complex

gri (DR, ) are 0, and it is straightforward to verify that the boundary map of the
bottom distinguished triangle

Mp 4, OB QZ% = gr(; (DRAmr)q - ng]I"r] (DRAmr)q-H = Mp a, @B ‘Qg-H
is given by the differential map V induced by the connection on Mp, . ]

By (2) with (r, s) = (0, p — 1), and the definition of T Ai,s (M) before Theorem
63, we have a G 4-equivariant isomorphism compatible with the filtrations I" (r € Z)
and ¢

T At (M) /TP 7' T At (M) —> T Acrys (M) /TP 7' T Arys (M),

which induces isomorphisms

HY(A 4, g T Aint (M) —> HY (A, @i T Aays(M)) (g € NNO, p —2])
(136)
compatible with Bock;’ (g e NN [0, p—3]) and ¢. Hence (134) induces Gg-
equivariant Py, -linear homomorphisms compatible with ¢

Mp 4, ®5 Q2p —> HY(Aa, griTAe(M)) (@ €NNIO, p—2]),  (137)

inf
which are also compatible with V and Bock{ by Lemma 129. We extend this to all
degrees when p > 5.

Remark 130 Let r € Z, and let g(r) be the largest integer such that 7(p — 1)~! >
q(r). Then gr’; Ajys (A) (resp. gr’y Acrys (A))is afree Ains (A) /m-module with a basis 7"
(resp. Ww’) (see [12, 5.3.1 Proposition], [18, Proposition A3.20], and Lemma
90 (2)). Hence the construction of T Aj,r(M) implies that we have the following
G 4-equivariant canonical isomorphism compatible with the product structures and

Pp.
1

WZ,; ®z, gty T A (M) —> gr} T Acrys (M)

We assume that p > 35 in the following. For ¢ € N, the homomorphism
gr}Ainf(A)®7’Ainfq — gr?Aimc(.A) induces a G g-equivariant Py, -linear homomor-
phism compatible with ¢

Np, H' (A gr) A (A) —> HI (A, gt] Aine(A).

Composing this with the gth exterior product of (137) for M = A and ¢ = 1(<
p — 2), we obtain a G g-equivariant Py4. .-linear homomorphism compatible with ¢

inf

Pan ®5 2 — HU(A, grl Aine(A)). (138)

inf
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By taking the cup product of (138) with (137) for ¢ = 0, we obtain a G g -equivariant
Pa,.-linear homomorphism compatible with ¢

inf

Mp a, ®B 28 —> HI(A 4, griT Aine(M)), (139)

inf
which coincides with (137) if ¢ < p — 2 by Lemma 128.

Proposition 131 For all g € N, the homomorphisms (139) are compatible with V4
and Bock?.

Proof Since p —2 > 2, Lemma 129 implies that the homomorphisms (138) and
(139) are compatible with V4 and Bock‘} for g € {0, 1}. By the construction of (138)
and (139), we see that the following diagram is commutative for ¢, ¢’ € N.

(P @5 Qz%‘) ®PAin[ (Mp 4, ®B ‘Qg) — Mp 4. ®B ‘Qg e

¢(138)®(139) l(139)
HY (A g, g A (A))
®p, HI(A, griT Aine(M))

inf

— Yo HI( A, gr? YT A (M)

One can prove the proposition for a general g by induction on g by using the above
commutative diagram for ¢’ = 1, 2 and Lemma 132 below applied to R = Ay (O%)
and

Cooni(A s Aint (D) ® a0 Coon (A T Aint(M)) —> C2 (Aa, T Ain (M)).

cont cont

O

Lemma 132 Let R be a commutative ring, let a be a regular element of R, and let R
denote R/aR. Let C; (i € {1, 2,3}) be complexes of a-torsion free R-modules, and
define the decreasing filtration F1 of the complex C,-[%] by Fi1C; = alC; for each
i €{l,2,3}. Let Bock? (q € Z, i €{l,2,3}) be the boundary map Hq(gr%Ci) —
H‘”l(gr‘prC[) induced by the short exact sequence 0 — gr‘,{-HC,» — FiC;/
FiT2C; — grl.C; — 0. Suppose that we are given a morphism of complexes of
R-modules C; @ Cy — C3, which induces a morphism of complexes gr‘,’vC 1 @
gqu/Cz — gr?q,C_g and an R-linear map — U —: H4(gr!.C)) ®% Hq/(gqu/C2) —
HI+ (gr%+q,C3)f0r q,q' € 7. Then we have

Bock‘3’+q/(x Uy) =Bocki(x) Uy + (—=1)?x U Bockg’(y)

forq,q' €Z, x € H1(gr.C\) and y € Hq/(gr'fplcz).

Proof Straightforward computation. (]
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By Proposition 131, (139) and (127) induce a morphism

Mp 4

inf

®p QB e L77 RF(A_A, TAlnf(M)) ®Amf(01<) mf(OK)/ﬂ— (140)

in D*(Q-Sets, Aine (Ox)/m) compatible with ¢.
Next we show that (140) coincides with (125) in the derived category of
Ainf(O%)/m-modules when B = Aand1,...,1; € A* are the coordinates defined
by a framing [J. Since Amf(.A) /m is p-adically complete and separated and
(Amf(.A) /) p" = Alnf (o) (A) by Lemmas 80 (3) and 79 (2), we obtain the fol-
lowing isomorphism from the reduction mod I' AU (A) of (92) by using Lemma
82 with (r, s) = (0, 1) and Lemma 87 (2).

crys

TAge(M) /7 = m(M/p" M ®o, Aint(Og)/m) = Maa,

inf

(141)

m

We write My, for M 4 4,, to simplify the notation. We define -; € I 4 as before
Lemma 115. Then, by Lemma 98 and (141), we have isomorphisms

HY (A, TAS . (M)/m) = HI(K(TAS. (M) /v =1 ...,y = 1) (142)
= TAL(M) /7 ®z ALY = TAL(M) /7t @4 2% = M, ®4 2%

for g € N; the third isomorphism is definedby x ® e;; A -+ Aej, > x @dlogt;, A
-+ Adlogt; forx € TA1 (M)/mand1 <i; <--- <iy <d,wheree; (1 <i <d)
denotes the standard basis of Z¢.

Proposition 133 The following diagram is commutative for g € N.

My, ®4 2% HI(Ig, griT AL (M)
(139)\L

HY(A, gr]T Aine (M)

74.(142)

Proof If M is the constant object .A, then the morphisms (142) are compatible with
the natural product structures. We also see that the following diagram is commutative.

(A ®a 2% @ My, - My, ®a 2%
(142)¢ (142)¢

HY(Ty, AD(A)/7) @ HO(Tu, TAD(M) /) —— H4([ 4, TAD.(M) /)

inf

inf

By the construction of the morphism (139), it suffices to prove the claim in the case
g =0andinthecaseq =1l and M = A.
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The morphism (139) for g = 0 is defined by the composition of

My — M ® 45 Aint(A)/m = @] (M ® 4 erys(A) ©.4 2%) e &) T Ain (M)

inf

See (57) and Lemma 34 (1) for @&. The composition of the middle and right iso-
morphisms coincides with the isomorphism considered in Lemma 64 (2) by its
proof. Therefore the composition of the three homomorphisms above is the same as
the composition of (141) with TALL(M) /7 = gt T ALL(M) — er9T A (M). Note

that (37) for (B, s;) = (A, t;) is the scalar extension of (92) by the homomorphism
M AEYS(A) — Acrys(./_4) (78) because the composition of a: A — AEf(A) (80)
and (7 AH(A) — Ajpr(A) coincides with 3© for (B, s;) = (A, #;) defined before
Lemma 34. (For the last fact, we compare (31) for (B, s;) = (A, ;) and (79) using
the fact that the homomorphism - sends [t;1to [t;]1 ( € NN[1,d]) by definition.)
Thus we obtain the claim for g = 0.

Suppose that ¢ = 1 and M = A. Since the homomorphisms in the diagram is
Aa,-linear, it suffices to compute the images of 1 ® dlogt;. The element 1 @
dlogt; of gri(Hs(A) @4 2Y4) = (gr9Acys(A) ®.4 L2 is the image of the ele-
ment —1 ® v; of gr}xzfcrys(jl) = gr} Acrys(./_él) ® (6915i5dgr(,)Acrys(7l)vi) under the
differential map of the target complex of 1<ir_nm(l31). For v € I'4, we have the
following equality in gr}&afcrys(.?t) by (6): (v — D(v;) = (1 + v)[e"DP] =1 —v; =
[€"] — 1 = n;(y)7. See Lemma 9 (1) for the last equality. Hence the image of
1 ® dlogt; under (139) is given by the 1-cocycle v + n; (v)m. This coincides with
the image of 1 ® d log #; under the map via (142) by Lemma 134 below. ([

Lemma 134 Let M be a p-adically complete and separated module endowed with
a trivial action of I' 4. Let e; (i € NN [1,d]) be the standard basis ond. Then, for
X € M, the image of x ® e; under the isomorphism below is given by the 1-cocycle

v = ni(y)x.
M®zZ' = H' (KM;y1 —1,...,7— 1) = H (4, M)

Proof Let us recall the construction of the isomorphism. Let M be the module
Map,, (I 4, M) consisting of continuous maps I 4 — M endowed with the con-
tinuous action of I'4 defined by (v f)(d) = f(6y). We have HY (I 4, M) = 0 for
g € N.y. We have another action of I'4 on M defined by [y]f(5) = vf(y~'6),
which commutes with the above action. The Koszul complex with respect to [;] — 1
gives a I 4-equivariant resolution M — K(M; [y1] — 1, ..., [v4] — 1). We have an

obvious isomorphism M = M4 sending x to the constant function ¢, : 7y > x.For
v € I'y4, wehave ¢, = [y]c,. Hence the I' 4-invariant part of the above Koszul com-
plex of M is isomorphic to the complex K (M; v, — 1, ..., 74 — 1), and this gives the
isomorphism in the claim. The elementc, ® ¢; of K'(M; [y11—=1,...,[v] =1 =
M ®z Z¢ is the image of the element f of KO(M; [yi]—1,...,[w]—1) =M
defined by f(y'---7) = —rix for (r,...,ry) € Z‘;. Hence the claim follows
from (—(y; — D)) -+~ = x (if j = i), 0 (otherwise). ([l
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Lemma 135 (1) For g € N, the following diagram is commutative.

= O
My, ®a4 2% 7 HY(I g, griT Ay (M)

v ¢ $Bock"

My @4 24— e HOY (D, ] TAG (M)

(2) The composition of the isomorphisms

My @ .QA —> (H*(I'4, gr3T AY

inf

(M)), Bock?)

oy L RT (T, TALL(M))) ®F o) Aint(OF)/T

coincides with the isomorphism obtained from (122) and Lemma 117. Here we
obtain the second isomorphism in the same way as (127).

Proof (1) Put K* := K(T A; t(M) y1—1,...,74—1)and I"K*® := 7" K*. Then
Bock is induced by the exact sequence 0 — grf ™' K* — [9K* /1972 K*— grf K*—
0. Therefore for x € TAEf(M) the image of (m%x mod ) ®@e;, A--- A e, €

gr! K9 = H(grl K*) under Bock? is given by

D@ @ i = D) mod ) @i A A e,

I<i<d

€ gr q+1Kq+1 Hq+1(gquF1K ).

This implies the claim by Propositions 121 and 120 (4).
(2) The claim follows from the commutative diagram below, where we abbrevi-

ate TAEWS<M) TAGOD, K(=mn =1 ..oy = Dyand o, 10 Tays, T,

K, (-), and n, ; the lower left triangle is commutative by Lemma 122 (1) and
t—me IzAcrys(Of).

Tt ®zAIZ? = = q
T iT) H9(K(Tint /7)) ——— H(K (g7 Tinr))
\LE - Prop. 101 (I)T
Terys @zAIZ? = 1] Ky (Terys))? (1] K-, (Tinf))*
IAR(A) (Tarys®zn9Z8) g pa TVAR (A (0 Ky (Terys))? = 7 K, (Ta))?

Combining Proposition 133 and Lemma 135, we obtain the following theorem.

Theorem 136 Let [1: Spec(A) — Spec(OK[Tlil, e, Tdil]) be a framing, and let
t; denote the image of T; in A. Then the morphism (140) associated to B = A and
t; € A* coincides with the isomorphism (125) defined by using the framing O.
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Proof By Lemma 135 (2), we have the following commutative diagram, where
we write Bf, —/m, T, and T" for Bock?, — ®’Amf(0?) Aint(Og) /7, T Ains (M), and
T ALL(M), respectively.

+ O = + 0 = +
Ne KA(T=) /T e L RI(I g, T )/WmLﬂﬂ RI'(Aq, T)/m

(lZZ)l/E l/; (127)l/§
L] .(142) L] { ] L] L] { ] L]
My, ®4 Q% — > (H*(I'g, g} T5), B}) —— (H*(A 4, gr}T), B})

The composition of the bottom horizontal homomorphisms coincides with (139) by
Proposition 133. This implies the claim. (]

In the rest of this section, we prove a functoriality of the morphism (140) in
(B, s1, ..., s.) and show that the morphism (140) is a quasi-isomorphism and does
not depend on the choice of sy, . .., s,.

Let B’ be a B-algebra p-adically complete and separated such that the homomor-
phisms B/p™ — B’/ p™ (m € N.) are smooth, and suppose that we are given a sur-
jective homomorphism B’ — A compatible with the homomorphism B — A, and
Sy, -+, Sy € B such thatd logs’; (j € NN [1, €']) form a basis of 25 /,m)/5/pm)
for m € Noo. Set 2 :=1lim 25/p)/(0x/p and 2, = A 2 for g € N. By
applying the construction of P,,, P, Mp, and Mp for B — Ato B — A, we define
P, P', Mp:, and Mp:. We define the filtration I" (r € Z) on irys 5m (A) by
using s} and the image of s; in 5. The Og-homomorphism B — 55 induces
PD-homomorphisms P,, — P,, and P — P’ compatible with ¢ and V. It also
induces homomorphisms of Acrys(j)—algebras ,safcrys,g,m(Z) — Derys B'm (A) and
Derys, B(A) — Lerys, B (A) compatible with the homomorphisms P, — P andP —
P’ above, the G 4-action, ¢, V, and the filtrations I" (r € Z). We have the following
canonical P’-linear isomorphism compatible with ¢ and V.

Mp’/” = Mpm Xp, 'P,/n (m € Nog), Mp = Mp Qp P (143)

Following the notation Mp 4., we write Mps 4. for the inverse limit
l(illm Mp: ®o, Aint(Ox)/7. By using the morphism Y/B,,, = Spec(B'/p™ oy /pm
Acrys(.?l) /p™) — Yp = Spec(B/p™ Qo /pm Acrys(./Tl) /p™) compatible with the
embeddings of X, = Spec(Z/p”‘), we see that (30), (130)-(134), (137)—(139) for
B and 5’ are all compatible with the natural morphisms from the modules for B to
those for 3. Thus we obtain the following functoriality.

Lemma 137 Under the notation and the assumption as above, the following diagram
is commutative, where the right vertical morphism is induced by (143).
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. (140)
MP,A;m- B -QB - LU:RF(A.A’ T Ajpr(M)) ®ﬁinl‘(0f) Ainf(of)/ﬂ-
Mp 4., ®p ‘QZ'S” %

Lemma 138 Under the notation and the assumption as above, the morphism
Mp a, @B 25 — Mpr s, Qp 2 induced by (143) is a quasi-isomorphism.

Proof For eachm € N, g, the morphism Mp, ®p 25 — Mp, ®p 25 is a quasi-
isomorphism because both sides compute RI™((X1/ X )erys, Fm) ([5, 7.1 Theorem]).
See before (22) for the definition of F,,. We obtain the desired quasi-isomorphism

by taking ® o, Ainf (Ox)/7 and then R 1(21”’ O

Theorem 139 The morphism (140)

Mp 4

associated to B and s; € B* is a quasi-isomorphism and does not depend on the
choice of s;.

Proof By applying Lemma 137 to A, B — ](iLnn (A ®op, B)/p™ and using Lemma
138, the first claim is reduced to Theorem 136. Let s{, ..., s, be another set of
coordinates of 5 over Og. Put B’ := l(ir_nm (B®o, B)/p™. Then, by Lemma 137, the
morphism (140) associated to 5 — A and s; (resp. s;) factors through the morphism
(140) associated to the product map B’ — A and s; ® 1, 1 ® s/ via the morphism
A (resp. \') Mp a,, ®pB 25 — Mp 4, ®p 25 induced by B— Biar—>a®1
(resp. 1 ® a). The product map B’ — B induces a G g-equivariant Aj,¢(Ox)/7-
linear morphism p: Mpr 4, @p 25 — Mp 4, ®p 25 such that yro Xand pro N
are both the identity map. Since A and )\’ are quasi-isomorphisms by Lemma 138,
this implies that A and A’ coincide in the derived category of Aiys(O%)/m-modules
with semilinear G g -action. [

inf

inf

17 Period Rings with Truncated Divided Powers

In this section, we introduce and study period rings with truncated divided powers,
which are used to give a description of the scalar extension of the modified Galois
cohomology Ln;RF(AA, T Ajps(M)) by Ains(Og) = Acrys(Og) in Sect. 20. See
the remark after Proposition 156 and the proof of Proposition 192 for the reason why
we need such period rings.

As in the beginning of Sect.8, let A be a normal domain containing O, and
assume that A/pA # 0, the absolute Frobenius of A/pA is surjective, and A is
integral over anoetherian normal subring. Let R 4, Ajps(A) = W(R,),0: Ajps(A) —
/T, p € Ry and € € Aje(A) be as in the second and third paragraphs of Sect.2. Let
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€ = (en)nen € Z,(1)(0%), € € Ry, and m € Ajy(A) be as after (1). The quotient
n:=m(e ()7 € Ajpr(A) generates Ker(f), ie. n € & App(A)* ([12, 5.1.2],
[18, Example A 2.6]).

Let N be a positive integer. We define the ring WP (™ (R ) to be the W (R 4)-
subalgebra of W (R 4)[p~'] generated by #5”1 (I e NN [0, N]). We have WFP-(V)

(R4) € WPP-N)(R 4) for positive integers N’ > N. The ring WP (R ) is func-
torial with respect to Z,-algebra homomorphisms between A’s.

For L € N and n € N, we define {n}), € N to be v, (r!) + qvp((pL)!), where
n=qgp+r(geN,reNN[0, p¢ —1]). Forl € N, we have

vy(plh) = =1 ifl <L,

noo_ = ) 144
rie 2=y (ph) ifl > L. (1

1

I-L Ly _ pl=p

P (pt) = =1 =1

For an element x of a Q,-algebra and n € N, we define x/"l® to be p~"w x", and
x" tobe (n!)~'x". For n € N, recall that the p-adic valuation of n! is given by

vp(n!) = Zalv,,(pl!) (n= Zalpl, a € NN[O, p—1]). (145)

>0 >0

Lemma 140 (1) Forn,n’ € N, we have {n + n'}) > {n}w, + {n'}1)-
(2) For neN, define aeN and a, e NN[0,p—1] for leN by n=
ap® + Y iennoL—1y 4P = Y enap'. Then we have

mw=ap" v+ Y, alphow =) ape.  (146)

1eNN[0,L—1] leN

(3) For n € N, we have {n}) =v,(n!) if n < pttl —1, and {(n}y <vp@nl) if
n > pttl,

(4) Forn € N, we have {n}) = {n}+1) ifn < pt*tt — 1, and {n} 1) < {n}asy) if
n> pltl,

(5) Forn e N, we have 0 < {n + 1}, — {n}x, < L.

Proof The claim is trivial when L = 0 because {n}¢) = 0 for every n € N. We
assume L > 0.Forn,n’ € N,putn = gp* +randn’ = ¢'p* +r'(q.q' e N,r,r' €
NN [0, p“ —1]). Then we have n +n' = (¢ +q¢)p* + (r +r'), v, ((r + 7)) >
v, (r!) + v, ("), and, by (145), v, ((r + ")) = v, (p=!) + v, (+"!) when r + 1’ =
pt 4+ " with " € NN [0, p* — 1]. This implies the claim (1). The claim (2) fol-
lows from the definition of {n}(z,, (145), and (144). We obtain the claim (3) (resp. (4))
by comparing (146) and (145) (resp. (146) for L and L + 1) and using (144). For
r=gpl+r(geN,r e NNI[0, pL —1]), we have {n + 1}, — {n}@) = v, ((r +
DY —v,(@#!) = v, + 1). This implies the claim (4). U

Let Z,(T)™ be the Z,[T]-subalgebra of Q,[T] generated by T/l (I e NN
[0, N]).
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Corollary 141 (1) The Z,-algebra Z,,(T)(N) is a free Z,-module with a basis
T (n e N).

(2) We have T € Z,,(T)™ forn e NN [0, pN*! —1].

(3) We have an isomorphism of F ,-algebras

FplTo, Ti, ..., Ty_1, IN1/(TY . ... 0 ) — Zp(TYN/p; T; > (TP mod p).

Proof Wehave T e 7,(T)™ by Lemma 140 (2) and 71w 701w g7, Tl dan
by Lemma 140 (1). This implies (1). We obtain (2) from (1) and Lemma 140 (3).
The homomorphism in (3) is well-defined by (T'Pyr € Z;pT“’M] fori e NN
[0, N — 1]. By (1) and Lemma 140 (2), Z,(T )" is a free Z,-module with a basis
(TP Ty Hoggzvfl(T[p[])a' (a; e NN [0, p — 1], a € N). This implies the claim (3).

a

Corollary 142 The W(R,)-algebra  WFPPW)(R,)  coincides  with  the
W (R 4)-subalgebra ofW(RA)[p’l] generated by [E]“”] (leNN[O0,N).

Proof By Corollary 141 (2), WP (R ,) (resp. the second W (R 4)-algebra in the
claim) contains £ (resp. [ p]"")) forn € NN [0, pV*+!' — 1]. Hence the claim follows

from £1P'1 = > 0<v<pl p[”](—[g])[”l’l’] and [E][Pl] = ovep POV M forl e
N[0, N]. (]

Corollary 142 implies that WFP-(W)(R ;) is stable under the Frobenius automor-
phism of W(R4)[p~'] (induced by that of W (R 4)). Let ¢ also denote the induced
endomorphism of WFP-M) (R ,).

Proposition 143 We regard W(R ) as a Z,[T1-algebra by the homomorphism
ZplT] = W(RA); T + & (resp. T — [p)).
(1) The homomorphism 7/ p"Z[T] — W,(R,) is flat for every n € N..

(2) The composition of W(Ry) ®z,i1) Zp(T)™N — W(RA) ®z,111 QplT] =
W(RA)[p’l] induces an isomorphism

W (RA) ®z,11) Zp(TYN —> WPM(R ).

Lemma 144 Let R be a flat Z,-algebra, and let a € R suchthat R/ pR is a-torsion
free. We regard R as a Z,|T]-algebra by the homomorphism Z,[T] — R; T > a.

(1) IfR/pR is a-adically complete and separated, then R/p" R is a flat Z/ p"Z[T ]-
algebra for every n € N..

(2) Let M be aZ,|T1-module and suppose that, for every x € M, there existsm € N
such that p™x = 0and T"x = 0. Then Tor,Z”m(M, R) =0 foreveryr > 1.

(3) Let S be a Z,[T]1-subalgebra of Q,[T] such that T" € pS for some ny € N.
Then the homomorphism R ®z,11 S — R Qg1 Q[T is injective.
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Proof (1) Since p is regular on R, the natural homomorphism R/p™ R ®z,,mz(r]
(p"™Z[T1/ p™ ' Z[T]) — p™R/p™* 'R is an isomorphism for m € N. (. Hence, by
the local criteria of flatness, it suffices to prove the claim forn = 1. By assumption, the
homomorphism F,[T] — R/pR extends to a homomorphism F,[[T]] — R/pR,
whichis flat because a isregularon R/pR. Since F,[T] — F,[[T]]isflat,F,[T] —
R/pR is also flat.

(2) We may assume that M is finitely generated since M is the filtered direct limit of
its finitely generated Z,[T |-submodules and Tor,Z”m (=, R) commutes with filtered
direct limits. By considering the graded quotients of the filtration (7', p)" M (r € N),

which is of finite length, we are reduced to the case M = Z,[T1/(p, T). By apply-

ing Tor?”m(—, R) to the exact sequence 0 — Z,[T] L Z,[T] — Fp[T] = 0,

and using the p-torsion freeness of R, we obtain Tor,Z”[T](]Fp[T], R)=0 (r > 0).

. Z,IT T
Then, by applying Tor, [ ](—, R) to the exact sequence 0 — F,[T] — F,[T] —

F,[T]1/(T) — 0, and using the a-torsion freeness of R/pR, we obtain
Tor,” " \(F,[T1/(T), R) = 0 (r > 0).
(3) The Z,[T]-module Q,[T]/S is generated by (p~" mod §) (m € N), and we
have p"-p™eS and T"0.p " = (p~'T")" cS. Hence we have
7,[T
Tor;”"(Q,[T1/S. R) = 0 by (2). O
Proof of Proposition 143 By Lemma 1 (4), we can apply Lemma 144 (1) and (3)
to R = W(Ry), a =& (resp. [p]), and S = Z,(T)™, and obtain the claims, using
also Corollary 142 when a = [ E]‘ O

We define the decreasing filtration Fil"(W(RA)[p~']) (r € Z) of W(R»)[p~]
by ideals to be (Fil’W(RA))[%]. Since W(R,)/Fil" = W(R,)/£" is p-torsion free
(Lemma 1 (3)), we have

Fil' W(R,) = W(R,) NFil'(W(RN)[p~'), reZ. (147)

We define Fil’ WPPV)(R ) (r € Z) to be the filtration of WFP-(M) (R ) by ideals
induced by that of W(R)[p~'1, i.e., WPPM (R ) A\ Fil" (W(R ) [p~'7).

Lemma 145 Letr € N.

(1) Fil" WPP-WN(R ,) is generated by €51 (s € NN [r, 00)) asa W (R 4)-submodule
of WED-MW(R 1),

(2) The image of the following injective homomorphism is the A-module generated
by (V" mod Fil'+1).

g WP M(R 1) < et (W(RAp™'D = Alp~"1- (¢ mod Fil' ).

(3) The quotient WFPWN)(R ,) /Fil” is p-torsion free and p-adically complete and
separated.
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Proof The claim (2) immediately follows from (1). By using Lemma 3 (2),
we obtain (3) from (2) by induction on r. Let us prove (1) by induction on
r. The claim for r =0 holds by Corollary 141 (1). Let r € N.y, and sup-
pose that the claim holds for » — 1. Then any element of Fil” WFP-™)(R,) is
written as Y., @M (a, € W(Ry) (n>r—1), a, =0 (n>0)). Since
e Fil'WPP-M(R ) for n>r, we have a,_ 0w ¢ Fil’W(RA)[%] =
§’W(RA)[%], which implies a,_; € §W(RA)[%] NW(R,) = EW(R,) (147), and
therefore a,_1 £V~ € W(R )€V € W(R)EVI™ by Lemma 140 (5). O

Corollary 146 We have o(Fil'WPP-M(R ) Cc p" WPP-M(R,) for r e NN
(0, p— 1]

Proof By Lemmas 145 (1) and 140 (2), the ideal Fil"'WPPM(R,) of
WPD-M(R,) is generated by & and ¢! (1 e NN[l, N]). By Corollary
142, we have (&) = p(1 — p~'[p]?) € pWFP-M(R,). Hence the claim fol-
lows from p' —v,(p') =p' —(p—D'P' =D =pE-D'P'P-+1) >
(p—D'p(p—2)+1)=p—1forl e No. (I

Proposition 147 The ring WP ™N)(R ) coincides with the W (R 4)-subalgebra of
W(RA)[p~'] generated by (p_lwp_l)[”l] (leNN[O,N —1)).

Proof Put 7’ := ¢~ !(7) and ) := 7(7’)~!. We have n EW(Ro)™ ([12, 5.1.2],
[18, Example A2.6]). By multiplying 7 = {(1+7)? — 1}(«/)~' = (x)?~! +
leiip_l (f)(w’)”’l’i by n?~!'p~!, we obtain p~'n? =p~ 7Pl +na, ac
W (Ro,). This implies the claim for N = 1. We have (p~'n?)!"l € Zxn'P"! for
n eN, and n"l € WPP-W=D(R ) for an integer N >2 and n € NN [0, pV — 1]
by Corollary 141 (2). Hence we have (p~'zP~Hlr" 1 = (p~lyr)lP" 14 py =
u- 77[”N] + by, by € WPD‘(N’D(R(PK), ue Z; for an integer N > 2, and obtain the
claim by induction on N. (]

Let ZP[T]($)(N’1) be the Z,[T]-subalgebra of Q,[T] generated by the ele-
ments (%“)Uﬂ (leNN[0,N —1]).

Lemma 148 (1) The Z,-algebra ZP[T]<%7I)(N_1) is a free Z,-module with a basis
T (E=ymocn (e N, r e N[0, p —2]).

(2) We have ()" € 2, [T)(Z=) V=D forn e NN [0, pV — 1].

Proof Put L =N —1 to simplify the notation. By Lemma 140 (2), we
have T’(%")I"'w—n € Z,,[T](%")WD for neN and reNN[O, p —2].
By using Lemma 140 (1), we see that, for n,n’ € N and r,r e NN
[0, p — 21, Tr(%_l)[n]uvfn . Tr/(%;l)[h’](N—]) c ZpTr-&-r'(%_l)[itl-&-n/](}r])’ and if
r=mrdrzp -1 TU (e = prr D s (e ¢
pZ,,T”’—(P—U(T:‘)["+"’+1h~—'>. This implies (1). The claim (2) follows from (1)
and Lemma 140 (3). (I
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Proposition 149 We regard W(R ) as a Z,[T1-algebra by the homomorphism
Zy[T] — W(RA); T +— .

(1) The homomorphism Z./ p"Z[T] — W,(R4) isﬂatfo;: everyn € N.y.
(2) The composition of W (R4) ®z,r ZP[T](T: YND — W(RA) Q2,11

Q,IT] 3 W (R p~"1 induces an isomorphism

W(R 1) ®z,1) Zp[THL=) V7D = WPPM(Ry).

Proof By Lemma 1 (4), W(R,)/p is w-torsion free, and m-adically complete and
separated. Since W (R ,) is p-torsion free, we obtain the claim by applying Lemma
144(1)and B)toR = W(R,),a = m,and S = Zp[T](¥)(N’1), and using Propo-
sition 147. ([

We define I"(W(RM)[p~']) (reZ) to be the ideal of W(R,)[p~ ']
consisting of elements x such that ¢"(x) € Fil"(W(R,)[p~']) for all n € N. By
(147), we have I"(W(Rp)[p~']) = (I" Aine (A)) [p~'] = wmaxir0}. Ainf(A)[%] and

I" Aini (A) = At (A) N T (W (R[] (148)

We define the ideal I” WFPP-™) (R 1) of WPP-M(R 1) tobe WP-M(R NI (W(R)[p~'D),
which coincides with the ideal consisting of elements x such that ¢"(x) €
Fil" WFPP-M (R 4) forall n € N.

Lemma 150 Letr € N.

ny I WPD MR, is the W(R4)-submodule of WFPPW)(R,) generated by
a(”” Yooy (a e NN [0, p—2],beN,a+ (p — b >r).
(2) Lets 6 NN[0,p—2]and g € N, and put r := s + (p — 1)q. Then the multi-
plication by 7 (”'p Yalw-v induces an isomorphism

W(RA)/T'W(RA) —> gty WM (R ).

(3) The quotient WEP-WM (R ) /1" WPP-M)(R 1) is p-torsion free, and p-adically
complete and separated.

Proof The claim (2) follows from the claim (1) and (148) for r = 1 because 7 is
not a zero divisor of W(RA)[%]. Since W(RA)/I1 W(RA) = W(R,) /7 is p-torsion
free, and p-adically complete and separated by Lemma 1 (3), we obtain (3) from (2)
by induction on r by using Lemma 3 (2). One can prove the claim (1) in the same
way as the proof of Lemma 145 (1) by using Proposition 149 (2), Lemma 148 (1),
(148) for r = 1, and 7 77" 2(Z2 )l € 7,, - (22wt oy, O

Definition 151 We define the period ring A{})(A) to be the inverse limit

lim WPD-N)(R 1)/ p™. We define a decreasing filtration Flergjr\;l(A) (r € Z) of
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AN (A) by ideals to be lim Fil WFPP-M(R 1)/ p™. Note that the homomorphism

crys
Fil’ WPP-WM (R )/ p" — WFP-M(R 1)/ p" isinjective by Lemma 145 (3). The Frobe-
nius endomorphism ¢ of W™ (R,) induces that of A{})(A), which is again
at
the (p, [p])-adic topology because [p]” € pAgVy;(A) by Corollary 142.

By Lemma 7, A{N)(A) and Fil’AN)(A) are p-torsion free and the natural

homomorphisms  AN) (A)/p™ — WPD-W(R,)/p™ and Fil' AN) (A)/p" —

crys crys
Fil" WFPP- M) (R ,) / p™ are isomorphisms. The latter implies that A g\)’,{ (A)andFil" A %l (A)
are p-adically complete and separated.

The topological algebra Ag\Qg(A) with Fil” and ¢ is obviously functorial with
respect to Z,-algebra homomorphisms of A’s. By Corollary 146, we have

denoted by ¢. We endow A(: ) (A) with the p-adic topology, which coincides with

oFiII"AM (A)) c p"Fil' AN (A) (r e NN[O, p —1]). (149)

crys crys

Asitisrecalled in Sect. 2, the usual period ring Ays(A) is canonically isomorphic
to the p-adic completion of the W (R 4)-subalgebra WPP (R ) of W(R4)[p~'] gen-
erated by £I" (n € N). Therefore we have natural continuous ring homomorphisms
compatible with ¢ and functorial in A

Ains(A) > AL (A) AP (A) >

crys crys
1
e Ac(:lr\}’/)s(A) g Agvy:r )(A) — Acrys(A)y
(150)
which induce isomorphisms
lim AQ) (A)/p" —> Acrys(A)/p™  (m € No) (151)

N

because lim | WPD-M (R ) 5 WPP(R,). As it is recalled in Sect.?, the filtration
Fil" Acrys(A) (r € Z) of Acrys(A) is given by the p-adic completion of Fil” WPP(R,) =
WPP(R4) NFil"(W(R4)[p~"']), and we have isomorphisms

WPP (R 4)/Fil" WP (R 4) = Acrys(A) [Fil" Aerys(A) - (r € Z). (152)
Similarly, by taking Lglm (— ®z Z/p™) of the exact sequence

. PD,(N) PD,(N) WD (Ra)
0 — FrW (R — WEH(R) — prmm gy 0

and using Lemma 145 (3), we obtain the following isomorphisms.

WPD-M (R ) /Rl WM (R ) —> ALY

crys

(M/FrAN (A) (reZ). (153)

crys
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From (152), (153), and (147), we obtain the following.

Lemma 152 The homomorphisms Ajy(A) — A%)S(A) — Aays(A) (150) are
strictly compatible with the filtrations Fil®.

Lemma 153 The filtrations Fil" (r € Z) on Ajp(A), Aég’,;(A) and Acys(A) are
separated.

Proof Since these algebras are p-adically separated and their quotients by Fil” are
p-torsion free, it suffices to prove the claim for the images of Fil” in the reduction
mod p of these algebras. The claim for Ai,s(A)/p follows from Lemma 1 (4) for
a=¢& For AN (A)/p = WPP-NV(R ) /p and Acrys(A)/p = Acrys,1(A), we obtain

crys

the claim from the following isomorphisms sending 7; to (£ (Pl mod D).

Ra/p"[Ths ., Ty, TV/(TY o TR ) —> AN (A)/p, (154)

crys

Ra/p"ITi;i € Nogl/(T/5 i € Nog) —> Acys(A)/p = Aays 1 (A). (155)

The first one follows from Proposition 143 (2) and Corollary 141 (3). The second one
follows from the flatness of k[T] — Ajns(A)/p; T +— (¢ mod p) (Proposition 143
(1)), [5.3.21 Proposition], and F ,[T;; i € N1/(T”,i € N) > F (T)/p; T; — TP\

O

Corollary 154 The homomorphisms Ap(A) — A%)S(A) — Aays(A) are injec-

tive.

Proof This is an immediate consequence of Lemmas 152 and 153. (]

Remark 155 (1) The ideal Fil' AQY)(A)/p" of ALY)(A)/p" is not a nilideal. The
claim is reduced to the case n = 1, and (f[PN] mod p) is not nilpotent in
AN (A)/p by (154).

crys
(2) The reductionmod p of ¢ of Ag\g,)q (A) does not coincide with the absolute Frobe-

nius. Indeed we have o (£17"1) € pAﬁg;(A) by (149), but (£[7" )P ¢ pAg\;)s(A)
as observed in (1).

Proposition 156 (1) Fors € N, the element () is regular in AN) (A).

crys
(2) Fors € N, the quotient Agﬁ’/)S (A)/p~%(m) is p-adically complete and separated,
and its p-primary torsion part is annihilated by p" .

(3) For s € N, the quotients Ag\;l(A)/ga’s(w) and (Ag\}’,l(A)/ga’s(ﬂ))/p'" (m e

N. o) do not have a non-zero element annihilated by the ideal ZleN [BPJ 1Aint (O%)
of Aint(Og).

As it is mentioned before [7, Lemma 12.8], the property (2) in Proposition 156
does not hold for Acrys(A), and this is the main reason why we introduce AN (A).

crys
The same remark applies to AZ. (A) (cf. Proposition 168 (2)).

crys
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Proof (1), (2) For m € N., let K,, and C,, be the kernel and cokernel of the mul-
tiplication by T on (Zl,[T](¥)(N’1))/pm. Forn € N,puta(n) = {n + 1} -1 —
{n}w—1) + 1, which is contained in N N [1, N] by Lemma 140 (5). Then, by Lemma
148 (1), we have

Ky = ®pen p" "L/ p" L - TP (p~ TP HM,
Cn =Z/p" ® (Bpen Z/p™™ (p~' TP+

form € Nand m > N. This implies that the homomorphism K,y — K,, vanishes
for m > N. By Proposition 149, we have an exact sequence

0 —> Ky ®w, Wn(Ra)/m —> WM (R, )/ p" — WPP-M(R )/ pm
— Cm ®Wm Wm(RA)/Tr — 0.

By taking l(ir_nm and using the fact that W(R,)/7 is p-torsion free (Lemma 1 (3)),
we obtain the claims (1) and (2) for s = 0. We also obtain

(ARUA)/T)/P" = (At (A)/7)/ P" @ (Dneri(Ain (A)/7)/ p* ()t

For s € N, we have m € ¢ ™% () Ainr (Ox). Hence the claim (1) for s = 0 implies
that ¢ % () is regular in A(N ) (A) and the multiplication by m¢ ™ (7)~" induces an

injective homomorphism A(N V(A5 () = AWN) (A)/7 . The latter shows that

crys crys

the p-primary torsion part of A%N) (A)/ =% () is annihilated by p". This together

crys
with the regularity of ¢~ () in AN) (A) and AN) (A) = lim A(N) (A)/p™ implies

crys crys crys

AN (A [~ () = lim (A%?S(A)/go“(ﬂ'))/p by Lemma 157 below.

(3) Let Z be the 1deal > enl Bpil]Ainf(Of). By (2), it suffices to prove the claim
for the reduction mod p™. By the description of (AN)(A)/m)/p™ above and 7 €

crys

@~ (m) Aine (Of), we are reduced to proving (Ains(A)/p~*(m))/p™IZ] = 0. Since
Ainf (A) /™% () is p-torsion free (Lemma 1 (3)), it is further reduced to the case m =
1. We have isomorphisms (Ain;(A) /@ (7))/p = Ra/(€P" — 1) S A/(ggp1 — 1)
induced by the projection to the second component, and the claim follows from
Lemma 114. O

—s

Lemma 157 Let R be a commutative ring, and let a be an element of R.

(1) Let0 — My — My — M3 — 0 be an exact sequence of R-modules. Let N be
a non-negative integer, and suppose M3[a"] = M3[a™] for every integern > N.
Then the following sequence is exact

0 — lim M, /a" — lim M, /a" —> lim M3/a" — 0.
— — —

n n n

(2) Under the same notation and assumption as (1), if two of the three R-modules
M; (i € {1, 2, 3}) are a-adically complete and separated, so is the rest.
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Proof The claim (2) follows from (1) in the same way as the proof of Lemma 3 (2). By
applying the snake lemma to the multiplication by a” and a"*! on the exact sequence
0— M, - M, - M3 — 0, we obtain the following commutative diagram whose
two lines are exact.

M3[a"+l] - Ml/an+1 - Mz/an_H - M3/an+1 — =0

P

Ms[a"] M, /a" M,/a" —— M;3/a" ——0

LIN
Let K, be the kernel of M;/a" — M,/a" for n € N.y. Then, as M3[a"*¥] —
M;3[a"] vanishes for every n € N.y by assumption, we have 1(&1” N, =0 and

R! l(ir_nn N, = 0. This implies the claim (1). O
We also introduce another completion of WFP-(V)(R ,) to have Proposition 164.

Definition 158 We define the period ring AN (A) to be the inverse limit

crys

lim WFP-M(R )/ T"WPP-M (R 4). We define a decreasing filtration by ideals
Fil" AN (A) (resp. I"AND (A)) (r € Z) of ANVD(A) to be the inverse limit

crys crys crys
of Fil' WFD-M (R ) /1"WFP-M (R ) (resp. I"WFP M (R 1) /1"WFP- M (R ) (n €
NN [r, 00)). The Frobenius endomorphism ¢ of WFPP-™(R,) induces that of

AN (A), which is again denoted by ¢.

crys

Itis obvious that the homomorphism W™ (R ) — AN (A) induces the fol-
lowing isomorphisms.

WPD-M) (R ) JFilr WP (R ) > AN (A FIN AR (A) (reZ) (156)

WP (RN WM (R ) =5 AND A/ 1" AND(A) (reZ)  (157)

crys crys

Lemma 159 (1) Forr € Z, we have an isomorphism

Fil' ANV (A)

crys

= lim Fil WPP-M(R ) /(1" WPP- M (R 4) + p™Fil" WFP- M (R 4)).

m,neN,n>r

() AND(A) is p-torsion free, and p-adically complete and separated. For m &
N.o, we have an isomorphism

ABD(A)/p" > 1im WP (R 4) /("W (R ) + p" WP (),

crys
neN

3) Forr €Z, I’A%j)(/\) coincides with the ideal of Ag’rvy;r)(A) consisting of ele-

ments x such that ¢ (x) € Fil' AN (A) for alln € N.

crys
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(4) Forr,s € Zsuchthats > r, I"AYND (A) and I’A(NJ’)(A)/I‘YA%?(A) are p-

crys crys
adically complete and separated.

Proof For r,n € N with r > n, the quotient Fil' WF>M(R 1)/ I"WFPP-M(R ) is
p-adically complete and separated by Lemmas 145 (3), 150 (3), and 3 (2). This
implies the claim (1). We obtain the second claim of (2) and the p-torsion freeness

of Ag\;:) (A) by taking the inverse limit of the exact sequence

WPV (R ) p" WPP-V)(R 1)

5 WM (R )
I”WPD'(N)(RA) IanD.(N)(RA) O

0— T"WPD-N (R 1)+ p" WPD- (R ;) -

—

Then the claim (1) implies the remaining claim of (2). The claim (3) immediately
follows from the definition of the filtrations I" and Fil” on AN?) (A). We can derive
the claim (4) from the first claim of (2), Lemma 150 (3), and (157) by using Lemma
3. O

We endow Ag\;j) (A) with the topology induced by the inverse limit of the dis-

crete topology of WFP-M)(R 1) /(I"WFPP-M(R 4) + p" WPP-WNV)(R 4)) via the iso-
morphism in Lemma 159 (1).

Lemma 160 (1) The identity map of WPP™)(R ) induces a continuous injective
homomorphism Ag\;)s(A) — Ag’rvyj) (A) compatible with @ and strictly compat-
ible with the filtrations Fil”.

(2) The inclusion map WPP WM (R 1) — WFPD-W+D(R ) induces a continuous injec-
tive homomorphism Agvy:r)(/l) — Ag\;;rl)(A) compatible with ¢ and strictly
compatible with the filtrations Fil’.

Proof (1) By Lemma 159 (1) and the definition of the topology of Ag‘;:“) (A) above,

we have a continuous homomorphism AN) (A) — AN+ (A) compatible with ¢ and

the filtrations. We see that it is strictly compatible with the filtrations by (156) and

(153), and then it is injective by Lemma 153.

2)Forb =ayp" +ay_1pV '+ +ap+ag(ay €N,ay,...,ay_; e NN

[0, p — 11), we have {b}, — {b}v—1) = aN(% - pl”;’_‘;‘) — ay by Lemma

140 (2). Hence, for m € N, we have {b}) — {b}v—1) = m if b > mp". By Lemma

150 (1), this implies 7"7" =D WPP-MW (R )y  pmWPP-W+D (R ). Hence we have

a continuous map compatible with ¢ and the filtrations as in the claim. It is strictly

compatible with the filtrations Fil” by (156) and (153). Then, by Lemma 159 (3),

the kernel is contained in the intersection of I ’A%;” (A) (r € N), which is 0 by the

definition of Aggj) (A) and the filtration I" AN (A) (r € N). O

crys

Lemma 161 The topology of Agvyj) (A) is induced by the p-adic topology of Acrys(A)
via the injective homomorphism AN (A) — Aeys(A) (Lemma 160 (2) and Corol-

crys
lary 159).

Proof By the isomorphism WFP (R ,)/p™ =4 Acrys(A)/p™, it suffices to prove that
the topology of WPP-™ (R ,) induced by the p-adic topology of WFP(R,) is the
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same as that defined by p"WFP-M (R ,) + I'WPP-W)(R,) (n,1 € Noy). By the
proof of Lemma 160 (2), the kernel of WFPW)(R,) — WPP(R,)/p™ contains
pm WPD,(N) (RA) + ImpN(pfl) WPD,(N) (RA)

PutI"WPP(R ) = I"(W(RA)[p~'1) N WPP(R,) (- € Z). Letm € N_o,and put
I =m(p —1)2. Since WFPP(R,) is the union of W™ (R 4) (N € N.g), Lemma
150 (1) shows that WPP(R 4)/I' is generated by W”(%ﬁl)[”] as an W (R 4)-module
fora e NN[0, p —2] and b € N such that a + (p — 1)b <[ — 1. Since v, (b!) <
p’il < m for b as above, we obtain p” (WP (R 4)/1') ¢ WFPP- M) (R ,)/I'. Hence the
multiplication by p” on WPP (R 4)/I' induces ahomomorphism f,,: WP (R,)/I' —
WPP-M (R 4)/I', whose composition with the homomorphism WP (R 1) /1! —
WPP(R,)/I' is the multiplication by p™. The kernel of WFP-W(R,) —
WPP(R )/ p*" is contained in the kernel of the composition of

WP (R ) — (WPP(Rp)/1/p" L5 (WP (R ) /1",

which is equal to the composition of

WM (R ) — (WD (Ry) /1 p* Lo (WO (Rp) /1

The latter kernel is I' WEP-M (R 1) 4+ p" WFPP-M (R 1) because WFP-M(R 1) /1! is
p-torsion free. This completes the proof. (]

Let A be a subring of A such that A is integral over A and Frac(A)/Frac(Ap) is
a Galois extension. Let G (A /Ag) denote the Galois group of Frac(A) over Frac(Ay).
Then A is a G(A/Ap)-stable subalgebra of Frac(A). Therefore the group G(A/Ag)
naturally acts on Ag\;l(A) and Ag\;j) (A) with ¢ and Fil".
Proposition 162 The actions of G(A/Ag) on Ag\;l(A) and on Aggj)(/l) are con-
tinuous.

Proof 1Tt suffices to prove that the action of G(A/Ag) on WFP-M(R )/ p™ with
the discrete topology is continuous. By Corollary 142, WFPP-W(R,)/p™ is a
W(RA)/(p™, [p]P™)-algebra generated by the image of [p][PI] (leNNJ[1,N).
Hence the proposition follows from Lemmas 5 and 163 below. ]

Lemma 163 Foranyn € Nanda € p"Z,, we have [¢*] — 1 € p" WPED-(D(R 1),

Proof Putb := p™"a € Z,and x := [e] — 1 € Fil' W (R ). Then we have [¢?] —
1= Z”_l (5)x” + plxlPl € pWPP-D(R4). We obtain [e”"?] — 1 € p"WFPP-)(R )

v=1

by induction on 7. U

Since WPPM)(R4)/I™ (m € N) are p-torsion free, we have p” AN (A) =

1

lim pr(WPP-M(R ) /I'™) for r € N. Hence by Corollary 146, we have

Q(Fl"AND (A)) € pr AN (4) (r e N0, p —1)). (158)
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Hence the quadruplet (AN (A), p, ¢, Fil' AN (A)) satisfies Condition 39 for

Crys Ccrys
a = p — 2, and the action }(I)f G(A/Ap) on it sayltisﬁes the conditions before Defi-
nitions 48 and 53 by Proposition 162. Therefore we may apply Definitions 40 and
53 to this quadruplet with G(A/Ap)-action. We have ¢ = p(1 + %) and (%)” €
"r=DWPPMO(R ) (n € N) by Lemma 9 (2). This implies 1+ 7 € ALV (4)".
Therefore, by applying the construction of (44) and (47) to the two continuous homo-
morphisms Ajyr(A) — Ag\;:) (A) and Ag\;j) (A) > Agys(A) (Lemma 160, (150))

and composing with the isomorphism (49) (resp. (53)) for the first (resp. third) one,
we obtain the following four functors, where G = G(A/Ay).

M5 o) free (Aint (A), ) —> MF[y o (ANE(A), ), (159)

MFEf) ) free (AT (A). @) —> MEf o i (Aerys(A), ). (160)
M) free (Ainr (A), 0. G) —> MG, 1 (AND(A), . G),  (16])
ME[; " e (AN (A), @, G) —> MFGS™,) oo (Aarys(A), @, G). (162)

We need the following proposition in the proof of Proposition 181.

Proposition 164 The functors (159)—(162) are equivalences of categories.

Proof Let AN (A)be AND(A)/ 1P~ AN D (A) with @, Fil” and G (A /Ag)-action

Z=crys crys crys
induced by those of A{NF (A). We endow A%j)(/l) with the quotient topology,
which coincides with the p-adic topology. Then we have the following commutative

diagram of topological rings with ¢, Fil” and continuous G (A/Ap)-action.

Ajpr(A) —— A(N+)(A) - Acrys(A)

crys

’ | |

A (A) —= AQP(A) —— A

L=crys Z=crys (A)
The bottom left (resp. right) homomorphism is well-defined and injective by (157)
and (148) (resp. Lemmas 159 (3), 160 (2), and 152). Since the composition of them
is a filtered isomorphism by (2), each of them is also a filtered isomorphism. Hence,
by Propositions 59, 44, and 56 together with Remark 55 (2), it suffices to show that
the homomorphism AN (A) — AN (A) satisfies Condition 54 for a = p — 2.

Lcrys

We abbreviate AN (A) to A%:’) in the following. The conditions (a) (iii) and

Ccrys
(a) (iv) are obviously satisfied, and the conditions (a) (ii) and (a) (v) follow from
(157) and (158) with r = p — 1, respectively. The condition (a) (i) holds because
ARD Zlim AQE/1MALNY by (157) and 1" - 1™ C ["*" on A{{P. The condi-

crys crys crys

tions (b) and (e) are obvious. The ideals I, := p"AWH 4 ["+P=D AN (5 ¢ N)

crys crys
satisfy (d-1) and (d-2). We have 1, N IP7TAND = pn 77T AND 4 [+ (p=D AN
and p(I"TP=DANE) C prtUHPmDAND) because AN /I1PTTANE and
AND /1M P=D ANS are p-torsion free. Therefore the ideals 1, also satisfy (d-3).
By Lemma 159 (4), we also obtain
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lim (77~ A /(L 0 1P AGED))

crys
n

~1i p—1 A (N+) myp—1 A (N+) n+(p—1) 4 (N+)
=lim(17 AN /(P AND 1 ANDYy

crys crys crys
m,n

>~ 1L AWNH) fpnt(p=1) p(N+) o~ jp—1 4(N+)
_l(lr_nlp Acrys /In r Acrys =17 Acrys .
n

Thus the condition (c¢) holds. The sufficient condition for (f) and (g) given in Remark
55(1)holdsbecause pANY N (p" T AND + 1" ANY) = p(p" AN + 1"ALD)
forn,m € N. [l

18 Period Rings with Truncated Divided Powers Associated
to a Framing

We follow the notation in Sects. 12 and 17. We introduce and study period rings
with truncated divided powers associated to a framing []. Recall that we have intro-
duced a compatible system of étale homomorphisms Ajnr, o (Og) [U H AEf. (A
(a € Fne) with ¢ and an action of I'4. Let .#) denote the set of ideals a of

crys

AN (0%) satistying p" € a C pAXN) (0x) + Fil' AN) (O%) for some n € N.¢. For

crys crys crys

ae .M we define Ag\;l'u(A) to be the quotient AN) (A)/a, and AEy’g\Q (A) to be

crys ? crys

AEf(A) ® At (07) Aﬁ;;a(of). For g€ Iy and ae SN, the isomorphism

crys ?

pD (9): AEf (A) 5 4D (A) and the action of g on AXY) (O%) induce an isomorphism

inf crys

P29t Al (W) = AZ (A satisfying pF(1) = id and g, (9) 0 pT () =

crys,g(a)

p(gh). For a € #N), the endomorphisms ¢ of AL.(A) and AY) (Og) induce a

crys ? inf crys
: O,w O~ . .
homomorphism @E: Acryg,u) (A — Acryig,yﬂ)(a) (A) satisfying <pg‘:'( a © pE (9) =

Py (9) 0 5 for g € 4. Fora,b e ) with b C a, we have a canonical iso-
morphism

AT (1 ®A‘cf§;b<07> AY (0% = AT (4 (163)

crys,b crys,a crys,a

compatible with ¢ and the action of 4 in the obvious sense. It is also compatible
with the composition for a, b, ¢ € ™) withc C b C a. Leta € .7, and let n be

crys crys *
a positive integer such that p" € a. Then, since [p]”™ € p"A{})(O) by Corollary
142, we obtain the following canonical isomorphism from Lemma 79 (2).

O N = A0Ww
Ainf,(p".[g]””)(A) @ A, 1110 (OF) Airy)s,a(of) — Agy (A (164)

crys,a

In particular, this implies that AE;E{\Q (A) is smooth over Ag\;,l,a(Of).
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We define ACD&gN )(A) to be the inverse limit of AE;QQ (A) (a € #)) endowed
0,(v)

with the inverse limit topology of the discrete topology of Acys,q (N.A). The isomor-
phisms paD (9) and the homomorphisms @E induce the action of I"4 on AE&,&N )(A)

and the endomorphism ¢ of AggN '(A).

Lemma 165 The action of r "4 on AT N (A) is continuous.

crys

Proof This follows from (164), Lemma 86, and Proposition 162. U

0 . . .

Lemma 166 (1) Acr}’,gN )(A) is p-torsion free, and p-adically complete and sepa-
rated.

(2) For a e Z(rlyvs), the homomorphism ACD&QN Y(A)/a — ACDWEAQ (A) is an isomor-
phism.

Proof Since ALY (Og) is p-torsion free, and Ag\;,l,u(/l) (a € ) are flat over

(N) : 0,(v) PO
Agys,a(Og), we obtain exact sequences 0 — Acry& (p,)(A) — Acrys, (o H)(A) —
ACDr}‘,i{\g,m)(A) — 0 for m, ! € N by using (163). By taking the inverse limit over
1, we obtain exact sequences 0 — AE&&N )(A) LaN AE;&N M(A) — AE&g;m)(A) -0
for m € N.. This completes the proof because AZ-(V)(A) is the inverse limit of

crys
ACDr}‘,i{\g,m)(A) (m € N.) by definition and, for any a € .), there exists m € N_

crys ?

such that p™ € a. (]

Remark 167 Lemma 166 (2) implies that the topology of A E;g” )(A) coincides with
the p-adic topology.

Proposition 168 (1) Fors € N, the Ay (Og)-algebra A%EN )(A) is p~* ()-torsion
free.
(2) For s €N, the quotient AD:N)(A) /o~ (m)AD N (A) is p-adically complete

crys crys
and separated, and its p-primary torsion part is annihilated by p".
(3) The action of 'y on AD) (.A)/?TAD’(N) (A) is trivial.

crys crys

Proof By Lemmas 79 (1) and 80 (4), AL (A) is p-torsion free, and AZL(A)/p is

inf
m-torsion free and m-adically complete and separated. Hence the homomorphism

Z)p"[T] — AZ(A)/p™; T + T is flat by Lemma 144 (1). On the other hand, by

inf
Lemma 166 (2) and Proposition 149 (2), we have an isomorphism

AZAY/ P @z, LpI T M=)/ = ATV () /p.

Therefore one can prove the claims (1) and (2) by the same argument as the proof of
Proposition 156 (1) and (2). Note that AT:(V) (A4) = lim AD M (4)/p™ by Lemma

crys crys
166 (1) and AEf(A)/W is p-torsion free by Lemma 80 (3). By Lemma 88 and the
above description of AT (A)/p™, we see that the action of I'y on AN (A) /7 =

crys crys

lim (AWM (A) /) / p™ is trivial. O

crys
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For an ideal J of A®Y) (O%), we define the ideal J ATV (A) of ATV (A) to be

crys crys crys

the topological closure of JADM (A) in AZ-(M)(A), which is the inverse limit of

crys crys
J(AZM(A)/p™) (m € Nog) by Lemma 166.

crys

Lemma 169 Let J be an ideal of A(N)(Of) such that A(N)(Of)/J is p-

crys crys

torsion free and J C Fil' AN) (0O%). Then AWM (A)/TAD-MN(A) is p-torsion

crys crys crys
free, and p-adically complete and separated. Moreover the natural homomorphism

(AZM (A /TAT- M (A))/ pm — AD’(N),,,J)(A) is an isomorphism for m € N..

crys crys crys, (p
Proof We can prove the lemma in the same way as Lemma 81 by using Lemma 166,

(163), and the flatness of AN, «(Og) — At (A) (a € ZA)). O

For r € N.o, Fil'A(\)(O%) satisfies the assumption on J in Lemma 169

by Lemma 145 (3) and (153). We define Fil' AZ:™M(A) to be the closure of

crys
Fil’ AN (0) AZ ™M (A) in ANV (A). We put Fil’ AZN (A) = AZ M (A) for

reZ,r <0.
We have natural homomorphisms

Agp(A) = AZDV(A) — ADD(A) - - AT (A) » ATV A —
(165)

compatible with with the filtrations, ¢ and the actions of r "A. The natural homo-
morphism AYY )(Of) — Acrys(Og) (150) and the isomorphisms (164) and (74)

crys

induce homomorphisms AE&Q{\Q (A) — AT (A (ae SN d = aAqys(0p) €

crys,a’ } crys ?
Zrys) compatible with ¢ and the actions of I'4. By taking the inverse limit over

a € L), we obtain a homomorphism

AD My — AT (4 (166)

crys crys

compatible with the filtrations Fil®, , the actions of r "4 and the homomorphisms
(165) and (75).
The homomorphism LE'O: AD(A) = Ainr(As) (77) and the homomorphisms

inf

Ag\;l,a(Of) — Aiﬁ’yl,a(Aoo) (a € 7)) induce an inverse system of homomor-

phisms LE;,(ON): AE&S\Q (A) = AR o(Ax) (a € M) and then a homomorphism

crys
1™ AZ IV (A) - AN (Ase), which is compatible with ¢, the filtrations Fil®,
0,(v)

and the actions of I "4- We also see that the homomorphism ¢+ " and LODO - AH (A —

crys
Acrys(Aso) (77) are compatible with (166) and Ag‘ys(Aoo) — Agys(Aso) (150).
Proposition 170 (1) The homomorphism LEL.(ON): AE&E{\Q(A) — A%)S,a(.Aoo) is

injective for any a € efﬂc(ryNs) .

(2) The homomorphism AE;EN) (A)/Fil" — Ag\}/,)b (Aso) /Fil" and its reduction mod
p" (m € N.g) are injective.
(3) With the notation introduced before Lemma 84, Aégl a(Aoo) is afree AE&&{\Q (A)-

module with a basis [t"] (r € (Z[%] N[0, 1))¢) for every a € /M)

crys *



284 T. Tsuji

Proof The claim (1) is an immediate consequence of (3). The claim (3) follows
from (164), Aint(Aoe) ®4,(05) Atryla(Og) = Atyt.a(Aso) (Proposition 143 (2),
and Lemma 84. Let us prove (2). The quotients A%EN )(A)/Fil" and Ag?’y{ (Axo) /Fil”
are p-torsion free and p-adically complete and separated by Lemma 169, (153),

and Lemma 145 (3). Their reduction mod p™ are isomorphic to A )(A)

crys, (p™ ,Fil"
and Ag\;)s (pm_Fﬂ,-)(Aoo), respectively, by Lemmas 169 and 145 (1). Hence the claim
follows from (1). (]

Corollary 171 Fors € N, ADM(A) /o= (1) and ATV (A)/(p™, ¢ (7)) (m €

crys crys
N.¢) do not have a non-zero element annihilated by the ideal Z,eN[ Epfl]Ainf(Of)
of Aine(Og).

Proof By Proposition 168 (2), it suffices to prove the claim for the reduc-

tion mod p”. Since (p~*(m), p™) D (m, p™) € F), Lemma 166 (2) and

Proposition 170 (3) imply that the homomorphism AE&&N YA/ (™5 (), p™) —
AM (A /(@™ (1), p™) induced by PRAURETS injective. Thus the claim is reduced

crys

to Proposition 156 (3). U

We also introduce A"+ (A) and prove an analogue of Proposition 164 for fil-

tered p-modules. For m,n € N.g, let Aéjrvy)sq(l,lypm)(Of) denote the quotient

AND (0)/(I"AND (0g) + p"AND (0g)), and let AW (A denote

crys crys crys crys,(I",
N O,(N .. .
ALHA) @ (0p) AL (10, (O). By Lemma 79 (2), AL}, . (A) is isomorphic
] (N) - . O,(N+
t0 At oy (A ®ing on iy (0) Acays, (17, pmy (Ox)- We define the ring A (NH(A) to

crys
.

be the inverse limit of A ) (A) (m, n € N, o) endowed with the inverse limit of

crys,(I",

the discrete topologies. The algebra AEr;gN +)(A) is naturally endowed with an action

of I "A, continuous by Corollary 86 and Proposition 162 for (A, Ag) = (O, Ok),
and an endomorphism ¢. The homomorphisms AXN) (0%)/p™ — AN o (0F)

crys crys, (1",

and Aigl(lmlz”wlxpm)(Of) — Ag\;?l)(of) /p™ (see the proof of Lemma 160 (2))
induce continuous homomorphisms
AV (A) — AV (A) — AT N (A) (167)

compatible with the action of I'4 and ¢. We define the filtrations Fil’Ac%gN H(A)
and 1" AZ: VD (A) to be the inverse limits of Fil” A% +)(0f)AD’(N) m(A) and

crys crys crys, (1"

I"AND(0R) AN ) (A), which are I's-stable and satisfy Fil’ - Fil® C Fil'**

and I" - I* C I"**. The homomorphisms (167) are compatible with the filtrations
Fil® by definition.

Since Ag\;j) (0Op)/1 ”Agf;j)(Of) is p-torsion free, we have an exact sequence

O,(v) P O O,(V)
0 > ACrys,(I”,pm)(A) Acrys,(]",p’”“)(A) ? Acrys,(l",p’)(A) > O
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By taking the inverse limit over m and n, we obtain an exact sequence

0— AcDryiNJr)(A) Ac'ngNH(_A) —> lim Agyi%n’pl)(./l) — 0.  (168)

n

This exact sequence (168) for / = r and Corollary 146 for A = O imply

Q(FiI AN (A)) € p AN (A) (r e N0, p — 1)). (169)

We can apply Definition 40 to (ACDr NP (A), p, o, Fil'AND (A) anda = p - 2,
and obtain the category MF(, p_z],rree(ACDrygN P(A), ¢). Since g € p- ANY (Og)*
as observed before Proposition 164, we obtain the following two functors by applying
the construction of (44) to AT (A) — AN (A) — AZ,((A) and composing with
(98) for the first one.

M[o =21, rree(Amf(A) ) — MF[O p—21, tree(A‘c]r§§N+)(A)’ ®), (170)
MF&),p—Z],free(A‘C:rl),/(sNJr) (A), 90) B MF[O,p—Z],free(A‘C:rlys(‘A)’ (00) (171)

Proposition 172 The functors (170) and (171) are equivalences of categories.

Proof We omit (A) appearing in the notation AZ-(V)(4), AT

crys crys

(A), AD

simplify the notation. We first show that we have a filtered isomorphism Ainf /1P~ 3
ADND 1=l By Lemmas 159 (3), 160 (2), and 152, the homomorphism

crys

AN (Og) = Acys(Og) is compatible with the filtrations 7°. This implies that the

crys

(A) etc. to

inf

homomorphism ALV — AZl is also compatible with 7°. We have an isomor-

phism AU S AL, because At (O) /177" S AND (0g) /177!

inf, (wP=1, pm crys, (1 crys

by Lemma 150 (1) (148), and (157). By taking the inverse limit of the exact sequences

—1 ANy AH- V) 0,(V) 0, (V)
0 — IP Acrys (OK)ACrySA,(lm,[?'”) —> Acrys,(lm,p’”) — Acrys,(l"*‘,p”‘) - 0

form > p — 1, we obtain an isomorphism AD*(NJ“)/II"1 > lim ACI:r‘;IE{\i;F‘],p”‘)' 0]

the other hand, we have an 1som0rphlsm AD /17! =t hmm AY by Lemma

inf, (wP=1, pm)
80 (5). Hence we have Ainf /177! =4 ACDrygN /1P~ which is a filtered isomorphism

because so is its composition with A%ff’ RRl) Lol ADrys /17~! by Lemma 82.

By Propositions 94 and 44, it remains to prove that the ideal 77~ AZ(VH) of
ACDr}',gN *+) satisfies Condition 43 with @ = p — 2 and g = p. The conditions (iii) and
(iv) are obvious by the definition of /* and Fil®. The condition (v) follows from
(169)and 7P~ C Fil?~!. The condition (ii) holds because A} /17~ is p-torsion free

(Lemma 80 (3)). The kernel of A':' V) A'eryg\g ) is contained in the Jacobson
O, (N) AD (N)

radical because the kernel of Acrys’( I pm) cys, (1 p)

is nilpotent. Hence the con-
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dition (i) is satisfied. By (168), we see that AL-(V) is p-torsion free and p-adically

crys
complete and separated. By Lemma 80 (3), AEf /1P~ A5 is also p-adically complete

inf
and separated. This implies that 77" AZ(+) is p-adically complete and separated

by Lemma 3 (2). Therefore the condition (vi) holds for J, = p"*'I? ’1AE};§N .0

Lemma 173 The ring AD-N1) (A) is isomorphic to the inverse limit of the images

crys
of AgyiV P (A) in AQ (A)/p™ (m € N).

Proof We have AC':r’yS(.A) /p" = ACDryS’ ( pm)(A) (Lemma 79 (1)). Let a,, be the kernel

of ANY(Og) = Auys(Og)/p™. Then, by the proof of Lemma 161, for any m €

crys
N. o, there exists m’ € N, such that we have the following maps of quotients of

A(N'*')(Of).

crys

(N+) (N+)
Ag\;j) (OE)/a’ﬂ’ - Acry::(l"’,p”’) (OE)’ Acry::(lryx”pm’) (Of) g Af:lr\),/j) (OE)/am .
This implies the claim because Ajyt,o(Ox) — AEf_a(A) (a € Fr) is flat. O

19 de Rham Complexes with Truncated Divided Powers

Let B — A and ¢p be as in the settings for the definition of rys 5.m (A) and
Herys.5(A) in Sect.2. Let Og s An, By 28, 255 ¢8,» (Pu, Fil P, Vi, ©p,)
(m € N.y), and (P, Fil'P, Vp, pp) be the same as in Sect.2. In this section, we
construct “filtered de Rham complexes with truncated divided powers” associated to
the “evaluation” of an object M of MF[VO, p—21.free (A, @) on a certain subring of P,
and study its relation with T Aj (M).

Let J and J,, (m € N.g) be the kernel of B — A and B,, — A,,, respec-
tively. Let N be a positive integer. We define PV to be the B,,-subalgebra
of P, generated by the elements x'"1 (x € J,,,1 € NN[1, N]). Recall that
pP,, +Fil'P,, has a unique PD-structure compatible with the PD-structures
on Fil'P,, and on pZ,. For x € pP,, + Fil'P,,, we write x"! (n € N) for the
nth divided power of x with respect to the PD-structure. For x € pB,, + Ju
and n € NN |0, pNJrl — 1], we have x" e P,;N) by Lemma 140 (2), (3), and
p"™ € Z, (m € N). This implies that PN is stable under ¢p, (resp. Vp,)
because ¢g, (pBn + Tn) C pBu + Jn and pp, is a PD-homomorphism with
respect to the PD-ideal pP,, +Fil'P, (resp. Vp, (xI") =x""U @ d(x) for
x € Jn and n € N, and Vp  is a derivation). For n € N and x € J,,, we define
xMw 1o be (xP"1)PaxlPl where n = p¥*tla+b (a € N,b € NN [0, pN*! — 1]).
Then we have x!"lw . x"lv c 7 xIn+lw by Lemma 140 (1), and it implies
Vp, (M) € Z,x""1% @ d(x) by the definition of x"® and xI™! = xlmlw
for m e NN [0, pN* —1]. We define Fil'PM (r € N.y) to be the ideal of

[nilv)

PV generated by [T, ¥ (c€Nog,x; € Tomi €N, Y\ _ioni > 7).
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Put Fil' PV = PV if r < 0. Then we have Fil' PMFil" PV ¢ Fil'* PV, and
Vp, (Fil'PN)) C Fil'™'PV) ®p, 25, forr, r’ € Z. We also have p, (Fil'PM) C
PPN for  reNN[0,p—1] because @p, (xP) = (x? 4 py)¥' =
pPI((p — DX 4 y)7 € pr='PM and  p, (x") = p"((p — DX + y)" €
p"PN forx € Tyl € NN[1,N]andn € NN [0, p — 1]. Here y € By, is defined
by ¢g, (x) = x? + py. We obviously have PV ¢ PNV+D Filr PV ¢ Fil" PN +D
and Fil'P™Y) C Fil'P,,. The surjective homomorphism 7P,4; — P, induces
surjective homomorphisms P\, — PM and Fil' P, — Fil' PN (r € 7).

We define PN to be l(ir_nm P regarded as a B-subalgebra of P, and Fil" P
to be lim Fil'PM. Then (P™), Fil*P™)) is a filtered ring (Definition 10 (1)),

PWN) P is stable under Vp and @p, and we have V(Fil'PM) c Fil''PWM @z
2p (r € Z). The multiplication by p” on P, uniquely decomposes as P, —

P =t P Pusr = Puir ([14, 1 Lemma (1.3) (2)]), and it induces a decomposition
PL P S prptN) s PN of the multiplication by p” on P . By taking

m

the inverse limit with respect to m, we obtain isomorphisms p’P — 1(i£1m D P

and p" PN S lim p PN In particular, this implies pp (Fil'P™) c p"P™ for
reNNJ[0, p—1].

We use the following proposition in the construction of the comparison morphism
(182) in Sect. 20. See (179) and (192).

Proposition 174 For N,m € N.o, the homomorphism lim PN pmpWN) — P,
is an isomorphism.

Lemma 175 For N, m € N.g, we have PN N pP,, = PV N pPN+D,

Proof By definition, the PD-scheme D,, = Spec(P,,) is the PD-envelope of the
closed immersion X,, = Spec(A,,) — Y,, = Spec(3,,) compatible with the PD-
structure on pOkg. Let D, be the direct image of Op,, under D,, — Y,,. For N €
N.o, let DV be the Oy, -subalgebra of D,, generated by local sections *P (x €
Ker(Oy, — Ox,),l € NN[0, N])). By using Lemma 140 (2), (3), we see that, if
the ideal 7,, = Ker(B,, — A,,) is generated by xy, ..., x,, then D,(nN ) is generated
by x}pll (i e NN[1,r],/ € NN [0, N]) over Oy, . This implies that DV is a quasi-
coherent Oy, -subalgebra of D,,,, and we have PN) = I"(Y,,, D!M). Hence it suffices
to prove the claim with P, and P{* replaced by D,, and D'¥.

Since this question is Zariski local on X,,, as in the proof of [14, I Lemma
(1.3)], we may assume that 7, is generated by elements fi, ..., f; such that the
Ok m-homomorphism R, := Ok T, ..., Ts] = By; T; — f; is flat. Then we
have P, = B, ®g, R'°, where RFP denotes the PD-polynomial ring
Ok m(Ti, ..., Ts) ([5, 3.21 Proposition]). For N € N_g, let RFP>™ be the R,,-
subalgebra of R'P generated by Ti[”[] (i e NN[L,s],7 € NN[0, N]). Then we have
PN = B,, ®g, REP™. Thus we are further reduced to proving the claim with P,
and P replaced by REP and RFP-(®).

For ne N and i e NN[1,s], let Tilnl“v’ € RPP be the image of p~ "™ T €
Ok (T, ..., T;). Then, by the same argument as the proof of Corollary 141 (1),
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Ok »-module. This implies that RF>- V) N p RPP (resp. RFP-N) 0 p RPD-(W+D) jg the
Ok n-module generated by pEiZ[M‘N‘ (n € N*), where ¢, = 1 if {n;}(n) = v, (1;!)
(resp. {n;}w) = {ni}w+n) for all i e NN[1,s], and €, = 0 otherwise. Now the
claim follows from {n}) < vp(n!) & n > AR {(ntwy < {n}w41) forn e N
(Lemma 140 (3), (4)). O

we see that RPP() is generated by 7™ =T, _,_, 7" (0 = (n;) € N¥) as an

Proof of Proposition 174 Since P, = Uyen. P and P™ — P is surjec-
tive, the homomorphism in question is surjective. Let us prove that it is also
injective. By taking the inverse limit of the equality in Lemma 175, we obtain
PN N pP =PM N pPN+D | This implies PN N p"P c pPN+FD N p"P =
p(PWN+D N pm=1P) for m € N_y. Hence we obtain PN N pmP c pmpWN+m
(m € N) by induction on m. Let () be the kernel of PN /p™ — P,, = P/p™.
Then the last claim means that the homomorphism K — (V™) vanishes, and

therefore we have lim i) = 0. This completes the proof. O

Let M be an object of MF[VO’p_zLﬁee(A, @), and put M, := M/p™M and
FiI'M,, :=FiI'"M/p™ C M,,. We define a free P,,-module Mp, of finite type with
an integrable connection V: Mp — Mp, K ®p, §25, compatible with Vp and a
pp, -semilinear endomorphism ¢: Mp, — Mp, compatible with V as after (24).
It is also naturally endowed with a filtration Fil"Mp, (r € Z) such that Fil"P,, -
Fﬂstpm C FilrJrsMpm (r,s € Z), V(Fi]rM'pm) C FﬂrilMpm ®n5,, .ngm (r € Z).Let
0 be a homomorphism A,, — P,, over Ok /p™ whose composition with P,, — A,
is the identity map. There exists such § since Spec(A,,) — Spec(Ok ) is smooth
and Spec(A,,) — Spec(P,,) is a nilimmersion. By the definition of Mp, , the proof
of Theorem 17, Theorem 29, Proposition 31, and Lemma 27 (3), we have a canonical
isomorphism

Mp, = My, ®a,.5 Pa (172)
of filtered modules over (P,,, Fil*P,,), where the target is the scalar extension of
(M,,, Fil* M,,) under the morphism of filtered rings 6 : (A, 0) — (P,,, Fil*P,,) (Def-
inition 10 (4)). If we choose another ¢": A,, — P,,, then, by Remark 18, the com-
position of

M, ®4,.5 Pun = Mp, =M, Qa,.5 Pn (173)

is given by

@l ) [l Viwe [T @@ —se)™, xeM, 174

neNd 1<i<d 1<i<d

where the endomorphism V; of M,, is defined by V(y) = leiid Vi(y) ® dt;.
We will define a canonical free P}, -submodule M0 of Mp,, such that P,, @ 0

My = Mp,.

Proposition 176 We have Vip(pfl)(M) C pM foreachi e NN[1,d].
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Lemma 177 We have V' (A) C pAforeachi € NN[1,d].

Proof This is well-known and proved as follows. Since the relative Frobenius of the

étale homomorphism k[T, ..., T,] — A;; T; — t; is an isomorphism, .4, is a free
(A1)P-module with a basis [],_;_, 1", (n;) € (NN [0, p — 1])?. Since V; on A, is
(A;)P-linear, this implies V) (A;) = 0. O

Proof of Proposition 176 Choose a lifting ¢: A — A of the absolute Frobenius of
A, compatible with o of Og. Noting p(£24) C pS24, we define ¢: 24 — 24
to be p~!y. We define a p-semilinear homomorphism ¢, : Fil'M — M (r € ZN
(=00, p —2]) tobe p~"@|gir - Then we have (p,—; ® ¢1) o V=V o g, onFil'M
Let V,: grfyM — gri'M ® 4 24 (r e NN [0, p —2]) be the A-linear homo-
morphism induced by V on M. Put grM := @o<,<p—28&p; M, and let V:gM —
grM ® 4 24 be the A-linear homomorphism defined by the sum of V'. Then ©r
induces an A, -linear isomorphism

B (@M)/p®a,.p A —> My,

and the above compatibility between V and (, implies that the following diagram is
commutative.
(erM)/p z M, (175)

¢Vmod[z J/V

®pi
(@rM)/p ®4 24 — > M, @4 24

Here © denotes the restriction of @ on (grM)/p.Forr e NN [0, p — 2],1et G, (M,)
denote the image of (Bo<, <&y M)/p ®4,., A1 under @.Put G_; (M) = 0. Then,
by the above commutative diagram, we see that G, (M) is stable under V and the
isomorphism (gr' M)/p ® 4, A1 = gré(M;) (r € NN [0, p — 2]) induced by &
is compatible with the connection on gr’(M;) and the connection id ® V on the
source. By Lemma 177, we have Vip =0on gr,.G (M) forr e NN[0, p —2]. This
implies V""" = 0 on M,. O

Since the ideal 7, of B, is finitely generated, and the PD ideal of P, is a
nilideal, the homomorphism B,, — P, factors through B,/ j,,, for a sufﬁmently
large f € N. Choose such an f and then a homomorphism 6: A,, — B, /Jm over
Ok .» Whose composition with B,/ jm — A, is the identity map. Such a § exists
because Ok ,, — A is smooth. We define ¢ to be the composition of & with the
homomorphism 5,,/ j,;f — 73,51”, and define the P&l)-submodule

Mpr(nl) C Mpm (176)

to be the image of M,, ® 4,,.5 P,,” under the isomorphism (172). We define Fil" M )

(r € Z) tobe the image of the filtration on the scalar extension of (M,,, Fil* M,,) under
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the morphism of filtered rings §: (A4, 0) — (PV, Fil*P{") (Definition 10 (4)). We
have Fil'P{" - Fil' My C Fil'™* M (s € Z).

Proposition 178 The P\!)-submodules M and Fil’ Mo (r € Z) of Mp, defined
above are independent of the choice of f and .

Proof Let f’ and 5 be another choice, and let ¢’ be the composition of 5 and
Bn/ Tl — PO, By replacing f and f’ with min{f, f'}, we may assume f =
f'. Then the image of Fil'M,, (r € NN [0, p — 2]) under the composition of the
isomorphisms (173) is contained in Fil" (M,, ® 4,, s P\) because &§'(t;) — d(t;) is
contained in the image of 7,,, V(M) C p ol pm by Proposition 176, and v, (n!) =
L"J +v ,,(L MH=<1z 21+ Lp(p iyl forn € N.o. Here | x| denotes the largest integer

< x forx € R. By exchangmg 5and ¢ and applying the same argument, we obtain
the claim. U

Proposition 179 (1) We have the inclusions V(Mpw) C Mpo @, $25, and
VFil'M (I)) C Fil'™ 1M () ®5, .QBm forr € Z.

(2) We have @(Mpm) - MP“’

(3) The P,,-linear homomorphism Py, Qpv Mpwy — Mp, is an isomorphism of
filtered modules over (P,,, Fil*P,,), where the source is the scalar extension of
(Mpo, Fil‘MP’(”n) under (73,51'), Fll'P(')) — (P, Fil*P,,) (Definition 10 (4)).

— Mp, induces an isomorphism 77<)® o
m+l

(4) The homomorphism Mp

m+1

Mpml S Mo of filtered modules over (P, Fil*PD), where the source is
pat
the scalar extension of (MP:nll g Fil® Mp:nl ) ]) under the homomorphism of filtered

rings (P Fil*PL) ) — (PO, Fil*PD).

(5) Thereexist N e N, r, e NN[0, p —2] (v e NN[1, N]), a basis e, », € My
(re NN[1,N)) ofMP}ﬂn and (Qyym)vy € GLN(P,;”)for each m € N, such
that the images of e, 41 and @,y i1 in MP,E" and 77(1) are e, and ayy pm,
FilrMPin” (r € Z) is the direct sum of Fil'™" P,Sll)ey n weNN[1,N), and
@(gu,m) = p' 215,,51\/ Ayp,m€v,m-

Proof The claims (2) and (4) follow from (5) and Lemma 13 (1), and the claim (3)
is obvious by the definition of (Mpw, Fil‘Mpm) Let us prove (1) and (5). Choose

f and ¢, and define § as in the definition of Mpo.

(1) By applying the construction of (16) to Spec(é) Spec(P,,) — Spec(A,),
we obtain a homomorphism 6': 24 — P, ®p, §25, compatible with d: A, —
24, and Vp : P, — P, ®p, 25, (17). By Proposition 32, the connection on

m

Mp, is given by V(x ® y) = ' (V(x) ® y + x ® Vp, (¥) (x € My, y € P,) via
the isomorphism (172). Since £2 4, is generated by d(A,,) as an A,-module and
0(An) C Py is contained in the image of B, the image of the homomorphism
§': 24, — Pn ®p, 25, is contained in the image of 255, . Hence the claim follows
from Vp, (FiI'PV) C FiI' 'P ®g, 25, .

(5) Put J,, := pB,, + Ju. Choose an increasing sequence of positive integers
fm (m € N.y) such that the homomorphism B,, — P,, factors through 5,/ (j,;l)f’".
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Chooseliftings 7, ..., 7 € Bofr, ..., 14 € A.Then, foreachm € N.o, there exists
a unique homomorphism 8,,: A, — B,/(J))’" of Ok ,-algebras such that the
composition with B,/ (‘7,;)/”"x — A,, is the identity map and 8,,(t;,) =7 (i e NN

Om+1

[1, d]). The uniqueness implies that the composition A, 1 —> B11/(J), H)f'"“ LeY

B, /(T))" coincides with A, %A, Sm, B.,./(J.)/". Let 8, denote the com-

position of &,, and B,,/(J.)" — P{!. Then we can define Mo and the filtra-
tion on it by using d,,. Choose a basis ¢, (N e N,v e NN[1,N]) of M and r, €
NNI[0, p—2] (v e NN[L, N]) such that Fil' M = &, >, Ae, (r € Z). Let e, ,, be
the image of (e, mod p™) & 1 under the isomorphism M,, ® 4,,.5,, Pm = Mp, (172)
associated to d,,. Thene,, ,, (¥ € NN [1, N])isabasis of the P,Sl”-module Mmu ,and,
by Lemma 13 (1), we have FilrMpfnn = @,,eNm[l,N]Filr_"'P,(n”el,,m (r € Z). For each
v € NN[1, N], the elements ¢, ,, (m € N.() obviously form a compatible system
with respect to the homomorphisms M’P,ﬁ) e My by the choice of 6m (m € Nog).

Choose and fix a lifting ¢: A — A of the absolute Frobenius of .4; compat-
ible with 0: Ox — Og. Then @ on M induces a @-semilinear endomorphism
p: M — p"(M) = F*(M) % M. By applying Remark 18 to the pull-backs of
(M, V) by Spec(d,, o ) and Spec(¢p, 0 dy): Spec(Py) — Spec(A,), we see
that the Frobenius endomorphism ¢ of Mp, is given by the composition of P,,-
linear maps

m>Om s m

(Mm R A,.6 Pm) ®73m OPm Pm %(Mm ®Am,gp Am) ®.A,,,,6 Pm

(p®id77m
—_— Mm ®A,,,,6m Pms

where the image of x € M,, under r,, (resp. ') is ZﬂeNd [L Vi) T (¢
S (1) = ()™ (resp. o [T, VI () @ [, G (t) — 0, (1)), Theele-
ment pd,, (t;) — 0, (t;) is contained in the image of p5,, because p induces a lifting
of Frobenius of B,,/(J),)" compatible with p, . Therefore the above morphisms
induce P-linear maps

(Mm ®.Am,6

m

1 H = 1
pr(n)) ®73,(,,”,<p7;m 7)151) T(Mm ®Am,¢ Am) ® A0 Pr(n)
Km

¢®ld7’,(,,])

T My @4 P

msOm

Let (M, Fil' M) be the scalar extension of (M, Fil*M) by the homomorphism of
filtered rings (A, 0) — (A, p!*.A) (Definition 10 (4)). We have Fil M = >, plr
Fil*M = @, pmxt—"0 Ao, (r € Z), V;(Fl M) C I 'M, and p"'FI'M
ﬁrHM . Therefore, for each r € Z, the above description of x, and n;l implies
that xD induces an isomorphism between the P{"-submodules generated by the
image of Fil M. By taking the inverse limit of the above morphisms over m, we
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obtain PV -linear maps
M @45 PD) @par,, PO = —> M @u A @5 PY 2270 Mg PO,

where §: A — P denotes the inverse limit of 6,,: A, — PV. Since p" PV =
lim | p PV (r € N), we see that lim ofthe PD-submodule of My, ® 4,5, 06 Py

(resp. My, ® ,, 5,00 PV) generated by the image of Fil M coincides with the 73(1)-
submodule Fil (M ® 4 o0 PV) (resp. Fil (M @ 4 50, P)) of M @ 4 ppos PV
(resp. M ® 4 50, PV) generated by the image of Fil' M. Therefore < induces an
1som0rphlsms between the PV -submodules generated by the images of Fil' M. Since
(F11 M)Cc p"M(reNN[O0, p—2] andp”cp(Fll M) (r e NN [0, 0, p— 2]) gen-
erate M, we see that M ® 4 5 P is generated by p~" (@ ® idpa) (Fil (M ® 4. pos
Py = p (@ ®idpm) o H(l)(Fll (M ® A, ppos POy for r e NN [0, p —2]. By
the explicit description of Fil' M interms of ¢, above, this impliesthate), := p~"(® ®
idpn) ok (e, ® 1 ® 1) (v e NN[1, N]) generate M ® 4.5 PV. Since M ® 4.5
PW is free of rank N, e}, form its basis and there exists (a,,,) € GLy(P") such that
e, =3, ay(e, ® 1). The images a,,, , of a,, in PV satisfy the desired condition.
a

As before (37), we define the P-module Mp and its decreasing filtration Fil” Mp
(r € Z) by P-submodules to be the inverse limits of Mp, and Fil"Mp,. We have
Fil'P - Fil' Mp C Fil'™ Mp forr, s € Z,i.e.,(Mp, Fil* Mp) is afiltered module over
(P, Fil*P) (Definition 10 (2)). We define V: Mp — Mp ®p5 25 to be the inverse
limit of V on Mp,, which is an integrable connection on Mp compatible with V on
P and satisfies V(Fil’ Mp) C Fil' ™' Mp ®3 2. The Frobenius endomorphism ¢
of Mp, for m € N, induces a ¢p-semilinear endomorphism ¢ of Mp compatible
with V.

The inverse limits of Mpm and Fil'Mpa (r € Z) give PV-submodules Mpa)
and Fil’ Mpa) of Mp and Fil’ Mp. The PV-module Mpo, equipped with Fil* Mp
is a filtered module over (PV, Fil*P(1) (Definition 10 (2)). Let N be a positive
integer. We define Mpwv to be the P -submodule of Mp generated by Mpa,
and its PV)-submodule Fil’Mpw, (r € Z) to be the sum of Fil" *PMFil* Mp
(s e NNJ[O, r])ifr > 0and Mpw if r < 0. The P -module Mpa» with Fil* Mpw)
is a filtered module over (P™"), Fil*P™) (Definition 10 (2)). By Proposition 179 (1)
and (2), we have V(Mpw) C Mpw ®p 25, V(Fil" Mpw) C Filr_lMp(N) X5 28
for r € Z, and p(Mpw)) C Mpw . By Proposition 179 (3) and (5), there exist ¢, €
Mpoy neN,veNN[l,n]), r,e NN[0,p—2] (v e NN[1,n]), and (a,,) €
GL,(PW) such that Mpw) (resp. Mp) is a free P (resp. P)-module with a basis
e, (v e NN[1,n]),

Fil'Mp = @ Fil'"Pe, Fil'Mpwm=  FiI'"PMe, (177

veNN[1,n] veNN[1,n]
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forr € Z, and
ple) =p™ Y aye, peNN[lnl. (178)

veNN[1,n]

Put .Q% = AN1825 (¢ € N). The integrable connection V on Mp defines a com-
plex Mp ®p §2; with a Frobenius endomorphism ¢ and a decreasing filtration Fil”
(r € Z) defined by Fil'(Mp ®p 2}) = Fil'"“Mp ®p 2}. The P™)-submodule
Mpw of Mp with Fil" Mpw gives a subcomplex Mpw ®p §25; stable under ¢ and
endowed with a decreasing filtration Fil" (r € Z) defined by Fil" (Mpw ®p .qug) =
Fil' " Mpw ®g 22};. By Proposition 174, we have an isomorphism

lim((Mpw ®5 28) ®z, Z/p") —> Mp, @5 23, (179)
N

For a positive integer N, we define the object TAN (M) of the category

Mng’Sfitz]’free(A(N H(A), ¢, G4) to be the image of T Aj,;(M) under the functor

crys

(161)for A = Aand Ay = A. By the definition of T Ay, (M), theimage of T AN D) (M)

- crys
under the functor (162) for A = A and Ap = A is canonically isomorphic to
T Acrys(M). We study the relation between Mpa and TA%;”(M ).

We choose and fix coordinates sy, ..., s, € B* of Bover Og,andletpp: B — B
be the unique lifting of the absolute Frobenius of B; compatible with o: Ox —
Ok such that pp(s;) = sip for every i € NN [1, e]. We further choose a compatible

system of p”th roots s;, € A" of the image of_si in A* for each i G_N N1, e],
and define the homomorphisms 3 : B — A;;s(A) and 3: P — Acrys (A) as before
Lemma 34.

Lemma 180 The homomorphism 3 induces a homomorphism N PN
AN (A) for N € Nog. Moreover ™) is compatible with the filtrations.

crys
Proof Since the image of Ker(B, — A,) under the reduction mod p™ of 3

is contained in Ker(Amf(.,Tl_)/p’" — Z/p’") = f(Amf(./_él)/p’”), the image of P,E,N)
under 3,,: Py — Acrys,m(A) is contained in the image of AND(A). By Lemma

crys

161, this implies 3(P™) c AW (A). The last claim of the lemma follows from

crys _ o

Fil"P™) C Fil"P and the fact that Agf;j) (A) = Acys(A) is strictly compatible with

the filtrations (Lemmas 160 (2) and 152). O
We can apply Definition 40 witha = p — 2to (P™), p, opw, Fil*P™)) because

eFil"PWy ¢ p’P(N)_(r e NN [0, p —2]), and then (44) to the homomorphism

IV PN — AND (A). By (177) and (178), the PN)-module Mpw) with Fil’ Mpw)

(r e NN [0, p —2]) and ¢ is an object of MFﬁ)’p_Z]’free(P(N), ¥).

Proposition 181 The isomorphism (37) induces an isomorphism

TA(NJr)(M) = Mpw @pw g A(N+)(.71)

crys crys

in the category MF{:),piszree (AND (A, ¢).

crys
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Proof We have isomorphisms

TANS (M) ® 0z Acrys(A) —> T Acrys (M),

crys

(Mpw @pw g AN (A)) ® 40 () Acrys(A) — Mp ®p 5 Acrys(A)

in the category MFﬁ)’ p—2].free (Acrys (A), ). Hence the claim follows from Proposition
164 for (160). O

We define u; € fsafcrys,g(ﬁ) (i e NN[1,e]) as in Sect.2 by using s; and s; , cho-
sen before Lemma 180. For a positive integer N, we define the subring .ch(rlyvs’?), (A
Of Hrys, 5(A) to be the inverse limit of the image of @,cne AN (A) [Tizize b

crys i

in ;z%crys,g,m(ﬂ) for m € N.y. By Lemma 161, ,;zfcgyv:[);(Z) is isomorphic to the

inverse limit of @,ere AN (A) /(1" AXD (A) + p" AND (A [T <o ut™ (rom €

crys crys crys

N.o). We define the ideal Fil’,;afc(r]yvs}) (A) (r € Z) of szc(ryNS% (A) to be the inverse

limit of the image of @, eneFil" "™ AN (A) [T, _; _, ul"! in Frys.13.m (A). We have

Fil" o/ 5 (A) - Filt o/ 3 (A) € Filr o/ A (A) for r, s € Z.

Lemma 182 We have ' ([¢*] — DM e I"‘lWPD'“)(RO?) foraeZ, and n €
N.o.

Proof As[e‘]—1€l lAinf(Of) = mAint (Og), it suffices to prove the claim fora =
1. We have (n))~'T"! € Z,[T, %71] for n € N-¢ because v,(n!) < ;’):'1 Hence
we obtain the claim from Proposition 147 and I" WM (R, ) = WPP-D(Ry ) N

™ W(Rop)l;] 0

Lemma 183 Let N be a positive integer.

(€)) ,;afc(r’y\]b%(ﬂ) and Fil’,gafc(r]y\:ré (A) (r € Z) do not depend on the choice of sin (i €
NN[1,e],n € Noy).

2) VQ{CEY]\]S%(Z) is stable under the action of G4, V and . The filtration

Fil'befc(w]\gl; (A ofﬁfc(ryg% (A) isalso G 4-stable, and we have V (Fil” ﬂfc(rly\;% (A) C

Fil ' o/ L (A) ®p 25 (r € ).

C

Proof We have ([e*] — D" I”WPD'(D(ROF) fora € Z, and n € N by Lemma
182. Therefore one can verify the claims in the same way as the proof of Lemma
126 (1) and (3). Note pgp(s;) = s’ (i € NN[L,e]). ]

Lemma 184 The canonical homomorphism v: P — ,Q{CWS’B(Z) of filtered rings
induces a homomorphism (™) : PWV) — ,Q{Ciy;—é(j) of filtered rings for any posi-
tive integer N.

Proof By (42) applied to M = A, we see that the image of x € P™) under ¢ is given

by Y ene BN (Vlfg (0)) [Ty <i < (@)1, which is contained in szc(rlyvfg (A) because the
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image of the infinite sum in @y, Bym(./_él) is a finite sum for every m € N, and the
image (3", (=D 71ul'} )" of (u)!" in iy 5, (A) is contained in @, Z/ p"u’)

im:*

The compatibility with the filtrations follows from V% (Fil’ P™) ¢ Fil’~l2p®)
(n € N) and ™) (FiI'P™) ¢ Fil’ AN (A) (Lemma 180). O

crys

Proposition 185 For any positive integer N, the isomorphism (39) induces an iso-
morphism

TAND (M) ® 0z Ay B A —> Mpw @pin o Fopeg (A (180)

Proof By Proposition 181, it suffices to prove that the isomorphism (40) induces an
isomorphism

Mpw Qpan g %ﬁly\ﬁ) (7\) — Mpw) Qpw Ja{(r[y\i%(.?l)

The images in (MP ®77,[3 %rys,B(z))/pm and (MP ®P,L DQ{crys,B(z))/pm of the infi-
nite sums appearing in (41) and (42) become finite sums. Note that the image of (u;)'”]
(n € N) in rys B.m (71) is contained in &;>,7Z/ p’”um as mentioned in the proof of

im

Lemma 184. This implies that the reduction mod p™ of (40) induces an isomorphism

between the images of Mpw) ®&pw g &/C(r[yv;% (A) and Mpw @pw ) szc(ryNs% (A).
O

We obtain the claim by taking the inverse limit.

Let t1,...,7; € A* be coordinates of A over Ok, and let v 4: A — A be the
unique lifting of the absolute Frobenius of A/p compatible with o: Ox — Ok
such that ¢ 4(#;) =t/ for all i € NN [1, d]. We prove an analogue of Proposition
185 for TAZ. (M) (Sect. 13).

inf

We define TAZND (M) to be T AR (M) ® 40, ALY (A) endowed with

semilinear extensions of ¢ and r "1-action, and with the product filtrations.
Recall that we have defined a homomorphism «:: A — AEf (A) (80).

Proposition 186 The isomorphism (92) induces the following isomorphism in the
category MFfZ)!PJ],ﬁee(AD’(NH (A, »).

crys

TAcl::Ir)’/.(sN+)(M) =M®a. AE},}EN-&-) (A)

Proof The same as the proof of Proposition 181 using Proposition 172. (]

We define the subring <7V 1) (A) of <75 (A) (Sect. 12) to be the inverse limit

crys crys

of the images of @,y ALV (A) [Ti<iza v in 78 (A). Itis isomorphic to the

crys i crys,m
inverse limit of @,ene ALDryiA(’;r) oy () [T <i<q v} over m, n € N by Lemma 173.

Lemma 187 (1) ,QVCE,’S(N P(A) does not depend on the choice of the p"th roots t; ,

oft; (i e NN[1,d],n € N.g) used in the geﬁnition of v;.
2) szcirjy’s(N Y (A) is stable under the action of I 4, V and .
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Proof The same as Lemma 183. (]

Lemma 188 The canonical homomorphism v: A — ,Q{CE,S(A) factors through
/BN (A).

crys

Proof The same as Lemma 184 by using (96) for M = A. (]

Proposition 189 The isomorphism (94) induces an isomorphism

TAGN D M) @ 0004y "D (A) = M4, JLNDA). 18D

Proof The same as Proposition 185 using Proposition 186 and (96). (]

20 Comparison Morphism from de Rham Complex over
Acrys

‘We follow the notation in Sects. 14, 15, 17, and 18.

Let B— A, s1,...,5 € BX, 25, 08> Pu, P, v%rys,B,m(X), vQ{crys,B(Z)a Uim €
erys, B,m (.71), and u; € ﬁfcrys,g(./Tl) be as in Sect.2. We assume that (3 is the unique
lifting of Frobenius satisfying ¢(s;) = s/ foralli € NN [1, e]. Let M be an object
of MF[VO,VZ]’&EB\(A, @), and define Mp, and Mp associated to M as in Sect.5.
Let Acys(Og)®o0, Mp be the p-adic completion of Agys(Og) ®o, Mp, which is
naturally endowed with an action of Gg, ¢, and an integrable connection V with
respect to B/ Ok. Put 2} := A;2p (g € N).

In this section, we will construct a morphism

Acrys(of)®0;< MP B -Qé - Acrys(Of)®iinf(0F)L77:RF(AA, TAinf(M))

(182)
compatible with ¢ in the derived category D(Gk-Sets, Acys(Ox)) (see Sect. 14) of
Acrys (Of)-modules with semilinear action of G . The construction a priori depends
on the choice of sy, ...,s. € B*. We will show certain functoriality of (182) in
(B, s1, ..., s.) (Proposition 201) and, as its consequence, prove that (182) does not
depend on the choice of sy, ..., s, (Theorem 203). We will prove that (182) is a
quasi-isomorphism in Sect.21 (Theorem 204).

For N € N_>0, we define TAg\}’,l(M) to be Agl’/)S (A) ® 4, T Aint (M), which is
a free AQN)(A)-module of finite type naturally endowed with a semilinear action
of G4 and a semilinear G 4-equivariant endomorphism . The action of G 4

is continuous by Proposition 162. We define an object RI'(A 4, TAWN) (M)) of

crys

D(G k-Sets, AWN) (O%)) in the same way as RI"(A 4, T Ains(M)) defined in Sect. 15

crys

by using the sequence (p™ Ag‘ys (O%))men in Zﬁ’y\?. To construct the morphism (182),
we first prove the following description of the target with A.ys(O%) replaced by
AN (O%) in terms of the cohomology of TAX) (M) (cf. [7, Sect. 12]).

crys crys
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Proposition 190 For each N € N., the following canonical morphisms in the
derived category D(Gg-Sets, A%Z(Of)) of A%Z(Of)-modules with semilinear
action of Gy, are isomorphisms.

A0 (00 LTIT RT (A, T Ains (M)

crys

— Rl(ir_n(Ln;Rr(AA, TAgVyg(M)) ®§P Z)p"Z) < Lyt R (Ay, TAg,Vy;(M)).
m

Let O be the framing considered in Sects.12 and 18. For N € N.j, we

define TAZM (M) and TAZM(M) to be AZM(A) ® 404 TAGH(M) and

crys

AT (A) @404y T AL (M), respectively, which are naturally endowed with semi-

crys
linear actions of I'4 and I 4-equivariant semilinear endomorphisms ¢. The actions
of I' 4 are continuous by Proposition 162 and Lemma 165. We define the coho-

mology RI'(I', TAZ™M(M)) and RI"(I'4, TZC%gN)(M)) in the same way as

crys
RI (A4, TAXN) (M)) above. We prove Proposition 190 by reducing it to a corre-

crys

sponding claim for TAEf(M) and T AT M (M),

crys

Proposition 191 (cf. Corollary 110) For each N € N., the cohomology of the
mapping cone of

RI(Iu, TAZ™N (M) —> RI(Aa. TAQ)(M))

is annihilated by the kernel of Aini(Og) — W (k).

Proof By Lemma 109, it suffices to prove that the cohomology of the cone of

RI (L4, TAZ™M (M)/p™) — RE (A, TAN)(M)/p™)

is annihilated by [2’1] for all / € N, and it is reduced to the case m = 1. For A =
A, As, the homomorphism Ajnr(A) — ADN) (A)/p factors through the quotient

crys
Aint(A)/(p, [p)P) = Ra/p” = A/p; (@n)nen > ai of Ay (A). By using Proposi-
tion 143 (2), we obtain a G 4-equivariant isomorphism AW)(A)/p =

R crys
AN (A) /P ®.arp Alp- By (107), we have a G 4-equivariant isomorphism
TAN(M)/p = TAZM(M)/p ®a,/p A/p. Hence the claim follows from the

almost purity theorem by Faltings ([11, 2b, 2¢], [9, 2.4. Theorem (ii)], [2, Proposition
V.12.8]) in the same way as the proof of Proposition 107. (]

Proposition 192 (cf. Lemma 115) For each N € N+, the cohomology of

Aint (0) /7 Ain (0) ®F o) RT (I, TAZ™ (M)

crys

has no non-zero element annihilated by the ideal ezl Epi/]Ainf(Of) of Aini (O%).
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Proof PutZ .= Zlez[p'f[]Ainf(Of). We abbreviate K(—; v — 1,...,74 — 1) to
' 0,(N)

crys crys
ment as the proof of Lemma 117. Since A{N)(A) is m-torsion free (Proposi-
tion 156 (1)), the complex considered in the proposition is quasi-isomorphic to

K (TAD M (M) /7). Put T := TAZMN (M) /mand T := T AL (M)/w. Theaction

crys crys
of I'y on T is trivial by Proposition 168 (3) and Lemma 98. Recall that Agf’yl (Aso)/m
and Ag;("(A)/m are p-adically complete and separated by Propositions 156 (2)
and 168 (2). By Proposition 170 (3) and Lemma 166 (2), T/ p™ is the direct sum
of [t1T/p™ (r € (Z[5;1N [0, 1DY), and we have T/p™ = [5]T/p™; x = [1"1x.
For a non-zero r = (r;)1<i<q € (Z[%] N[0, 1))¢, let v(r) be the positive integer
defined by r € p7"®O7ZN\ p~vO+174 For i € NN[1,d], let A; be the subset of
(Z[%] N[0, 1D? consisting of r # 0 such that i is the smallest integer € [1, d] sat-
isfying r; ¢ p~"©+17Z.Fori € NN[1,d], we define 7; to be the inverse limit of the
direct sum of [t*]T/p™ (r € A;) with respect to m. Then T is the direct sum of T
and 7; ( € NN[1,d]), T; is I 4-stable, and an element of 7; is uniquely written as
> realttlx, (x, € T, x, — 0 p-adically as v(r) — o0).

We have HI(K(T)) =T ®z A9Z% and T[Z] = 0 by Corollary 171. Put 7, =
[e]—1forr e Z[%]. For i, j e NN[1,d], j # i, we define the endomorphism
g of T by g (X, 0 [t71x,) = 3, o [171m, ;' x,) (Lemma 113 (1)). Then, for
each i, the Aj,r(Og)-linear endomorphisms gi(j ) (j #1) and ~; of T", commute
with each other, and satisfy v; — 1 = (y; — 1) o gi(’) (j #1i). By [7, Lemma 7.10],
H (KW(TL')) is isomorphic to the direct sum of (d;I) copies of T;":l and (Z:}) copies
of T;/(vi — DT, as Ain(Og)-modules. We have YN}A’/’zl[I] = 0 by Corollary 171.
It remains to prove T; /(7 —~1)7}[g] =0. SuEpose that the image of an element
x = ZzeA; [t"]x, (x, € T) of T; in T; / (; — 1)T; is annihilated by Z. Then the image
of x, in T/, T is annihilated by Z. By Lemma 113 (1), we have 7, Ajys(Og) =
0O (1) Aint (Og). Therefore we have x, € m,, T by Corollary 171. Choose y(r) €
N for each r € A; such that x, € p*®T and u(r) — oo as v(r) — oco. Put y, :=
p"Dx, € T. Then we have p"y, € m,, T for r € A; with u(r) > N by Proposi-
tion 168 (2). For r € A; with pu(r) < N (resp. u(r) > N), choose z, (resp. w,) € T
such that x, = m,,z, (resp. p¥y, = m,w,). Then Y-, i N[12r + D e ppir-n
[5] p”@’N w, converges to an element z of 7;, and we have x = (y; — 1)(2). O

~

K, (—). We obtain RI"(I'a, T AW (1)) = K, (TA (M)) by the same argu-

Corollary 193 Foreach N € N., the following morphism in the derived category
D(G-Sets, Ag\ys (0%)) (Sect. 14)of A égl (Ox)-modules with semilinear G g -action
is an isomorphism.

LuyfRI (I, TAZ™NM (M) — Lt RT(Ax, TAN) (M)
Proof We may forget the action of G ¢ by Lemma 103. By Propositions 191 and 192,
we can apply Lemma 111 (2) for R = Ais(O%), I = 7R, and J = Z,eN[E”fl]R +

TR to RI'(I4, TZ%EN)(M)) — RI(Aa, TAL).(M)). Then we obtain the claim
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from Lemma 111 (1) because A%ﬁ (Aso) and Ag‘ys (A) are 7-torsion free by Lemma

156 (1). ]

Proposition 194 Foreach N € N., the following morphism in the derived category

D(Gg-Sets, Ag\}’,)g (0%)) (Sect. 14) ofA%l (Ox)-modules with semilinear G -action

is an isomorphism.

Lyf RI(Ia, TAZ ™M (M) — Lt RI(I'a, TAZ™N (M)

Proof We can prove the claim in the same way as Proposition 116 by using

prAN (Og) € ZL) instead of a, a, € .6, and the following facts. The rings

AN (Aso) and A%ff’ )(A) are p-torsion free and p-adically complete and separated

(Lemma 166 (1)). The action of I'"4 on T AL-(") (M) /7 is trivial (Proposition 168 (3),

crys

Lemma 98). The element 7 is regular in AE&QN )(A) (Proposition 168 (1)). The ele-

ment (7([e"] — 1)~1)? is contained in pAgg)s(Of) for reZ[%]\Z because 7([e'] —

1)~' €€ A (O%). Wehave T ATV (M) / p = Dzt o, 1pe LT/ p" and T/ p™ S

crys
(11T /p™; x — [t“]x, where T denotes TAC%&N )(M) (Lemma 166 (2), Proposition
170 3)). 0

Proof of Proposition 190 By Propositions 112, 116, Corollary 193, and Proposition

194, it suffices to prove the claim with A 4, T Ajyr, and TASIYY?q replaced by I'4, T AL,

and TAEy*gN ). By Lemma 98, Proposition 168 (3), and the same argument as the proof
of Lemma 117, we obtain isomorphisms

LpfRC(TAT)ZEn KT —1, ..., —DETK (T —1,...,7a— 1)

for T = TAE

inf

(M) (resp. TAZ:(N) (M) in the derived category of Ajn(Ox) (resp.

crys

ADM) ( Ox))-modules. Therefore it suffices to prove the isomorphism AEf (A) ®ﬁmf (00)

crys

AN (0x)/p" =g AL(A) ® Aur(00) ANL(Og)/p™, which is verified in the same

crys crys

way as the proof of Lemma 125. ]

Let N be a positive integer. We define fﬁafc(r]y? 6(71) to be the p-adic completion of
Bpere AL (A) IL ul["’] regarded as a subring of s, 5(A).

crys

Lemma 195 (1) ,Qic(r]}i) B (A) does not depend on the choice of the compatible system
of p"th roots s; , of the image of s; in A used in the construction of u; ,, and u;.

2) szc(r]yvs) B(Z) is stable under the action of G 4, V and .

Proof We have ([¢*] — D"l € WP ((Ry.) (a € Z), n € N) by Lemma 182, and

one can verify the claims in the same way as the proof of Lemma 126 (1) and (3).

Note @i (s;) =sip (i e NN[I1,e]. ([l
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By Corollary 154, the natural homomorphism %(rf;ls) B(,_4) — ‘Q{cws,lg(ﬂ) is injec-
tive. Let N be an integer > 2. Then the homomorphism WF>™V=D(R4) —
WFP-N)(R4)/ p™ factors through WPD’(N’“(Rj)/(ImPN_](P’l), p™) (see the proof

of Lemma 160 (2)), and therefore induces a homomorphism

ANV (A) — ) 2 (A) (183)

crys, B crys,

compatible with the action of G 4, V, ¢, and Agg\’s’l)*) (A) — Ag\;)s(.?l) (Lemma
160 (2)). The homomorphism (183) is injective by Lemma 160 (2). By taking the
scalar extension of (180) (with N replaced by N — 1) under (183), we obtain the

following.

Proposition 196 For an integer N > 2, the isomorphism (39) induces an isomor-
phism

TAgvy)s(M) ®Ag\;l(Z) szc(r[;?lg(./_‘l) i) Mpw-1 Qpw-1 szc(r[)i)B(Z) (184)

Let A\ be one of 7 and @’1(77). In order to construct the morphism (182)

and show its compatibility with ¢, we introduce a subcomplex %ﬁ) )\.QZ;(Z)

of A’e;%rys,B(Z) ®p §2 giving a resolution of AN (A) such that the complex

crys
) 5(A) ®p 23 is contained in n} (5., 28 (A)).

For i € NN[1, e], we define 7. lryls(g& (A) (resp. 427;';}%,%]_)/\(,])) to be the p-adic

Ci

completion of e A AGD (Auf" (resp. AG (D & (@ A AR (Au™)

- crys i _ crys
regarded as an A{N) (A)-submodule of A~ s 5(A). Put w; 1= V(u;) = —(u; +
1)dlogs; € Hrys, 5(A) ®p 25. The subcomplex Q{ci{fs',(l]s\l, )/\ (A N ;z/c’ryls(g )A (Aw;
of A\~ ys 5(A) ®p £25 gives aresolution of A%l (A). We define szcgyvs) \25(A) to
be the p-adic completion of the tensor product of the above complexes for i € NN
[1, e] over AY) (A), which may be regarded as a subcomplex of A" Aerys, B(A) B

crys

Q5. We define A A(.71) CA° CryS,B(./Tl) for J € NN[1, e] to be the p-adic

crys, 3,
completion of
@ )\~ E((Supp Ll)UJ)A%)S(X) 1_[ ul[n,‘]’
i

neNe

where Supp n denotes the subset of N N [1, e] consisting of i with n; > 0. Then we
have

N) o041\ — J(N) 1
‘Q{crys,/\‘QB('A) - @ °Q{crys,8,/\("4) Qwy,
JCNN[1,el.tt/=q

where wy = wj A+ Awj forasubset J = {j; <--- < j,} of NN[1,e].

Lemma 197 Let a be an element of Aini(Og), and assume that its image in
Aint(Og)/p = Ro is neither zero nor invertible and that a Aiyt (Og) is G g -stable.
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Then the action of Gk ona ™" Ay ( Ox) is continuous with respect to the (p, [ E])—adic
topology. (Note that the element a is regular by Lemma 1 (4)).

Proof For x € Aji(Og) and g € Gk, we have ga~'x) —a~'x = g(a)~'(1 —
a’lg(a))g(x) +a’1(g(x) —x). By Lemma 5, it suffices to prove the follow-
ing: For any m € N.(, there exists an open subgroup H, of G such that
a~'g(a) — 1 € (p,[p])™ for every g € H,,. By Lemma 5 again, it suffices to
prove that the multiplication by a induces a homeomorphism from A;,:(Ox) to
aAins(Ox) endowed with the topology induced by that of Aiy(Ox). By Lemma
1 (3), we have (p"Aut(Og) +a"Aint(Og)) NaAint(Og) = a(p™ Aint(Og) +
a’”’lAimc(Of)) for m € N. (. Hence the claim follows from Lemma 1 (1). [l

Lemma 198 Let \ be one of ™ and = ().

(1) e \ 25 (A) is the oy 5 (A)-submodule of X~ Hirys 5(A) @ 24,

2) szcins) AQ% (A) does not depend on the choice of the compatible system of p"th
roots s; , of the image of s; in A used in the construction of u; , and u;.

3) e;a/c(ng) /\.Qg (A) is stable under the action of G 4, and the action of G 4 is contin-

uous with respect to the p-adic topology of,Qf(N) 2% (A).

crys,\
(4) The inclusion homomorphism Agvy)s(ﬁ) — ,Q%C(rly\? A.Q%(X) gives a resolution
Agfg)s(,z)/p’" — %(r])i),xgé(z)/l’m for every m € N.,.
(5) We have /yy, 5(A) @5 25 C 11 (s 28 (A)).
(6) We have ifﬁ?’)p 25A) C AW Q4A) and oY) L 2EA) C
%%{WQ%(A)forq e N.

Proof The claim (1) follows from #((Supp rn) U J) < g((Supp n +m) U J) for
n,m € N®and J C NN[1, e]. By Lemma 182 and 7 € ¢! () Aint (O%), we have
A (el — D" e AN (Og) fora € Z, andm € N-¢. Hence A~ ([e]u; + [£] —

crys

D™ is contained in @70232(/(\1 '(A) (c V%i’yls’,(/\N)(Z)) for n € Nog. By (6) and the

description of u;’m in the proof of Lemma 126, we see that Q/C;;)S%V)A(Zl) and

,%"r’yls”(g )A(Z)wi do not depend on the choice of s;, and are G 4-stable, and then
the claim (2) and the G 4-stability in (3) hold. For a € Z,, we have [¢] €
1+ 7AN) (O%) and 77 € prAY) (O) (Proposition 147), from which we obtain

crys crys

[£9]”" € 1+ p"nAN) (0g) & 7' (7] — 1) € p"AN)(0%) (n € N) by induc-

crys crys

tion on n. This together with Lemma 197, the continuity of Ajys(Og) — A%)g (A),

and Proposition 162 for (A, Ag) = (A, A implies that the actions of G4 on
Ay A (A), B\ (A)w;, and hence on 7, 24 (A) are continuous. For the
claim (4), we can construct an A{Y) (A)/p™-linear homotopy between the identity
map and the zero map in the same way as Lemma 127 because (Suppn) U J =
(Supp(n + 1,)) U (J\{i}) forn e N°, J C NN[l,e],and i € J. The claim (5) and
the first inclusion in (6) are obvious by definition. The second inclusion in (6) follows
from o(u;) = u; 3_0_, (5)14;’_1), o(w;) = —p(u; + 1)?~'w;, and the claim (1). O
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Remark 199 Let B' be lim (B ®. B)/p", and let 7, 2% (A) be the complex

associated to the product map B’ — A and s; ® 1, 1 ® s;. Then the two homomor-
phisms B = B’;a — a ® 1, 1 ® a induce isomorphisms

Dy 25/ D" @ 430 pr Frgr 2B P —> Ao\ 28 (D) p"

for m € N. . It seems that this will allow us to study the compatibility of (192) with
products.

To construct the morphism (182), we first need to put the isomorphisms in Propo-
sition 190 together in the derived category of inductive systems with respect to N.

For A = A, Og, we define AN) (A) (m € N) to be AN (A)/p™, and AD) (A)

crys,m crys crys,e

to be the inverse system (AY) (A))yen. Let AL . (A) denote the ring object

crys,m crys,e

(AQ, J(A) = AD (A — - > AD) [(A) —> ---) of (G 4-Sets"")". The index
N starts with N =2 because of (189). We define the ring object A{y), ,(O%) of

(Gg-Sets™ ) in the same way. Let A%) (Og) denote the ring object of G -Sets"

crys

defined by the inductive system (A2 (Ox) — AQ) (0g) — -+ — AN (0%) —

) crys crys crys
Then we have the following functors (cf. (111)).

. Ne
R(vaA)N

D*((G 4-Sets™ )™, AL) [(A)) —== D*((Gg-Sets" )", AL ,(0p))

crys,e
(NN . LY
—— DT ((Gg-Sets" )N, AL [ (0x)) — D (Gg-Sets", AL) (Og))

crys, e crys

2, D*(Gg-Sets", AS) (Og)).  (185)

By [3, VP Corollaire (1.3.12)] (resp. Lemma 102 (1) and [3, V" Proposition
(1.2.9)]), the evaluation of the first three functors (resp. the last functor) at the N-
component of inductive systems is given by the corresponding functors appearing
in the definition of RI" (A4, —) (110) on D (G 4-Sets™", Ag\;,l,.(.?l)) (resp. 1 on
Dﬂﬁ—Sets, AN (0)).

crys

Let TA®) (M) denote the A

crys,e crys,e

(A)-module

(TA® (M) - TAD M) —TAD (M) — - = TAN) (M) — ...)

crys, e crys,e crys, e crys, e

on (G 4-Sets™ )N, where TAN) (M) = TAW) (M)/ p"™ form e N. Then the image

crys,m crys

of TA®) (M) under the composition of the functors (185) may be regarded as the

crys,e

“inductive system” consisting of LT RI"'(A 4, TAN.(M)) (N € N, N > 2) and is

crys

denoted by (LRI (A 4, TAgf;l(M)))N in the following.
One can define the constant inductive system (Lnf RI'(A 4, T Aing(M)))n by
taking the image of the constant inductive system (7 Ajys,(M))y under the functor

DT ((G 4-Sets"™ )N, (At o (D)) — DT (G-Sets", (Ains(Og))y) defined similarly
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as above. Here Ainf’m(./Tl) = Ainf(./_ét)/(p’”, [E]”'") and T A (M) =
T Aint (M) ® 5, &) Ainf.m (A) form € N.

We have an obvious variant of (115) for inductive systems, and it gives us a
morphism

(A ORIND 0y (L1 RT(A 4, T Aint (M)

— (LRI (A4, TAR(M))y.  (186)

in DT(Gg-Sets", A}) (Og)). By taking R 13 o L I with respect to the mor-

phism of topos (I_N: (Gg-Sets" )N, AL (0g)) — (ﬁ—SetsN,Ag;;s(Of))

crys, e

(Sect. 14), we obtain isomorphisms in DT (G x-Sets", A%) (Og))

(ANMORNINB (400 (LT RT(A 4, T Ain (M) (187)

— (ANORINB (4o, (LI RT (A, TAR (M)

crys crys

(LRI (Au TAN (M),

crys

where (AY) (0?))N®5Aégl(0?))N (resp. (A (Of))N®(LAM(0F))N) denotes the func-

crys crys

tor R(l_If o L(Z_N* (resp. R(l_iI o L(I_N* o [(Aégl(Of))N ®(LAmf(07))N —1); we see
that these are isomorphisms by looking at the evaluation on each N-component and
using Proposition 190.

By Lemma 198 (3) and (4), we have a resolution
TA((J;})IS,O (M) — TA((::})/s,o (M) ®A£:;S(Z) ”ch(r;)ﬁ,wgl} ("Tl)

in Mod((G 4-Sets™" )N, Ag;;s,,(Z)). By applying (185) to this resolution, and using

Lemmas 100 (2) and 198 (5), we obtain a morphism
(I'(Aa, TAR M) ® 40 1y Fapys 5(A) ©5 25))n
—> (LnfRT (A4, TAQ).(M))y  (188)

crys

in D*(ﬂ Sets'", Ag;g,s(Of)). On the other hand, we have a morphism

(Ag\)’,)s(Of)®0KMp<N—n Xn ‘QZ%)N
— (I'(An, TANUM) ® 40 1y Donye 5 (A) @5 25)n (189)

crys

in C*(Gg-Sets", A(Y)

crys

(O%)) by Proposition 196.
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We take the image of the composition

(AQO0R) B0, Mpu-n @5 25N
— (ANORDNB (4, (0 LT RT(A A, T Aigg(M)))y (190)

crys
of (187), (188), and (189) under the functors

L1 E
(0g)) —— D™ (Gg-Sets" N, AL [(0g))

LN RI,
- Dﬂﬂ-SetSNo, Acrys,e (0%)) = Dﬂﬂ-Sets, Acys(0R)).  (191)

D*(Gg-Sets", AL)

crys

By the commutativity of the right square in Lemmas 103 (1) and 7, we see that

L]™@dj): L] — L]Y™R]YL | is an isomorphism. Hence we obtain
<~ <~ <~ <—* T

the desired morphism (182) as follows.

Acrys(of)®0KMP ®B QZ; (192)
Pl Llf_nh_l)n(Ag\;)qm(Of) ®ox Mpw-» ®p 25)
m N
—> RIm Em((AGY ,, (O v O, 00y L117RT (A4, T Aing (M)))w)
m N

> Aarys (0B 0y L11T RT (A, T Aing (M)
Here we use (179) and lim _ AN 1 (0%) = Acrys.m(Og) for the first isomorphism.

Let us prove that (192) is compatible with the Frobenius ¢. First note that
we have an obvious variant of Lemma 105 for inductive systems. By applying
it to the morphisms of ringed topos ¢ defined by the endomorphisms ¢ of the
ring objects A(®) (A, (Ainf,.(z))[v, A® (O%) etc. and the morphisms f, g, g,

Ccrys,e crys,e -
and h of ringed topos defined by the morphisms of ring objects (Ao (A)n —
Ag})ysy.(A), (Ainf.e (OR))N — A((:;}),s!.(Of) etc., we see that the morphism (186) is

compatible with ¢. Then, by Lemma 200 below applied to ¢, and the adjunction
morphism for the morphism of ringed topos [ N ((Gk -Sets" )N, AL (0%)) —

crys,e
(Gk -Sets", Ag;}),s(Of)), we obtain the compatibility of (187) with .

Lemma 200 For a commutative diagram of ringed topos

(E', A) = (E, A)

3 |

(F', B') -2~ (F, B),

the following diagram of functors from D(F’, B') to D(F, B) is commutative, where
the bottom horizontal arrow is the base change morphism.
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Rg. (adj
Rg, —2“D Ry, RfILf"™

adjoR g, \L ¢E

Rf.Lf*Rg, —> Rf.Rh,Lf"

Proof Straightforward. O

Next let us verify the compatibility of (188) with ¢. To simplify the notation, we
put 7 := TAL) (M), 7' := ¢~ (m), DR, := TA<°> (M) ® 4. 7) Jchrys \25(A)

crys, e crys .
(A=, '), and DR := TAg;S(M) ® 1)) & 5(A) ®p 25 Then, by Lemma
198 (6), we have commutative diagrams

¥®

I ——pT T T (193)
q.i.\L J{q,i. q.i.i \Lq.i.
DR, —% ©,DR;, DR, <= DR,

in CT((G4-Sets)N" <N, Aé:;s’.(.?l)), where q.i. means quasi-isomorphism. Let
RI'™(A 4, —) denote the composition of the first three functors in (185). By using
Lemmas 198 (5), 102 (2), and an analogue of (113) for inductive systems indexed by
N, we see that the left commutative diagram in (193) induces the following commu-
tative diagram in D(Q—Sets Ag;;s(Of)); we use Lemma 198 (5) (resp. Lemma

102 (2) and the analogue of (113)) for the morphisms (A) (resp. (B)).

Lt RTN(A 4, T) — 2= Ly RTY(A 4, 0. T) — 2> o, Lyt RTN(A 4, T)

|= |= |=

Ly RTN(A 4, DRy) —> Lyt RTN(A 4, 9,DR;) ~2= . Lt RTY(A 4, DR,)

@} (A)i
I'(A4,DR) 0« (A 4, DR)
(194)
The composition of the right vertical morphism in (194) is ¢,(188). From the right
commutative diagram of (193), we obtain a commutative diagram

Lt RIN(A L, T) ——— LRI (AL, T)

ig ig \;>

Lyt RIMN(A A, DR;) —= Ly R (A4, DR;) =<—— Ly RI"(A 4, DRy)

\ /

I'(A4,DR)
(195)
in D(Gg-Sets", A$) (Og)). This implies that the composition of the left verti-
cal morphisms in (194) coincides with the composition of (188) with the nat-
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ural morphism Ly RIN(A4, T) — Ly, RITN(A 4, T). Thus we see that (188)
is compatible with . The morphism (189) is obviously compatible with . By
using Lemma 200 for ¢, and the adjunction morphism for the morphism of ringed

topos (l_N: ((Gg-Sets" )N, AL (0g)) — (Gg-Sets", AL) (O)) again, we see

crys, e crys
that (192) is compatible with (.
In the rest of this section, we show a functoriality of (192) in (B, sy, .. ., s.) and
prove that the morphism (192) does not depend on the choice of s;.
Let B— B — A si,...,s, € B*, Qp, 2%, P,,, P, Mp,, and Mp' be the

same as after Theorem 136. Recall that we have PD-homomorphisms P,, — P,,
and P —>_73’ compatible with li — B, ¢, and Z We also have_ homomorphisgs
of Acrys(-A)‘algebraS JZ7<:rys,B,m (A) - bQicrys,B/,m (A) and JZ{crys,B(-A) g ~Q{crys,l§/ (A)
compatible with the homomorphisms P,, — P, and P — P’, the G 4-action, ¢,
and V.

Proposition 201 Under the notation and the assumption as above, the following
diagram is commutative, where the left vertical morphism is induced by (143).

~ . (192) ~

Acrys(of)®0,< MP B ‘QB — Acrys(of)®ﬁinf(0?)L77;—RF(AAy TAinf(M))
_ i . /

Acrys(Of)®0K M'P’ p QB/ (152

Proof We define &7 . (4) and /) 2% (A) for N € N and ¢ € N associ-

crys, B/ crys,m

ated to (B', 51, ..., S, 8], ..., s,) in the same way as those for (B, sy, ..., s.). Let
DRLZLS (C) (C = B, B) denote the complex JZ/C(II}YS)’C(Z) ®c $2¢, and let T™) denote

T AN)(M). We see that the homomorphism s 5(A) — vy 5 (A) induces G 4-

crys
equivariant morphisms of complexes DRL,IYCLS (B) — DRL/NCLS (B and ﬂfc(ryl"s)ﬂ (A —
52451}:]3 24, (A) compatible with the morphisms from the former to the latter. Hence
we have the following commutative diagram.

(188)
(I'(Aa, T™ ® o0 DR (B))y —— (Lt RT (Aa, TAL (M)

¢ -

(N)
(F(AA7 T(N) ®A(C?§£(Z) DRJZ/cryx (B/))N

We define P’™ < P’ and Mpwy C Mp: in the same way as P and Mpw by
using B’ — A. Then we can verify that the homomorphisms P — P’ and Mp —
Mp: (143) induce PN — P'™ and Mpw — Mpw for N € N.g. For the for-
mer, we simply note that the image of 7, = Ker(3,, — A,,) under B,, — 5,
is contained in 7, = Ker(B,, — A,,). For the latter, we choose f € N, satisfy-

m

ing jn{Pm =0and (J),)/ P, = 0, and then 0 A, — Bm/j,,{ as before (176). By

. . < .. 0
defining M) C Mp, and Mo C Mp; by using § and the composition A, —
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B/ T — Bl /(T.)!, we see that the image of M) under Mp, — Mp, is con-
tained in M,P,/,Sl).

Since the 1somorphisms (39) for B and 55" are compatible with Mp — Mp: and
Jafcrys,g(.?l) — Gerys B (A), we see that the isomorphisms (180) for 5 and B’ are
compatible with Mpw) — Mpw, and ,;afc(r’yvf,; (A — 42%;];]:% (A). Hence we have
the following commutative diagram.

oy (189
(AN (0) ®0, Mpin @5 2)x —+ (I'(A.4, T™ ® ;0 1 DRY (B)x

/ |

.. (189
(AN(0%) ®0, Mpov-» @ 25)n — (I'(A4, T™ ® 4 3 DR (B)y

crys
Combining the above diagrams and (187), and applying the functors (191), we obtain
the desired commutative diagram. (]

Lemma 202 Under the notation and the assumption as above, the morphism
Acys(00)®0, Mp ®5 2 — Auys(05)®0, Mp @5 25y

induced by (143) is a quasi-isomorphism.

Proof For each m € N, the morphism Mp, ®p 25 — Mp ®p 25 is a quasi-
isomorphism because both sides compute RI"((X,,/ (X, ¥))erys» Fm)- (See Sect. 5
for the definition of F,.) We obtain the desired quasi-isomorphism by taking
Acrys(Og)®0, and then R 1<i1_nm. O

Theorem 203 The morphism (192)
Acrys(0)B0, Mp @5 25 — Acrys(OR) B, (00) L1 RT (A4, T Aint (M)

associated to B — A and s; € B> does not depend on the choice of s;.

Proof Let si, ..., s, be another system of coordinates of B over Og. Put B’ :=
1<ir_nm (B®o, B)/p™. Then, by Proposition 201, the morphism (192) associated to
B — Aands; (resp. s;) factors through the morphism (192) associated to the product
map B’ — Aands; ® 1,1 ® s/ via the morphism A (resp. \') Acrys(OE)@)oK Mp ®p
25 = Auays(0)®0, Mp ®p 25 induced by B — B'ia > a® 1 (resp. | ® a).
The product map B’ — B induces a G g-equivariant Acry(Og)-linear morphism
p: Acrys(of)éBAi“f(Of)MP’ Op Qé/ e Acrys(Of)®Amf(07)M77 ®B QZ; such that
o Xand po X\ are both the identity map. Since A and A’ are quasi-isomorphisms
by Lemma 202, this implies that A and \" coincide with each other in D(Gg -Sets,
Acrys(Of))- O
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21 Comparison Theorem with de Rham Complex over
Acrys

Theorem 204 Let M be an object of MF[VO’ p—21 free (A, P). Then the morphism (192)

Aeys(0R)B0, Mp ®5 2% — Aarys(0R)8's, 00y L1IT RT (A4, T Aini (M)
is an isomorphism in D(ﬁ-Sets, Acrys(OR)).

By applying Proposition 201 to A, B — 1(1_r_nm (A®op, B)/p™ and using Lemma
202, Theorem 204 is immediately reduced to the special case B = A. In this case,
the image of (A(N)(OX)QOKM ®.4 §2%)n under the functor (191) is isomorphic

crys
10 Acrys(Og)®0, M @ 4 2% because Ag};,)S(Of)@OKM ®.4 £2% are p-torsion free.
Hence, by the construction of (192), it suffices to prove that the N-component of the

composition of (188) and (189) for A and #y, ..., 1,

AN (O ®0, M @4 2% —> LT RI (A4, TAN) (M) (196)

crys crys

is anisomorphismin D* (G g -Sets, Agf;{ (Og)) forevery integer N > 2. We will con-

struct a morphism (196) with A4 and T AN) (M) replaced by I'4 and T A2 (M)

crys crys
by using szc[rjys(A) and A%gN )(A) instead of Jz{crys(./Tl) and Ag\;{ (A). Then we will
prove that it is an isomorphism by comparing it with variants of (119) and Propo-
sition 123 for A{N) (O%) and T AZL{" (M), and obtain the desired isomorphism by
using Corollary 193 and Proposition 194.

Similarly to ﬁf’c(rlyvs) 5(A), we define %%;(N )(A) to be the p-adic completion of

et AN (A) T2y )" regarded as a subring of /1 (A). Then the claims

corresponding to Lemma 195 hold for <75,V (A). We define the subcomplex

crys

AEMN Qs c m7 AL (A) ®4 2% in the same way as /) 2% (A) by using

crys, crys crys,m

AWM (A), Z (A), and v; instead of AY)(A), Firys5(A), and u;. Then the

crys crys

claims corresponding to Lemma 198 (1)—(5) hold for <7, o.(v ){2:4. The natural

crys,m
homomorphism &/ (A) — erys(A) (85) induces &M (A) — 1) (A) and
LN QY — M) 29 (A).

crys,m crys,m

We define AZ:M) (A) (m € N)tobe AL (A4)/p™, and let A ™) (A) denote the

crys,m crys crys, e

ring object (AZ:M (A)),,cx of (I'4-Sets)N . Let T AZ(M) (A1) denote the AZ: M) (A)-

crys,m crys, e crys,e

module (T A2 (M)/p™)nen on (I'4-Sets)™’. Then we have a resolution

crys

T Ay (M) —> TAGN) (M) ® 0,00 4y Feryin' 22 (197)

crys,e crys,e crys, T

in Mod((1"4-Sets)"", A'c]n}(s{\? (A)). Applying the functor (see (109) and (110))

Ly RI(Ia, =) : DY ((Ta-Sets)™, AN (A)) — D (Gg-Sets, AN (0%))

crys, e crys
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and using /™ (A) ® 4 2% C nf 00 2%, we obtain a morphism

I T Ay (M) 8,500 1) o™ (A) @4 220

— LyfRI(I'a, TAZ: M (M) (198)

crys
in D*(ﬁ-Sets, Ag\;l(OE)). Assume N > 2. Then, by Proposition 189 and (167)
(cf. Proposition 196), there is a natural G g -equivariant morphism from Ag‘ys (0%)Ro0,
M ® 4 §2% to the source of (198). Thus we obtain a morphism

AN (0D®0 M @4 2% —> LT RI (M, TAZ:Y (M) (199)

crys crys
in D*(@-Sets, Ag\;)s(Of)). Since the isomorphism (180) for 5 = A4 and (181)

are compatible with the natural homomorphisms T AZ,(N (M) — T AN (M) and

ALND(A) — o/ NH(A), the following diagram is commutative.

crys crys

(196)

AN (ORD)®0, M @4 2% LyfRI(Aa, TAL(M)) (200)

*\ Lyt RT (g, TAZ ™ (M)).

crys

The right vertical morphism is an isomorphism by Corollary 193 and Proposition
194, and therefore, it suffices to prove the following.

Proposition 205 For any integer N > 2, the morphism (199) is an isomorphism.

By Lemma 103, we may forget the action of G in the following. By the same
argument as the proof of Lemma 117, we obtain an isomorphism in the derived
category of AQ\)(Ox)-modules

RO(T4, TADM M) = K(TAZNMM); v =1, ... ya— D). (201)

crys crys

Since (y; — (T AD-M (M) c 7T AZM (M) by Lemma 98 and Proposition

crys crys

168 (3), the degree g-part of the complex nj{K(TACDr;gN)(M); m=1,...,7% =1
is given by 74 TAcDry*gN)(M) ®z N E, where E = @®1<;<q4Ze;. By multiplying the

degree g-part by 79, we obtain an isomorphism

—1 —1
W KTAD N MYy — 1,y — 1) 2 KTAD M oy = ),
™

crys crys T
(202)
We will prove that the right-hand side of (202) is isomorphic to the de Rham
complex Aé@l(Oﬁ@OKM ®.4 §2% by an explicit computation (Proposition 209,
(207)) similarly to Proposition 123, and then verify that the composition of it with
the isomorphisms L7t (201) and (202) gives (199).
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Put 7 :=1@®14 — [1;,1® 1 € 5 (A) for i e NN[1,d]. Then the AZ (A)-
algebra ,safchYS(A) is the p-adic completion of the PD-polynomial ring over AY. (A)

crys
with d-variables 7;. We have

vy ="V @dy (neN.), (203)
vi(r)) =7;if j #i, 7 —wlt;]if j =i, (204)

We have (14+uv)'—1= [5]’177, which implies v; =), ., (=D"[t,17"7],
T =61 (D", V() = (2 (=Dl 17" V(7). and V() =
(AP 1)”nvf‘*1)V(v,-). Using these formulae, we see that we obtain the same
algebras if we replace v; and V(v;) = —(v; + 1)d logt; by 7; and V(7;) = dt; in the
construction of bafc'r:’y;(N )(A) and szc'r:’yg(ﬁ )£2%. We use this alternative construction in
the following.

By combining the isomorphisms in Propositions 186 and 189 with N replaced
by N — 1, and taking the scalar extension by ,;zfcrmy*s((N “DH(A) - M (A) (167),

crys

. |:|’ N . . .
we obtain o7 )(A)-linear isomorphisms

Oom: M@, ”Q{CfDYYS(N) A) Pr(): 189 TACD&(SN)(M ) ® 400 4 ”%rDyE(N) (A)

E O.av)
m M Q4.0 ‘chrys (A). (205)

The first isomorphism in (205) is I:A—equivariant, and the second one in (205) is
compatible with id ® V. We see that the composition §,, is induced by the inverse
of (95) by its construction. Therefore, by (96) and Remark 18, we have

@D =Y Vi e §laeh=) VA -n" (206

neNd neNd

for x € M, where 7% =[], 7"", (=) =[], (=), and V2(x) =
ngigd Vl."" (x) for n = (n;) € N and x € M. The endomorphisms V; (i € NN
[1,d]) on M are defined by V(x) = >, _;_, Vi(x) ® dt;.

By Lemma 87 (2) and (164), we have an isomorphism AXN) (0%)®0, A 3

crys
AE&&N )(A). Hence by Proposition 186 and (167), we see that the second isomor-

phism in (205) induces the following isomorphism. Note N > 2.

TAZ M (M) = AN

crys crys

(00)®0, M. (207)

We define the integrable connection V on A(Y) (OF)@\)OKM by id ® V, and the

crys

endomorphisms V; (i € NN [1,d])on AY) (Og)®0, Mby V(x) =3, Vi(x) ®

crys

dt;. We equip AN) (05)® 0, M with the action of I 4 obtained from that on TAG™N

crys

(M) via (207).
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Lemma 206 (cf.Propositions 120 (3),121) Fori e NN [1,d] andxeAg,vy;(Of)®oK
M, we have v;(x) = >, .y TV (x).

Proof Since the action of I'y on AW (0x)®0, M is AN (Ox)-linear, it suffices to

prove the claim when x € M. We can verify it by using (205) and (206) as follows.
We abbreviate 9, (205) to 4.

038 @ 1) = ) 6 (VH0) ® (=)

neNd

=5()_ Vi) ® (=) (=g 4 7, M)

neNd
— Z lml Z Verﬂ(x) ® (—’r)[ﬂfn’l"](—'ri + 7T[Li])[ni]
meNd neNd
=) VI ® (@) ="'V x) @ 7.
neN neN

The fourth equality follows from Z[:m+n Ti[m](_Ti + 7 [L-])I”] = (W[Li])[” and
Zl '7'["1](_7—1')["] =0 (] 7& 1) forl N>0. O

=m+n 'j

Lemma 207 We have "7~ € I"’1WPD’(1)(R0?) for n € Noy, and it converges
to 0 as n — oo with respect to the p-adic topology of AZ(O%).

crys

Proof This follows from %ﬁl € WPD’(D(R(PK), %(%;])p € WPD’(Z)(RO?) (Proposi-

tion 147), v,(n!) < Zj, and I"'WPPD(Rp ) = WPP-O(Ro ) N - W(RO?)[%].
O

(N)
crys

By Lemma 207, we can define A
[1,d]) of AN) (0O)®0, M by

crys

(Og)-linear endomorphisms F; (i € NN

Fiy= Y a"z v (x). (208)

11€N>0

Lemma 208 (cf. Lemma 122)

(1) F; is an isomorphism.
(2) Wehave F;oV; =1 (v; — 1) on A(N)(Of)®0KM.

crys

(3) Fori, j e NN[1,d]suchthati # j, we have F;F; = F;F;, F;V; = V;F; and
Fivj =~;Fi.

Proof (1) By the proof of Lemma 160 (2), I' WM (Ry )AN)(O%)/p is a nilpo-

crys

tentideal of AN (O%)/p. As AN) (Og) is p-adically complete and separated, it suf-

crys crys

fices to prove the claim after taking the reduction mod pA®) (Og) + I' WP W(R_)-

crys
AN)(O%). Then F; becomes the multiplication by 7, which is an isomorphism
because t; € A*.
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(2) This follows from Lemma 206.

(3) One can verify the first two equalities by explicit computation using V; o V; =
V;oV;andV; ot;id = t;id o V; (i # j). The last one follows from the first two and
2). (]

For I = {i; <--- <i,} C NN[1,d], we define dr; € 2% and e; € AYE to be
dtiy A...Adt; ande;; A ... Ae; . Let Fy denote the composition F; o F;_ o---0
F;,, which is an A{)(Og)-linear automorphism of AX) (0x)®0, M. We define
the isomorphism F7: AN) (0)®0, M ®.4 2% > AN (0x)®0, M &z AE by

Fi(x®dy)=F/(x)®e; for xeA)(0p)®0,M and ICNNJl.d]
with £/ = g.

Proposition 209 The isomorphisms F? (q € N) define an isomorphism of com-
plexes between the de Rham complex of Agg)s(Of)®0 «M and the Koszul complex
of AN (OE)®0KM with respect to ! (i — 1):

crys

~ ~ ~ —1 —1
F: AN (09)®0, M @4 2% — K(AN (05)80, M: %W Ay

crys crys T
(209)

Proof Forx € AN (0x)®0, M and I C NN [1,d], we have
FoV(xdt;) = F(Ziel“ Vi(x)dt; Adty) = Ziel“ FIU{i} oVilx) ®e; Aeg
do F(xdty) =d(Fi(x)e) = Y e (i = D o Fi(x) @ e; Aey,

where 1 = (NN [1,d])\/. Lemma 208 implies that these two elements coincide.
O

Now it remains to prove the following proposition.

Proposition 210 The isomorphism

LyfRI(Ia, TAGNM (M) = AN (080, M ®.4 2%

crys

obtained from (201), (202), (207), and (209) coincides with the morphism (199).

We prove Proposition 210 in the rest of this section.

For a I'4-module T', let K, (T) denote the Koszul complex K (T; v —1,...v4 —
1). If the action of 1”4 on T /7T is trivial, we define K-1,(T) to be the Koszul com-
plex K(T; 7' (y1 = 1), ..., 7 (74 — 1)). To simplify the notation, we abbreviate

O
AZM(A) and FZM(A) o ADNM and F5N, and put M Ac;y(sN )=

AR (OR)®o M,

crys
T oy QM) = TAGN (M) ® 40,00 Fory N 2%,

crys, ™ crys crys, ™

TSN 25 M) = TATNM (M) ® 0.0 g™ ®.4 2%
crys

crys crys crys
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We have
1T AN Q29 (M) € TN 24 (M). (210)

crys crys,m

We identify T ALY (M) with MADC;Y(SN) via the isomorphism (207).
Let -
G(()) : MA )

crys

@4 2% —> nF K, (THN 2% (M)

crys,m

be the composition of

AN (0 ®0,M @4 2% —> T'(Ta, (AN @4 M) @4 2%)

crys crys

= I, TAZN 2% (M)) —> 0t T(Fa, T2 2% (M))

crys crys,m

— K (THLN 2% (M)). (211)

crys, T

Here the first morphism is induced by the structure homomorphism AQ\(O%) —

,dc'r:'y’s(’v ) and idy,, and the second one is induced by the first isomorphism in (205).
Let
0O, .
Gy Kaoty (M3 ") — Ko (T 25 (M)
be the composition of the inverse of the isomorphism (202) with the quasi-isomorphism
nt Ko (T AZ;N (M) — nf Ko (T /5N 2% (M)). Tt suffices to show that G ) o F
and G () are homotopic for the isomorphism F in Proposition 209.

By replacing V; with 7=!(5; — 1) one by one, we construct a decomposition of

F into the composition Fg—_1) o --- o F) of d isomorphisms F,): C¢, = Clin
(r e NN[0,d — 1]) of complexes. Then we construct morphisms of complexes
Guy: C) = i K (TN 25 (M) (r € NN [0, d]) such that Gp) and Gq)
are as above, and show that G4y o F;) and G are homotopic for each r €

NN[0,d —1].

Lemma 211 Fori, j e NN[1,d] withi # j, V; and W’l('yj — 1) on MDCW(N) are
commutative.

Proof This follows from Lemma 206, V; o V; = V; o V;and V; o tjid = t;id o V.
O
Let r € NN [0, d]. We first construct the complex C(‘r). Fori e NN[1,d], we
define the endomorphism Bl.(r) of MADC:SV) tobe 77 !'(y, = 1) ifi € [1,7] and V; if
i €[r+1,d].Fori e NN[l,d], wedefinew” tobee; € Eifi €[1,r],andds; €
24 1fi € [r +1,d]. Let E, be the free Z-module @ieNn[l,d]wa”. For I = {i; <

- <i} CNNJL,d], let wﬁr) denote the element wi(lr) A A wi(:) of ATE ).
We put CZ’) = ME;;N) ®z N E;y (g € N) and define the homomorphism

r r r O,

di: Cl— Cl by dl (x @ w) = Y142, 07 () @ w” Aw) forx € My

and I ¢ NN [1,d] with #I = g. By Lemma 211, 8[.(’) (i € NN [1,d)) are mutually
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commutative, and therefore d(qj)'l o d(qr) =0 for every ¢ € N. The complex Cf, is
identified with M/‘i;y(sN) ®.4 §2% viathe canonical isomorphisms 2% = A ®; N1E ©
(¢ € N), and we have Cf, = K1, (M ™).

crys
Letr € NN[0,d — 1]. Forg € N, we define the isomorphism F, : C{., = C(qu)rl

by FlLax@w ) =x@uw/ ™ ifr+1¢ 1, Fu(x) @w) ™V ifr+1elforxe
M and I ¢ NN[1,d] with £1 = q. See (208) for the definition of F,,. We
have Fry 08" = 0" ™ o Foyy fori #r +1and 9" = Fr11 0 9”), by Lemma
208 (2) and (3). This shows that Fg_) (¢ € N) define an isomorphism of complexes

F(,-)Z C(.r) i) C(.r+l)'
with the isomorphism F: C§) = Cf) (209).
Let r e NN [0, d]. Let us construct a morphism of complexes G): C(‘r) —

0t K (T LN 2% (M)). We first define an A%) (O%)-linear homomorphism

crys,m crys

It is obvious that the composition F;_) o - - - o F(g) coincides

e (M)

O,V O,w
Gr': MA (N) SN ,!Z{D’(N) ®AEY.:N) MAC;S ) — E/Q{D’(N) ®A‘C:r|y's(N) 7‘14(:ryS

crys crys crys
by
Gm= Y eV, xem M.

erys
ne{0) xNd—

Lemma 212 (1) Fori e NN[1,r], we have (y; — 1) oG, = G, o (y; — 1).
(2) Fori e NN[r+1,d], we have (V; ®id) o G, = G, o V,.

(3) For j e NN[r+1,d], we have (y; — 1) o G, = 0.

4) For j e NN[1,r], we have (V; ® id) o G, = 0.

Proof We can verify the claim by using Lemma 206, (203), (204), and the equalities
VioV;=VioV;and V; otjid = 15id o V; (i # j) on My " as follows. Let 4,
denote {0} x N9, The last equality for v; o G,(x) follows from D ienim (T —
wle, DM (e, D = 7 for 1 e N.

e =) e (Z ﬂ”tﬁ’V?(V”(x)))

nea, neN
=Y Mo (Z w[”]r,-”v,f’(x)) = Gy o),
neA, neN

(Vi ®id) 0 G,(x)

Z Fln=1] ® Vi(x)

neA,; ,n>1;

— Z patd ® VE(V;(x)) = G, o V;(x),

neA,
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vj o G.(x) = Z 7-[n njl1] (7- _ 7'('[[ )[n/] (Z 7T[m]l‘mvm(vn(x))

neA, meN

2o 2 — )Ml )™ @ () (v @)

neA, meN

= Z @ Vi(x) = G, (v),

neA,

(V; ®id) 0 G, (x) = (V; ® id) Z M@ vix) | =0.
neA, O

We define the homomorphism G¥,,: C{,

& — KUT 75N 2% (M) by

crys, ™

Gl (x ® W) = AN G (x) @ W)

for x € M N M and I c NN [1, d] with g/ = g. By using Lemma 212, we see that
this deﬁnes a morphlsm of complexes

Gy: Coy —> Ky(T N 25 (M)). (212)

For x and [ as above, the image of x ® w(r) under the homomorphism G?r) is
contained ﬂ'qusz%D MU (M) ®, NPE C mT AN Q2% (M) @2 A E, where

q=gUN[r+1, d]) and g =g N[, r]). Hencé the morphlsm of complexes
G (212) factors through the subcomplex 7" KW(T;afchys(ﬁ' )25 (M)). By the con-
struction of (207) and (202), and the description of ¢, in (206), we see that G ) and
G () coincide with the homomorphisms defined before Lemma 211.

It remains to construct a homotopy between G 41y o F(,y and G for r e NN
[0, d — 1]. We use the “integration homomorphism” with respect to the variable 7,

defined as follows.

Ir-‘rl:% ® D(N) TA (N)(M)—>%D(N ® D(N> TA (N)(M)

crys crys crys crys

ZQEN" ol & X, ZQENJ T[LH_LH] ® Xp.

Lemma 213 (1) We have I,10G, oV, =G, — G,4;.
(2) Fori e NN[1,d], we have

0 if i ell,rl,
Vi ®id)o 110G, =1G, ifi=r+l,
Ir+1OGrOV,' lfze[r—l-Z,d]

(3) Fori e NN[1,d], we have
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Ir+10GrO("}/i_1) l:fie[lvr]v
(7[_1)01r+1oGr: _7TGr+10Fr+l lf‘l:r—i-l,
0 if i €[r+2,d].

Proof (1) Forx € MEC"_;N) , we have

Li10GroVi) =hyr | Y T @ V()
ne{0) xNd-—

mef0) xNI="\ m>1,

(2)Fori e NN [1,d],weseethat (V; ®id)o I,1; = I,410(V; ®id)ifi #r +
land (V; ®id) o I,; =id if i = r 4+ 1 by using (203). Hence the claim follows
from Lemma 212 (2) and (4).

(3) For i e NN[l,d] different from r+1 and x =), g X, €

AN @ oo TASN (M) (x, € TALM (M), we have
crys -

crys crys crys

Ly 0%i(x) =i 0 Lyr (x) = Y w7l (g — [, D @ 7 (x,)

neNd

by (204). Hence the equality fori # r + 1 follows from Lemma 212 (1) and (3). The
equality for i = r 4 1 is verified as follows. Let x € MEW(N) Fors € {r,r 4+ 1}, put
Ay i= {0} x N3,

Yrt1 0 L1 0 G (x)

= | Do Tl @ V()

neA,

= el =l D @ (Z w'”'r:LlV:L](V"(x)))

neA, neN

=Y Y G =l D DM @ VI (V)

leA (m,n)eN?
I+1 1
=y Y G = @l D) @ VL (V)
leA 4 leN

=1510G - Y eV (Zw”*“tiiiV£+l(x>)

leA 4 leN
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=1r4+1 0 G, (x) — 7T(;r-ﬁ-l © Fr+l(x)‘
O

We define the homomorphism k?r) : Cf’r) — K;I‘l (TﬂZc'r:'y*sfﬁ) 2% (M))forq € N
by

it r+1¢1
ki (xr @ wy”) = . ’
« ! 1ML 0 Gr(x) @ Wiy, if rH 1€l

where €7,y € {£1} is defined by wﬁr) =¢er,p1dty A w;r\){rﬂ}. We set k?r) =0.
The proof of Proposition 210 is completed by the following lemma.
Lemma214 (1) For geN, we have di'okl +ki'od! =Gl —
q q
Gitny © Fopy-
(2) For q € Ny, the image of kfr) is contained in the degree (¢ — 1)-part of
1 K (T gy N 25 (M),

crys, ™

Proof (1) We prove the equality for the images of x ® wﬁr) for x € MADC’W(:V) and
I cNNJ[l,d]withgl =gq.Inthecaser + 1 ¢ I, we have

@ okl +hi e di W =k | 3 AT w e W Aw)
ieNN[1,d]

— 7.‘.I-T(Il'l[l,r])Ir_H oG, o A (x) ® w;’).

The last term equals to (G{,) — G{, |, o Fl)(x ® w}r)) by Lemma 213 (1). Suppose

that r +1 € 1. Put J = \{r + 1} and y = ¢;,1x. Then we have x ®w§r) =y®

(Wr(21 A wy)). Its image under k(. is 7™MV 0 G (y) ® w(f) by definition. Put

JC=NN[1,d\J, Jg:=J°UNN[L,r], and J{ :=J°UNN[r+1,d]). By
Lemma 213 (2) and (3), we obtain

d’'o ki) (x ® Wy

= WW”IL’]>{Z<V; ®id) 0 410 G, (y) ® (di Awy)

H C
iely

+Y (= Dol 0G () ® (e A w(f))}

ielf
_ HUNILD {Gr(y) ® @ty AW

+ Y LuoGoViy @@ AwY)

ieJN[r+2,d]
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+7 > LuoGrom '(ji— D) ® (e Awl)
ieJen(l,r]

—7Grp10 Frp1(3) ® (6041 A wi’))}.
On the other hand, we have

q+1 q (r)
k(r) o d(r)(x Quw; )

+1
=k X W AuiaW)

ieJ\{r+1}
=— Y VUL eGon T (= DO ® (@ AW
ieJeN[l,r]

B Z Wj(jmll’rl)lr+1 0G, oV, (y) ® (dt; A wgr)).
ieJen(r+2,d]

By taking the sum of the two, we obtain

@ ok 4K o dl ) @)

1 1
= MG, (1) @ W) Aw)) = TG 0 Frn (1) ® @ Awi™ )

=Gl ® W AW = Gl (Frn () ® @ Awi™))
= (Gl = Gl o Fp)r @ W),

Q) Letx ® wg") be the same as above. If ¥ + 1 ¢ I, we have k(q'_) x® w}r)) =0.
Suppose that r 4+ 1 € 1. Under the notation in the proof of (1), we have wy) €

Qﬁm[rﬂ’d]) ®gz APUOILD E By the computation of 7 := ki (x ® wgr)) and d?71(z)

above and (210), we obtain z ewq“KfY"l(Tsz/D’(N)Qk(M)) and d?7!(2)

crys,m

K4 (T g 25, (M)). O
Acknowledgements I would like to express my sincere gratitude to Matthew Morrow for explain-
ing me the work with B. Bhatt and P. Scholze during my stay at IHES in March-April, 2016, for
telling me that Lemma 111 is already known, and also for reminding me the importance of giving a
general formulation on some arguments originating from the theorem of Wach. His explanation at
IHES motivated me much to think about a possible theory of coefficients, initially from the point of
view of the p-adic Simpson correspondence. I am also grateful to Martin Olsson and Bhargav Bhatt
for the invitation to the conference. This work was financially supported by JSPS Grants-in-Aid for
Scientific Research, Grant Number 15H02050.



Crystalline Z,-Representations and Aj,f-Representations with Frobenius 319

References

D

11.

12.

13.

14.

15.

16.
17.

18.

19.
20.

The Stacks Project. Available at http://stacks.math.columbia.edu.

. A.Abbes, M. Gros, and T. Tsuji, The p-adic Simpson correspondence, Annals of Math. Studies,

vol. 193, Princeton Univ. Press, 2016.

M. Artin, A. Grothendieck, J. L. Verdier, Théorie des topos et cohomologie étale des schémas
(SGA 4). Lecture Notes in Math. 269, 270, 305, Springer, 1972-1973.

P. Berthelot, Cohomologie cristalline des schémas de caractéristique p >0, Lecture Notes in
Math. 407, Springer, 1974.

P. Berthelot, A. Ogus, Notes on crystalline cohomology, Princeton Univ. Press, 1978.

B. Bhatt, Specializing varieties and their cohomology from characteristic O to characteristic p,
Algebraic geometry: Salt Lake City 2015, Part 2, pp. 43-88, Proc. Sympos. Pure Math. 97.2,
Amer. Math. Soc., Providence, RI, 2018.

B. Bhatt, M. Morrow, P. Scholze, Integral p-adic Hodge Theory, Publ. Math. Inst. Hautes
Etudes Sci. 128 (2018), 219-397.

O. Brinon, Représentations p-adiques cristallines et de de Rham dans le cas relatif, Mém. Soc.
Math. Fr. (N.S.) 112 (2008).

G. Faltings, p-adic Hodge theory, J. Amer. Math. Soc. 1 (1988), 255-299.

G. Faltings, Crystalline cohomology and p-adic Galois representations, Algebraic analysis,
geometry, and number theory (Baltimore, 1988), pp. 25-80, Johns Hopkins Univ. Press, Bal-
timore, 1989.

G. Faltings, Almost étale extensions, Cohomologies p-adiques et applications arithmétiques
D), Astérisque 279, 2002, pp. 185-270.

J.-M. Fontaine, Le corps des périodes p-adiques, Périodes p-adiques, Séminaire de Bures,
1988, Astérisque 223, 1994, pp. 59-111.

J.-M. Fontaine, G. Laffaille, Construction de représentations p-adiques, Ann. Sci. Ecole
Norm. Sup. (4) 15 (1982), 547-608.

K. Kato, On p-adic vanishing cycles (application of ideas of Fontaine-Messing), Algebraic
geometry (Sendai, 1985), Adv. Stud. Pure Math. 10 (1987), pp. 207-251.

K. Kato, The explicit reciprocity law and the cohomology of Fontaine-Messing, Bull. Soc.
math. France 119 (1991), 397-441.

M. Morrow, Notes on the Aj,r-cohomology of Integral p-adic Hodge theory, these proceedings.
A. Ogus, F-crystals, Griffiths transversality, and the Hodge decomposition, Astérisque 221,
1994.

T. Tsuji, p-adic étale cohomology and crystalline cohomology in the semi-stable reduction
case, Invent. Math. 137 (1999), 233—411.

T. Tsuji, Purity for Hodge-Tate representations, Math. Ann. 350 (2011), 829-866.

N. Wach, Représentations cristallines de torsion, Compositio Math. 108 (1997), 185-240.


http://stacks.math.columbia.edu

	Preface
	Contents
	 Notes on the mathbbAinf-Cohomology of Integral p-Adic Hodge Theory
	1 Introduction
	1.1 Mysterious Functor and Crystalline Comparison
	1.2 Statement of Main Theorem and Outline of Notes

	2 The décalage Functor Lη: Modifying Torsion
	2.1 Example 1: Crystalline Cohomology
	2.2 ``Example 2'': An Integral Form of Faltings' Almost Purity Theorem

	3 Algebraic Preliminaries on Perfectoid Rings
	3.1 The Maps θr, tildeθr
	3.2 Perfectoid Rings
	3.3 Main Example: Perfectoid Rings Containing Enough Roots of Unity

	4 The Pro-étale Site and Its Sheaves
	4.1 The Pro-étale Site Xprot
	4.2 More Sheaves on Xprot
	4.3 Calculating Pro-étale Cohomology

	5 The Main Construction and Theorems
	6 Witt Complexes
	6.1 Langer–Zink's Relative de Rham–Witt Complex
	6.2 Constructing Witt Complexes
	6.3 The de Rham–Witt Complex of a Torus as Group Cohomology

	7 The Proof of the p-Adic Cartier Isomorphism
	7.1 Technical Lemmas: Base Change and Global-to-Local Isomorphisms
	7.2 Reduction to a Torus and to Theorem 10

	References

	 On the Cohomology of the Affine Space
	1 Introduction
	2 Syntomic Variations
	3 Computation of HKir(An)
	4 Computation of DRri(An)
	5 Proof of Theorems1 and 3
	5.1 Algebraic Isomorphism
	5.2 Topological Considerations

	References

	 Arithmetic Chern–Simons Theory II
	1 The Arithmetic Chern–Simons Action: Introduction and Definition
	2 The Arithmetic Chern–Simons Action: Boundaries
	3 The Arithmetic Chern–Simons Action: The p-adic Case
	4 Towards Computation: The Decomposition Formula
	5 Examples
	5.1 General Strategy
	5.2 Trivialisation of a Pullback of ε
	5.3 Local Invariant Computation
	5.4 Construction of Examples
	5.5 Case 1: Cyclic Group
	5.6 Case 2: Non-cyclic Abelian Group
	5.7 Case 3: Non-abelian Group

	6 Application
	7 Appendix 1: Conjugation on Group Cochains
	8 Appendix 2: Conjugation Action on Group Cochains: Categorical Approach
	8.1 Notation
	8.2 Idea
	8.3 Cohomology of Categories
	8.4 Definition of the Cochains ha,f
	8.5 Composing Natural Transformations
	8.6 Explicit Formula for ha1,…,ak,f

	References

	 Some Ring-Theoretic Properties of A`3́9`42`"̇613A``45`47`"603Ainf
	1 Finite Generation Properties
	2 Vector Bundles
	3 Adic Glueing
	References

	 Sur une q-déformation locale de la théorie de Hodge non-abélienne en caractéristique positive
	1 Introduction
	2 Rappels sur la théorie d'Ogus et Vologodsky
	3 Opérateurs différentiels q-déformés
	4 p-courbure et Frobenius divisé q-déformés
	5 Théorie de Hodge non-abélienne q-déformée
	6 Questions-Travaux en cours
	References

	 Crystalline mathbbZp-Representations and Ainf-Representations with Frobenius
	1 Introduction
	2 Period Rings
	3 Filtered Crystals
	4 The Relative Fontaine–Laffaille Theory by Faltings
	5 Acrys-Representations with  and Fil
	6 Filtered -Modules
	7 Filtered (,G)-Modules
	8 Ainf-Representations with 
	9 Duality for Ainf/πp-1-Representations with 
	10 Period Map
	11 Fully Faithfulness of Tcrys and Ainf-Representations with 
	12 Period Rings Associated to a Framing
	13 Acrys-Representations with  and Fil
	14 Preliminaries on Décalage Functor and Continuous Group Cohomology
	15 Galois Cohomology of Ainf-Representations  and de Rham Complexes
	16 Comparison Theorem with de Rham Complex over Ainf/π
	17 Period Rings with Truncated Divided Powers
	18 Period Rings with Truncated Divided Powers Associated to a Framing
	19 de Rham Complexes with Truncated Divided Powers
	20 Comparison Morphism from de Rham Complex over Acrys
	21 Comparison Theorem with de Rham Complex over Acrys
	References




